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ABSTRACT

The extremal singular values of random matrices in f5-norm, including Gaussian random
matrices, Bernoulli random matrices, subgaussian random matrices, etc, have attracted ma-
jor research interest in recent years. In this thesis, we study the ¢-singular values, defined in
terms of the ¢,-quasinorm, of pregaussian random matrices. We give the upper tail probabil-
ity estimate on the largest g-singular value of pregaussian random matrices for 0 < ¢ < 1, and
also the lower tail probability estimate. Particularly, these estimates show that the largest
g-singular value is of order m'/? with high probability for pregaussian random matrices of
size m by m. Moreover, we also give probabilistic estimates for the smallest g-singular value
of pregaussian random matrices. In addition, we also present some results on the largest
p-singular value for p > 1, and some numerical-experimental results as well.

Compressed sensing, a technique for recovering sparse signals, has also been an active
research topic recently. The extremal singular values of random matrices have applications
in compressed sensing, mainly because the restricted isometry constant of sensing matrices
depends on them. We prove that the pregaussian random matrices with m much less than
N but much larger than N%? have the g-modified restricted isometry property for 0 < ¢ < 1

with overwhelming probability. As a result, we show that every sparse vector can be recovered



as a solution to the /;-minimization problem with overwhelming probability if m is much
less than N but much larger than N%/2,

In compressed sensing, we also show that the real and complex null space properties
(NSP) are equivalent for the sparse recovery by ¢,-minimization and more generally for the
NSP for the joint-sparse recovery from multiple measurements via f,-minimization. These
results answer the open questions raised by Foucart and Gribonval. We also extend Berg and
Friedlander’s theorem on NSP for recovery from multiple measurements. As a consequence
of the equivalence on NSP and the extension, we give a necessary and sufficient condition for
the uniqueness of the solution to the multiple-measurement-vector non-convex optimization
problem.
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PREFACE

The work in this thesis is mainly on optimization and random matrices. This thesis is or-
ganized in the following way: Chapter 1 gives an introduction of the thesis; the following
three chapters are devoted to the study of generalized singular values of pregaussian matri-
ces, including Chapter 2 on the largest ¢-singular value of pregaussian random matrices for
0 < g <1, Chapter 3 on the smallest ¢g-singular value of pregaussian random matrices for
0 < ¢ <1, and additionally Chapter 4 on the largest p-singular value of pregaussian random
matrices for p > 1; in Chapter 5, we study the g-modified restricted isometry property for
0 < ¢ < 1; and lastly, Chapter 6 is on the null space property for recovery from multiple

measurements via ¢g-minimization.

Vil



CONTENTS

ACKNOWLEDGMENTS . . . . . . . . .. e e

PREFACE

LIST OF FIGURES . . . . . . o s s s s s

LisT OF TABLES . . . . . . . . . . . . . . ... e e e

CHAPTER

1 INTRODUCTION . . . . . . . .. e e e e e

2 PROBABILISTIC ESTIMATE ON THE LARGEST ¢-SINGULAR VALUES OF PRE-

GAUSSIAN RANDOM MATRICES . . . . . . . . . . .. e e

2.1
2.2
2.3

PRELIMINARIES . . . . . e e
LINEAR COMBINATION OF PREGAUSSIAN RANDOM VARIABLES
THE LARGEST ¢-SINGULAR VALUE OF PREGAUSSIAN RANDOM MA-

TRICES . . . . . . . .« . . . .0,

3 PROBABILISTIC ESTIMATE ON THE SMALLEST ¢-SINGULAR VALUES OF PRE-

GAUSSIAN RANDOM MATRICES . . . . . . e e e

3.1
3.2
3.3
3.4

SINGULAR VALUE OF PREGAUSSIAN RANDOM MATRICES IN /5
THE ¢-SINGULAR VALUES OF AN m X n MATRIX . . . . . . . ..
THE SMALLEST ¢-SINGULAR VALUE OF RANDOM MATRICES

UPPER TAIL PROBABILITY OF THE SMALLEST ¢-SINGULAR VALUE

4 THE PROBABILISTIC ESTIMATES ON THE LARGEST p-SINGULAR VALUE OF

PREGAUSSIAN RANDOM MATRICES FORp>1 . . . . . . . . ... ...

Viil

Vil

x1

14
14
16

18

32
32
34
43
49

93



4.1 INTRODUCTION . . . . . ... .. Ce e e
4.2 LOWER TAIL PROBABILITY OF LARGEST p-SINGULAR VALUE FOR
p>1. .. ... e e e e e e

4.3 UPPER TAIL PROBABILITY OF THE LARGEST p-SINGULAR VALUE FOR

5 MODIFIED RESTRICTED ISOMETRY PROPERTY AND SPARSE RECOVERY
5.1 1-MODIFIED RESTRICTED ISOMETRY PROPERTY . . . . . . . . .
5.2 @-MODIFIED [SOMETRY PROPERTY . . . . . e e e e

5.3 ON THE SPARSE RECOVERY . . . . . . . . . . ... e

6 NULL SPACE PROPERTY FOR RECOVERY FROM MULTIPLE MEASUREMENTS
VIA {,-MINIMIZATION . . . . . . . ... ... .... e e
6.1 INTRODUCTION . . . . . . .. .. e e e
6.2 NULL SPACE PROPERTY FOR RECOVERY VIA {; MINIMIZATION
6.3 REAL VERSUS COMPLEX NULL SPACE PROPERTIES FOR /,
6.4 ON RECOVERY FROM MULTIPLE MEASUREMENTS . . . . . . . .
6.5 THE NULL SPACE PROPERTY FOR RECOVERY FROM MULTIPLE

MEASUREMENTS
BIBLIOGRAPHY . . . . . . . . . . . . . .. ... e e e e

APPENDIX

A  EXAMPLES ON THE DUALITY . . . . . . . . . . .. e e
B NON-CONVEX GEOMETRY UNDER LINEAR MAP . . . . . . . . .. ...

C SOME NUMERICAL EXPERIMENTS ON p-SIGULAR VALUE FOR p > 1 AND

¢-SINGULAR VALUE FOR 0 < ¢ <1 OF RANDOM MATRICES . . . . . ..

1X

53

23

95

o8
o8
64
67

69
69
70
74
7

79

82

89

101

106



Al
B.1
B.2
C.1
C.2
C.3
C4
C.5
C.6
C.7
C.S8

LisT oF FIGURES

Minimization of the maximum of |y;| and vy +ya| . - . . . . . . .. oL 94
Parallelograms . . . . . . . ..o 104
The graph of difference function f(0) . . . . ... ... ... ... 105
Largest 2-singular value of Gaussian random matrices . . . . . . . . .. . .. 106
Largest 1-singular value of Gaussian random matrices: Experiment 1. . . . . 107
Largest 1-singular value of Gaussian random matrices: Experiment 2. . . . . 107
Largest 1-singular value of Gaussian random matrices: Experiment 3. . . . . 108
Largest oo-singular value of Gaussian random matrices . . . . . . . .. . .. 108
Largest %—singular value of Gaussian random matrices . . . . . . . . . . ... 109
Largest i—singular value of Gaussian random matrices . . . . . . . . .. . .. 109
Largest i—singular value of rectangular Gaussian random matrices . . . . . . 110



LisT oF TABLES

3.1 Results obtained on the probabilistic estimates on the largest and smallest

g-singular values of pregaussian random square matrices for 0 < ¢ <1 . ... 52

x1



CHAPTER 1

INTRODUCTION

The largest singular value and the smallest singular value of random matrices in f>-norm,
including Gaussian random matrices, Bernoulli random matrices, subgaussian random ma-
trices, etc, have attracted major research interest in recent years, and have applications in
compressed sensing, a technique for recovering sparse or compressible signals. For instance,
[Soshnikov and Fyodorov’2002, [50]] and [Soshnikov’2005, [51]], studied the largest singular
value of random matrices, and [Rudelson and Vershynin’2008, [43]|, [Rudelson and Ver-
shynin’2008, [44]], [Tao and Vu’2009, [59]|, and some others, studied the smallest singular
values.

In the study of the asymptotic behavior of eigenvalues of symmetric random matri-
ces, Wigner symmetric matrix is a typical example, whose upper (or lower) diagonal en-
tries are independent random variables with uniform bounded moments. Wigner proved in
[Wigner’1958, [62]] that the normalized eigenvalues are asymptotically distributed in the
semicircular distribution. Precisely, let A be a symmetric gaussian random matrix of size
n X n whose upper diagonal entries are independent and identically-distributed copies of
the standard gaussian random variable, then the probability distribution function of the

eigenvalues of \/iﬁA is asymptotically

V4 —22dr for |z] <2
p(x) = (1.1)
0 for |z| > 2

as the size n goes to infinity. This is the well-known Wigner’s Semicircle law. More generally,

for a random matrix whose entries are independent and identically-distributed (i.i.d.) copies

1



of a complex random variable with mean 0 and variance 1, Tao and Vu showed in [Tao
and Vu’2008, [56]] and [Tao and Vu’2010, [60]| that the eigenvalues of \/LEA converges to
the uniform distribution on the unit circle as n goes to oo, and that holds not only for
the random matrices with real entries but also for complex entries. Their result has also
generalized Girko’s circular law in [Girko’1984, [27]|] and solved the circular law conjecture
open since the 1950’s, that the smallest eigenvalue converges to the uniform distribution over
the unit disk as n tends to infinity (see also [4]).

For random matrices whose entries are i.i.d. random variable satisfying certain moment
conditions, the largest singular value was studied in [Geman’1980, [26]] and [Yin, Bai, and
Krishnaiah’1988, [65]]. Furthermore, the distribution of the eigenvalue of Wishart matrices,
W, = AA*, where A = Ay, is an N x n random Gaussian random matrix, was studied in
[Soshnikov’2002, [50]]. More generally, Seginer in [Seginer’2000, [47]|| compared the Euclidean
operator norm of a random matrix with i.i.d. mean zero entries to the Euclidean norm of
its rows and columns. Later, Latala in [Latala’2005, [34]] gave the upper bound on the
expectation (or average value) of largest singular value namely the norm of any random
matrix whose entries are independent mean zero random variables with uniformly bounded
fourth moment.

The condition number, which is the ratio of the largest singular value over the smallest
singular value of a matrix, is critical to the stability of linear systems. In [Edelman’1988,
[17]], the distribution of the condition number of Gaussian random matrices, was particularly
investigated in numerical experiments. As a typical example of subgaussian random matrices,
the invertibility of Bernoulli random matrices was also studied. In [Tao and Vu’2007, [55]], the
probability of Bernoulli random matrices to be singular is shown to be at most (2 + 0 (1))",
where n is the size of the matrices. Their result shows that the probability of the smallest
singular value of Bernoulli random matrices to be zero is exponentially small as n tends to

infinity.



The recent studies of the smallest singular value have also been motivated, in a large
sense, by some open questions or conjectures. In [Spielman and Teng’2002, [52]|, the following

conjecture was proposed in the International Congress of Mathematicians in 2002.

Conjecture 1.0.1 (Spielman-Teng). Let & be Bernoulli random wvariable, in other words,

P((=1)=P(¢=-1)=3. Then

P(so(M(E) < —) <t +c" (1.2)

i

for allt >0 and some 0 < ¢ < 1.

In the breakthrough work on the estimate on the smallest singular value, [Rudelson and
Vershynin’2008, [44]], Rudelson and Vershynin obtained the upper tail probabilistic estimate
on the smallest value in fo-norm for square matrices of centered random variables, with unit
variance and appropriate moment assumptions. In particular, they proved the Spielman-
Teng conjecture up to a constant. The lower tail probabilistic estimate on the smallest value
in {o-norm for square matrices was estimated in [Rudelson and Vershynin’2008, [43]]. These
results have shown that the smallest singular value of the n x n subgaussian random matrices
is of order n~3 in high probability for large n. In a more explicit way, the distribution of the
smallest singular value of random was given in [Tao and Vu’2009, [59]|] by using property
testing from combinatorics and theoretical computer science. The pregaussian matrices were
used to recover sparse image in [Foucart and Lai’2010, [21]]. Very recently, Rudelson and
Vershynin gave a comprehensive survey on the extreme singular values of random matrices
in [Rudelson and Vershynin’2010, [46]].

In this thesis, we will study the probabilistic estimates on the largest ¢-singular value

defined in terms of the in ¢;,-quasinorm as

Ax
s9(4) = sup A<,
zERN 240 HLC”q

(1.3)

and the smallest g-singular value defined accordingly (see [49] for instance) of pregaussian
matrices, as they have become important to the ¢,-approach in compressed sensing, because

of the restricted isometry property (see [6] and [21]), that will be studied in later chapters.



Before proceeding, we would like to mention some notations we will use in this thesis.
X = O (Y) denotes X < CY for some constant C' > 0. As conventional in probability theory,
P (€) denotes the probability that the event £ occurs, and E (X') denotes the expectation of
the random variable X.

It is well-known that the classic singular value is defined in terms of /5-norm, then a
natural question would be what if one defines the singular value by the ¢,-quasinorm for
0 < ¢ <1 and ¢y-norm for p > 1. The first three chapters of the thesis will be devoted to
the study of generalized singular values of pregaussian matrices, including Chapter 2 on the
largest ¢-singular value of pregaussian random matrices for 0 < ¢ < 1, Chapter 3 on the
smallest ¢-singular value of pregaussian random matrices for 0 < ¢ < 1, and additionally
Chapter 4 on the largest p-singular value of pregaussian random matrices for p > 1. Our
main results include the tail probability estimates on these generalized singular values of
pregaussian matrices.

There were some remarkable results by other researchers on the largest singular values of
random matrices in the ¢;-norm. For example, Geman in [26] and Yin, Bai, and Krishnaiah in
[65] showed that the largest singular value of random matrices of size m x N with independent
entries of mean 0 and variance 1 tends to v/m + /N almost surely. However, we want to
study the singular values of random matrices in terms of the ¢;-quasinorm for 0 < ¢ < 1,
because there are some advantages of using general /,-norm to study the singular value of
random matrices, as suggested in |Foucart and Lai’2009, [20]| and |Foucart and Lai’2010,
[21]]. In this thesis, we study the g¢-singular values of random matrices whose entries are
independent and identically-distributed copies of a pregaussian random variable, defined in
terms of the ¢,-quasinorm. We obtain the decay on the upper tail probability of the largest
g-singular value s@ for all 0 < ¢ <1, defined in terms of the non-convex /,-quasinorm, as

the number of rows of the matrices becomes very large. This result is stated as

Theorem 1.0.2 (Upper tail probability of the largest g-singular value,0 < ¢ < 1 ). Let &

be a pregaussian random variable normalized to have variance 1 and A be an m x N matriz



with i.i.d. copies of & in its entries, then for every 0 < g < 1,
P <S§Q)(A) > C’m%> <exp(—C'm) (1.4)
for some C', C" > 0 only dependent on the pregaussian random variable &.

We have also obtained the lower tail probability of the largest g-singular value sﬁ") for all

0 < g <1, based on a linear bound for partial binomial expansion.

Theorem 1.0.3 (Lower tail probability of the largest g-singular value, 0 < ¢ < 1 ). Let &
be a pregaussian random variable normalized to have variance 1 and A be an m x N matriz
with i.1.d. copies of & in its entries, then for every 0 < q < 1 and any € > 0, there exists
K > 0 such that

P (s§q>(A) < Km%> <e (1.5)

in which K only depends on q, € and the pregaussian random variable &.

In particular, these estimates show sgq) (A) ~ ma with high probability for m x N pre-

gaussian random matrix A.
On the smallest singular value of random matrices, Rudelson and Vershynin first showed

the following results in [43],

Theorem 1.0.4 (Rudelson-Vershynin). If A is a matriz of size n X n whose entries are
independent random variables with variance 1 and bounded fourth moment. Then for any

0 > 0, there exists € > 0 and integer ng > 0 such that

€
< —1 <
P (Sn(A) < \/ﬁ) <9,
for all n > ny.

Later, they proved the following theorem in [44].

Theorem 1.0.5 (Rudelson-Vershynin). Let A be an n X n matriz whose entries are i.i.d.

centered random variables with unit variance and fourth moment bounded by B. Then, for



every 6 > 0 there exist K > 0 and ng which depend (polynomially) only on § and B, and

such that

P (sn(A) > %) <9,

for alln > nyg.

For the smallest g-singular value of an n xn pregaussian random matrix, we have obtained

the estimate on the lower tail probability in this thesis.

Theorem 1.0.6 (Lower tail probability of the smallest g-singular value, 0 < ¢ < 1). Given
any 0 < q < 1, and let & be the pregaussian random variable with variance 1 and A be an
n X n matriz with i.1.d. copies of € in its entries. Then for any e > 0, there exists some vy > 0
such that

P (87({1)(14) < yn_%) <e, (1.6)

where v only depends on q, € and the pregaussian random variable £.
On the upper tail probability of the smallest g-singular value, we have

Theorem 1.0.7 (Upper tail probabilistic estimate on the smallest g-singular value). Given
any 0 < q < 1, and let & be the pregaussian random variable with variance 1 and A be an
n X n matriz with i.i.d. copies of & in its entries. Then for any K > e, there exist some

C>0,0<c<1, and a > 0 only dependent on pregaussian random variable €, q, such that

b < Cnk)" (1.7)

P (s4(4) > Kn"
0 (4) > Kn1) < T
In particular, for any € > 0, there exist some K > 0 and ng, such that

P (ng)(A) > Kn_%> <e (1.8)
for alln > nyg.

However, we strongly believe the probabilistic estimate on the smallest singular value in

(1.8) may be improved and conjecture that

P <57(1q)(A) > Kn_%> <e (1.9)



under the assumptions in Theorem 1.0.7.

While extending the g-singular value for 0 < ¢ < 1 to p-singular value for p > 1, we would
like to investigate the probability analysis on the p-singular value for p > 1 as well. In [36],
the lower tail probability of the £,-norm of a sequence of independent, centered, Gaussian
random variables was estimated. Very recently, on random matrices, the extremal singular
values defined in terms of /5 were studied in [43], [44], [45], [59], etc, as we mentioned earlier.
However, the p-singular value, defined in terms of £,-norm for p > 1 will be the main topic

in Chapter 4 of this thesis. In this respect, we have the following two theorems.

Theorem 1.0.8 (Lower tail probability of the largest -singular value, p > 1). Let £ be a
pregaussian random variable normalized to have variance 1 and A be an m x N matriz with
i.1.d. copies of € in its entries, then for every p > 1 and any € > 0, there exists v > 0 such
that

P <s§”)(A) < 7m%> <e (1.10)

in which v only depends on p, € and the pregaussian random variable &.

The duality theorem on the largest p-singular value allows us to extend these results from
1 < p<2top>2and vice versa, and thus we are able to obtain the probabilistic estimates
on the growth rate of the largest p-singular value for p > 1, including p = oo, as the size of
the random matrices grows.

Random matrices are often used as the sensing matrices in the optimization problem for

compressed sensing. Foucart and Lai defined the new quasinorm

o0

1
q

f(t)- f(ty)dty---dty (1.11)

N
E tix;
i=1

for any pregaussian distribution probability density function f and ¢ > 0 and introduced

the g-modified restricted isometry property, 0 < ¢ < 1 based on the quasinorm. The extreme

singular values of random matrices, including the largest singular value and smallest singular



value, become important for the restricted isometry property introduced in [6] and the gen-
eralized restricted property defined in [21], called g-modified restricted isometry property. In
Chapter 5 of this thesis, we study the modified the ¢-modified restricted isometry property,
0 < q < 1. We prove that the pregaussian random matrices, whose entries are independent
and identically-distributed pregaussian random variables (see e.g. [10]), with N2 < m < N,
have the g-modified restricted isometry property with overwhelming probability. As a re-
sult, we show that every sparse vector can be recovered as a solution to the ¢,-minimization

problem with overwhelming probability if N3 <« m < N for 0 < ¢ < 1.

Theorem 1.0.9. Suppose that A is an m X N matrix whose entries are independent and
identically-distributed copies of a symmetric pregaussian random variable with probability

density function f. Then
P ((1 —eym ), < |Axl|? < (1+e)m ) x//;q) > 1 - germN e (1.12)
forany 0 <e <1 and 0 < q <1, and some k > 0 dependent of f and q.

Chapter 6 of this thesis is devoted to the null space property in compressed sensing,
especially for multiple measurement vector problem (MMV). In compressed sensing, we want

to recover a sparse or compressible signal via solving the minimization problem,
minimize,cgn |||, subject to Az = b, (1.13)

in which ||z||, is the the number of non-zero entries of the vector x, namely the sparsity of
z. Since [|z][, can be approximated by [|z||7, one can use the {,-approach (see [24], [33] and

[20]), which is considering the following ¢,-minimization problem with 0 < ¢ <1,
minimize,ern ||2[, subject to Az =b. (1.14)

Foucart and Lai presented some numerical experimental results which indicate that the
g-method performs better than other available methods and a sufficient condition on the

matrix of an underdetermined linear system which guarantees the solution of the system



with minimal g-quasinorm (cf. [20]). The ¢,-method in unconstrained minimization can be
also used to generate the sparse solution to underdetermined linear system. See [33|. These
have motivated us to consider the null space property for ¢,-minimization, as it characterizes
the uniqueness of the solution to the ¢,-minimization problem.

Instead of single measurement vector, multiple measurement vectors have been used
in many fields of technology, for instance, neuromagnetic imaging [15] and communication
channels (see e.g. [14]), as pointed out in [8]. In general situations, precisely, the multiple-

measurement-vector (MMV) problem, which is
minimize || X[, subject to AX = B, (1.15)

for an m x N matrix A and an m x r matrix B, in which

11l = (i HXW!Z)

where X7~ is the j-th row of X, for p > 0 and ¢ > 0.

1
q
)

(1.16)

In recent literature, there were many significant studies on the MMV problem. Berg and
Friedlander in [8] studied the joint-sparse recovery from multiple measurements through the
MMV problem, as an extension of the single-measurement-vector (SMV) problem (1.13).
They implemented the ReMBo (Reduce MMV and Boost) algorithm combined with ¢;-
minimization, introduced and also performed in [39] and [40], based on the reduction to SMV
problem. Some other researchers also studied the algorithmic approaches to solve the MMV
convex optimization problem that is the MMV problem (1.15) with ¢ > 1 for the recovery
from multiple measurements. For instance, Malioutov, Cetin and Willsky in [38] used the
interior point implementation to solve the MMV problem with p = 2 and ¢ = 1, in which
(1.16) is neither linear nor quadratic, efficiently in a second-order cone (SOC) programming.
Tropp in [61] developed another algorithmic approach called convex relaxation, by replacing
ly-quasinorm by /;-norm, and it under certain conditions provides good solutions to MMV

problem for p = oo and ¢ = 1. For ¢ = 1 and general p > 1, Chen and Huo in [12] showed that
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the orthogonal matching pursuit for MMV (OMPMMYV) can find the sparsest solution to the
MMV problem with computational efficiency. In addition to the above studies, Cotter, Rao
and others in [15] extended the matching pursuit (MP) and Focal Underdetermined System
Solver (FOCUSS), introduced earlier in [22| for tomographic source reconstruction in neural
electromagnetic inverse problems and designed to obtain sparse solutions by successively
solving quadratic optimization problems (cf. [64]), to solve the MMV problem for p < 1 and
q="2.

For the SMV non-convex {,-minimization problem (5.49), Foucart and Lai in [20] com-
pared the numerical experiments results by their /,-algorithm with other algorithm, such
as the regularized orthogonal matching pursuit, the ¢;-minimization, the reweighted ¢;-
minimization, and the comparisons showed that ¢,-method performs better.

However, we will study the multiple-measurement-vector (MMV) non-convex optimiza-
tion problem, that is

minimize | X ||, , subject to AX = B, (1.17)

in which 0 < ¢ < 1.

The null space property has been used to quantify the error of approximations (Cohen,
Dahmen, and DeVore’ 2009, [13]), and it also guarantees the exact recovery. The ¢; null space
property is the sufficient condition for unique recovery through ¢;-minimization. Foucart and
Gribonval in [Foucart and Gribonval’2009, [19]] proved that the real null space and complex
null space property are equivalent for the sparse recovery achieved by ¢;-minimization. They

considered the convex optimization problem
minimize, g~ ||2||; subject to Az =y. (1.18)

in which A is a real-valued measurement matrix. But a real-valued measurement matrix is

also a complex-valued one, they proved the following result



11

Theorem 1.0.10 (Foucart-Gribonval). For a measurement matriz A € R™" and a set
S CA{l,2,---, N}, the real null space property that
D luil <> fuyl (1.19)
jes jese
for all (uy,us, --- ,uN)T € (kerg (A)) \ {0} is equivalent to the complex null space property,
in view of kerc A = kerg A + i kerg A, that
DU+ <D\t (1.20)
jes jese
for all (uy,uy, -+ ,un)" € kerg (A) and (v, v, -+ ,vy)" € kerg (A) with either of the vectors

non-zero.

Replacing ¢;-norm by ¢,-quasinorm in the ¢; null space property, the condition is then
called ¢, null space property, that becomes the sufficient condition for unique recovery
through solving the /,-minimization problem. On the other hand, the well-known null space
property (cf. [16] and [24]) for the standard ¢; minimization in the setting of single mea-
surement vector (SMV) has been extended to this setting of multiple measurement vectors
(MMV). In the study on these aspects, we show that the real null space and complex null
space property are equivalent for the sparse recovery achieved by ¢,-minimization and more
generally that for the joint-sparse recovery from multiple measurements, which answer the
open questions raised in [19].

Berg and Friedlander in [8] showed the null space property for recovery from multiple

measurements via ¢;-minimization. In [8], the following result is proved.

Theorem 1.0.11 (Berg-Friedlander). Let A be a real matriz of mx N and S C {1,2,--- ,N}
be a fived index set. Denote by S¢ the complement set of S in {1,2,--- ,N}. Let || - || be any
norm. Then all x*) with support x*) in S for k =1,--- ,r can be uniquely recovered using

the following

N

mMANIMize. (k) ¢ pN {Z (214, 2|+ subject to Ax®) =b® | =1,... r} (1.21)

j=1
k=1,---,r
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if and only if all vectors (uV), ... u) € (N(A))"\{(0,0,---,0)} satisfy the following
> Mgy )l < Mg, ung)lls (1.22)
jes jese

where N(A) stands for the null space of A.

We extend their theorem on the null space property from ¢; to ¢,, 0 < g < 1, for recovery
from multiple measurements. As a consequence of the extension, we give a necessary and
sufficient condition for the uniqueness of the solution to the multiple-measurement-vector

(MMV) non-convex optimization problem. Precisely, we prove the following

Theorem 1.0.12 (Null space property for MMV recovery via ¢,-minimization). Let A be an
mx N matriz and S C {1, 2 ---, N} be an index set. Then for any0 < ¢ < 1, all X, € RV*"
with the support of the rows of Xy contained in S can be uniquely recovered via solving the
MMV non-convex optimization problem (1.17) for p = 2 if and only if [Jus||, < |luse

all u € ker (A) \ {0}.

g Jor

The above theorem characterizes the uniqueness of the solution to the MMV non-convex
optimization problem (1.17), and it would simplify the algorithm checking the uniqueness of
the solution to (or the exact recovery through) the MMV non-convex optimization problem.

In fact, we consider a joint recovery from multiple measurement vectors via

N
q
minimizez (\/x%] +---+ xfj) . subject to AxM) =bW ... Ax™ =b  (1.23)
=1
for a given 0 < ¢ < 1, where x*) = (z;.1,--- , 2. n)7 € RN for all k = 1,--- |7, and this is

actually ((1.17)) for when p = 2.
Written as equivalent conditions, the theorem on the exact recovery we mainly prove is

the following

Theorem 1.0.13. Let A be a real matriz of size m x N and S C {1,2,--- | N} be a fized
index set. Fizp € (0,1] and r > 1. Then the following conditions are equivalent:

(a) All x*) with support in S for k=1,--- ,r can be uniquely recovered using (1.23);



(b) For all vectors (u),--- u™) € (N(A))"\{(0,0,---,0)}

13

> <\/uij +...+u%7j>q < (\/“%,j L

jes jese
(c¢) For all vector z € N(A) with z # 0,
D Izl < > 15l
jes jese

where z = (2, -+ ,zy)T € RV,

q
+ u%) ; (1.24)

(1.25)

Our theorem can be applied to develop algorithms, as condition (c) significantly reduces

the complexity of verification of condition (b) for unique recovery from multiple measurement

vectors by using (1.23).



CHAPTER 2

PROBABILISTIC ESTIMATE ON THE LARGEST ¢-SINGULAR VALUES OF PREGAUSSIAN

RANDOM MATRICES

2.1 PRELIMINARIES

In this section, we are going to give an introduction on some basics on the Gaussian random
variable, subgaussian random variable, and pregaussian random variable. There are many
references on these standard terminologies, such as [9], [10], [21], and [23].

The Gaussian random variable is well-known as a basic random variable widely used in
the probability and statistics studies, and is also an important random variable because of
the central limit theorem in probability theory. A symmetric Gaussian random variable X

obeys the standard normal distribution,

px(z) = 72— 27 (2.1)

o0 0’2t2
My (t) =E () = / e px(z)de =e 2 . (2.2)
Subgaussian random variable is more general than Gaussian random variable.

Definition 2.1.1 (Subgaussian random variable). A random variable X is called subgaus-
sian, if its moment generating function satisfies
a?t?
Mx (t) <e 2 (2.3)

for all t € R and some o > 0.

14
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A typical example of subgaussian random variable is the centered Bernoulli random

variable.

Example 2.1.2 (Bernoulli random variable). A Bernoulli random variable X with mean 0

and variance 1 is a discrete random variable with probability mass function

1
29
px(z) =
1
29
The moment generating function of X
X 1 t
My (t)=E () == (" +e

2

so Bernoulli random variable X is subgaussian.

(2.4)

i tk— =" (2.5)

More generally, pregaussian random variable is defined as

Definition 2.1.3 (Pregaussian random variable). A random variable X is called Pregaussian

if there exists some T > 0 such that the moment generating function of X satisfies

o2t?

My (t)<e2 (2.6)

for all t € [-T,T] and some o > 0.

Pregaussian random variable can be also characterized by the growth rate of its moments.

Proposition 2.1.4 (Pregaussian random variable and growth rate of moments, [10]). A

random variable X is pregaussian if and only if

E <|X|2k> < (2k)INZ (2.7)

for some constant A > 0.

Let us also see an example for pregaussian random variable.
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Example 2.1.5 (Laplacian random variable). A Laplacian random variable X with mean

0 has its probability distribution function

1
px(z) = oy, &P (—%> (2.8)
for some A > 0, and E (]X\%) = T (2 + 1) A2 = (2k) 1A%,
The Bernstein inequality is useful in obtaining estimates on the tail probability of the

sum of independent variables, provided the growth rate of the moments of the variables are

bounded appropriately.

Theorem 2.1.6 (Bernstein’s inequality, [10]). Let X1, - -+, X, be independent random vari-

ables. Suppose that EX; =0 and

EX?
E|XF| < T’H’“*Qk!, (2.9)
for every positive integer k and some H >0,1=1,---, n. Then

P X;| >ty <2exp (— = ) : (2.10)
US| 2ef <20 (o

for all t > 0.

Remark 2.1.7. In particular, let Xy, ---, X,, be independent pregaussian random variables,

1
then they satisfy the assumptions of Bernstein inequality. Indeed, by E|XF| < (E|X2)2,
Proposition 2.1.4 implies (2.9), and using the Taylor expansion of the exponential function

in E (etXi), one can deduce EX; =0,i=1, ---, n.

2.2  LINEAR COMBINATION OF PREGAUSSIAN RANDOM VARIABLES

Let’s consider the linear combination of pregaussian random variables in this section.
Lemma 2.2.1 (Linear combination of pregaussian random variables). Let a;j, i =1, 2, ---,
m and j = 1,2,--- | N, be pregaussian random variables and n; = Z;VZI a;jxj , then n; are

pregaussian random variables fori=1,2, -+, m.
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Proof. Since a;; are pregaussian random variables, then Ea;; = 0 and there are constants

Aij > 0 such that]E|aij|k < k!)\fj fori=1,2,--- ,mand j=1,2,---, N, then

N
j=1

and using the convexity of the function = — z* for positive integer k, we have
k N K
E (|77z‘ ) = E ‘ijl Qi T
k
k N |z .
ol E (S0 2 o)) (212)
k<~ N x; k
< qul Zj:l (H‘xﬁ‘lE‘aij’ > .

Thus the expectations of the pregaussian random variables a;; give that

IN

A

N k k
21
E (Inil") < llallt Y ikt = ol bt (max () ) = &t (Jloflymax () ) (2.13)
j=1

1l

for all integers k > 1.
O

Note that the product of pregaussian random variables may not be pregaussian. For
instance, let’s consider the square of a pregaussian random variable. Let &; := n?. However,
&; is not necessary to be pregaussian. For example, let n; be Laplace random variables with

probability density functions

1 7]
Py (ni) = oy, &P (— " ) : (2.14)
7; is pregaussian, as we know from the previous example. However, the k-th moment of §;
E(l6") = (Inl™) =T 2k + 1) 22 = 28)! (32)" (2.15)

It has a growth pattern different from k!\* for any A > 0, as k!I\* = o ((2k)! ()\f)k) when k
goes to 0o, that one can see by Stirling’s formula in one way. In another way, the moment-

generating function of &; is

o0

E (exp (1)) = E (exp (t17)) = /

— 00

1 i
o7 exp (tnf - lzll) dn; = o0 (2.16)
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for any t > 0. By the definition or the property of pregaussian random variable, we know
that & is not pregaussian, as its moments grow faster than the moments of any pregaussian

random variable.

2.3 THE LARGEST ¢-SINGULAR VALUE OF PREGAUSSIAN RANDOM MATRICES

2.3.1 LARGEST ¢-SINGULAR VALUES AND THEIR PROPERTIES

One can define the largest ¢g-singular value by

Ax
ng)(A) = sup { | Hq sz € RY with z # 0} ) (2.17)

lell,

for an m x N matrix A. Firstly, one can derive the following

Lemma 2.3.1. For g > 1, (2.17) defines a norm on the space of m x N matrices and

(9) =t
. < < .
max flajfl, < s7(A) < N'o max flag]], (2.18)

in which a;, j =1,2,--- N, are the column vectors of A . For 0 < g < 1, (2.17) defines a
q q q
quasinorm on the space of m x N matrices and <3§q) (A + B)> < (sgq) (A)) + <s§q) (B))

for any m x N matrices A and B, moreover, sﬁ")(A) = maxi<;<n |||,

Proof. Tt follows that sgq)(A), q > 1, defines a norm from the known norm ¢, for ¢ > 1.

Moreover, by the Minkowski inequality and discrete Holder inequality, when ¢ > 2,

N N
lzl, = |Siee| < Siilal-lal,
N q\
< ||z _qllasl)e
< =l, (Z}j_l lasllg) (2.19)
< lzll, N maxi<j<n [las]l,
1
< lefl, NP maxi<j<n [lagll,

for all z € RY, in which % + % =1,ie. p= %, and likewise, when 1 < ¢ < 2,

N
1
el < 3 oo el < ol s ol < Nl % sl (220)
Z
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for all x € RY. Thus

g—1
|4z, < llall, N5 max [l (221)

for ¢ > 1, which yields s\ (A) < N max <;<n [|a;]|,. Choosing z to be the standard basis
vectors of RY gives us maxi<j<n ||a;]], < S§Q) (A).

The latter part of the claim follows from the fact that ¢, for 0 < ¢ < 1 is a quasinorm
and ||z + yl|2 < |lz]|2 + [ly||] for all 2,y € RN if 0 < ¢ < 1. Similarly to the case when ¢ > 1,

we have for 0 < ¢ < 1,

N
A2y < 3 lwsl” - llaglly < llolly masx flaslg. (2.22)
j=1 e

which implies s!? (4) < max; <;<n [/a;||,. On the other hand, we also have maxi<;j<n [la;[|, <

s\P(A). Thus s\(A) = max;<;<y laj|l, in the case of 0 < ¢ < 1. O

Remark 2.3.2. In particular, if ¢ = 1, (2.18) implies that sgl)(A) = max; ||a;l|,, but if ¢ = oo,

(2.18) implies max;<j<n ||a;|| . < sloo)(A) < Nmax;<j<y ||a;|| .- To have a better estimate

0 . N
on sg ), we need to consider each component > j—1Tjaij, where (a;;)

= A, in the

mxXN
N :
column vector ;_, x;a;. In this way,

N
E T35
=1

N

N
< . Z ] = Z y
e (mm A 1|am|) ol o 3 o
‘]:

Jj=1

| Asll,, = max

Y

(2.23)
and one can choose a vector x, consisting of £1 such that || Azl = [|zo||, so 55‘”)(,4) =
max; Zjvzl |a; ;|. The example of s(loo) suggests that it would be more advantageous to use

row vectors instead of column vectors in estimating s; , when ¢ is very large. On the other

hand, we can see that s{"(A4) = s (A7),

In general, for the relation between sg(J) and sgp o1y % =1, ¢ > 1, one can deduce the

1
p

following lemma on the general rectangular matrix.

Lemma 2.3.3. For any g > 1 and m x N matrix A,

s (A) = s (A7) (2.24)
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. . 1 1
wn which st = 1.
Proof. By the discrete Holder inequality, we know that if zln + é =1 then

[(Az, y)| < [[Ax], (2.25)

for all z € RY and y € R™ with ||y||, = 1, and furthermore the equality holds for some yq
with [|yoll, = 1. Thus
[Az]l, = sup  [(Az,y)|. (2.26)

yeER™ |ly|| =1

By the definition of the largest g-singular value,

qu) (4) = SUPzeRrn [la|,=1 ||A$||q (2.27)
= SUPgerN |jz|| =1 SUPyer™ ||y =1 [(Az, y)|.
In the same way, we have
s\ (A") = sup sup  |[(Az,y)]. (2.28)
yER™ [lyll,=1 z€RV ||z|| ,=1
Finally, using (Azx,y) = <ATy,w> and exchanging taking the supremums, one can get
qu) (A) = s§”) (AT). O

Remark 2.3.4. In the study of the distribution of the largest ¢-singular value of square random
matrices when ¢ > 2, the above lemma allows us to use the the distribution of the largest

singular value sgp ) for 1 <p<2.

2.3.2 SOME ESTIMATES ON THE UPPER TAIL PROBABILITY OF THE LARGEST g¢-

SINGULAR VALUE

The distribution of the singular values of random matrices has been an interesting topic in
recent years, especially for the two extremal singular values, the largest one and the smallest
one, for Gaussian random , subgaussian random matrices, etc, see for instance, [48], [44],

[59]. Here we are going to study the largest g-singular value for m x N matrix A are i.i.d.
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copies of a symmetric pregaussian random variable as m and N are large. Theorem 5.2.1

tells us that

| Az || 11 42
P 1 >1+¢ qmq> < Qe Ee (2.29
(//x//f,q ( ) )

/

—0o0

where

ft)---fln)dty---din | (2.30)

N
E tir;
i=1

forany 0 < e <1and 0 < g <1, and some x > 0 dependent of f and ¢g. To get an estimate

//$//f,q1: ]O

on the largest g-singular value, one needs to use the finite cover of the unit sphere in ¢, and
the union bound for probability.
First we need to convert the probabilities involving /x/, into those containing ||z,

instead.

Lemma 2.3.5. Given 0 < ¢ <1, for every 0 <e < 1,
Ax 1 g
P (u > Cf (1+¢)s mé> < 9emrmN e (2.31)

[

for some k > 0 dependent of f and q.

Proof. By Lemma 5.1.5 and (5.40), we know

1 1
Tl ra < Cd lxlly < G4 flll, (2.32)
which gives
|Azll, _ _~+llAz],
>, . (2.33)
Jefra ="l
It follows that
-1 x £
P(fpr>(1+e)imi) = P(C 75 > (1+e)ims
1l .9 [zl
) . o (2.34)
= P ”HxT|”q > Cy (1 +6)qmq) ,
and then by (2.29) we obtain
Ax 1 11 -4
g (HH n“q =2 <1+€>qm") < 2e7 N (2.35)
T
q
where C, = ngqr(m;) (see (5.40)). O
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The cardinality of a finite cover of the unit sphere in ¢, for ¢ > 1 and more generally any

norm on RY are estimates in [41], and for ¢, and more generally /- /;, are given in [21]. It

allows us to derive the following

Theorem 2.3.6. Suppose that A is an m X N matriz whose entries are i.i.d. copies of a

pregaussian random variable with an even probability density function f. Then for any given

0 < q <1, the tail probability for the largest q-singular value

P (s§q> (A) < Cf (1+¢)s mi)

exponentially decays for any € > 0, provided that m > N'*3 .

(2.36)

Proof. By Lemma 2.2 in [21], there exists a finite set U, C S, in which S, is the unit ball in

RY in {4-norm such that

min ||z —ul|? <e
u€ly q
for all x € §; and

2
card(U,) < (1 + g) 7.

=

Then for any x € S, there is some uy € Uy, such that |x — ug| < . Therefore
(17 (A))" = supees, || Az < supueu, [|Aully + (51,4 (4))",

which yields

sT(A) < (1— &%) asupyey, || Aull, .

Therefore by (2.38), Lemma 2.3.5, and the union probability,

Q|
Q=

1 1 1
P (sgm (A) > Cf (%)q m ) < P(supuey, ||Au||q > C7(1+ 6)%m

Q|

> e, P1Aull, > Cf (1 +€)am

< (1+ %)% - 9e—rmN~Ee?,

IN

)

qe

=
VR
(V)
s
=
AV
VR
—
+
(@)
N——

)

4 q 2N
m'11> < 2exp <—/<;mN2£2 + —) .

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)
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Thus if m > N'*3 then

P <s§q) (A) > Ci ( L+e )ém(?) =P <sl,q (A) > C (1+ <) mi) (2.43)

1—e4

for g > 0 exponentially decays. O]

Remark 2.3.7. In [21] it is shown that for 0 < ¢ < 1,
[Az]l,

1 1 2
P(———— > (1 +¢)imae) < 2 "M, (2.44)
1/ 14
by the same method of using the finite covering of the unit ball of /,, we have
(@) 7 1 1 —cme?
Pls;"(A)<Cf(1+e)ime) <2 (2.45)

for some ¢ > 0 dependent of f and g for 0 < ¢ < %
2.3.3 ESTIMATE ON THE UPPER TAIL PROBABILITY OF THE LARGEST ¢-SINGULAR

VALUE IN GENERAL

To obtain estimates on the upper tail probability of the largest ¢-singular value for general

0 < q <1, let us start with the random matrices which are Bernoulli ensemble.

Theorem 2.3.8 (g-singular value of Bernoulli ensemble). Let & be the Bernoulli random
variable normalized to have mean 0 and variance 1, and A be an m x N matriz with i.i.d.
copies of & in its entries, then sgq)(A) — ma for all0 < ¢ <1.

Proof. That is because we know from Lemma 2.3.1 that sgq)(A) = max; ||a;||, for 0 < ¢ <1

and we have ||q,l|, = m for all j since every entry of A is Bernoulli with mean 0 and

variance 1. 0

More generally, for pregaussian random variables, we need to consider the distribution or
the probability properties of (3 .-, |a,~j|q)% when q;; are i.i.d. copies of a pregaussian random
variable. The following theorem on ¢ = 1 follows from the Bernstein inequality and the
estimate of the probability of pregaussian random variables on the domain outside of the

m-~dimensional cross polytopes, which are also the balls in the ¢;-norm on R™.
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Theorem 2.3.9 (Upper tail probability of the largest 1-singular value). Let & be a pregaus-
stan random vartable normalized to have variance 1 and A be an m X m matriz with i.i.d.

copies of £ in its entries, then
P <s§1)(A) > Cm) < exp (—C'm) (2.46)
for some C', C" > 0 only dependent on the pregaussian random variable .

Proof. Since a;; are i.i.d. copies of the pregaussian random variable &, then Ea;; = 0 and
there exists some A > 0, such that E |aij\k < kIA* for all k. Since a;; has variance 1, then
Eaj; = 1. Therefore )

E|af| < %H’“‘%! (2.47)

n

for H := 23 and all k > 2. By the Bernstein inequality, we know
>

P ( > > t) < 2exp (—Q(mt—im)> = 2exp <_2(#22m3)) (2.48)

for all t > 0. In particular, when ¢t = C'm,

n 2
P (Z a;j > C’m) < 2exp (—406;\%) , (2.49)

J=1

in which a condition on C will be determined later.

On the other hand, by Lemma 2.3.1,

1
517(4) = max ||l = | (2.50)
i=1

for some jy. Furthermore, for any ¢ > 0, by the probability of the union,

P (Z |aij0| Z t) S Z P (Z €;Uij, Z t) . (251)

i=1 (1, em)E{—1,1}™  \i=1

But —a;;, has the same pregaussian properties as a;j,, precisely, E (—a;;,) = 0, E |—aij0|k <
K!\E. Thus we have

P(s{"(A) = Cm) <m P(LE Jay| > Cm)
Z?:l Wijo

2™ exp <—%§12 + In m)

exp (— <#§+2 —1In 26) m> .

IA

2m=lmPp <

> C’m)

(2.52)

IN
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To have an exponential decay for the probability P (sgl) (A) > Cm) we require that ;- /\3 5

In 2e > 0, for which

C > 2)\*In2e + \/4 (In2€)* A6 + 21n 2e. (2.53)

Finally, choosing C’ = — In 2e, we get (2.46). O

4C>\3+2
The previous theorem allows us to estimate the largest g-singular value for 0 < ¢ < 1.

Theorem 2.3.10 (Upper tail probability of the largest g-singular value, 0 < ¢ < 1). Let
be a pregaussian random variable normalized to have variance 1 and A be an m X m matriz

with i.1.d. copies of € in ils entries, then for any 0 < q¢ < 1,
P <8§Q)(A) > C’m%> <exp(—C'm) (2.54)
for some C', C" > 0 only dependent on the pregaussian random variable &.

Proof. By the discrete Holder inequality,

m m q
a7 =" lag|" < m'~* (Z |az‘j!> =m'™"|a,||{ (2.55)
i=1 i=1
for any 0 < ¢ < 1, which implies ||a;||, < ma~ l|la;|,- It follows that
$17(A) = max |Ja]|, < me " max o], = me"s{(A). (2.56)
J J

From (2.46), we have
= P <s§1)(A) > (Jm) (2.57)

for some C', C" >0 . m

2.3.4 THE LOWER TAIL PROBABILITY OF THE ¢-SINGULAR VALUE

For the lower tail probability of sgq)(A), we know about it for the Bernoulli ensemble from

Theorem 2.3.8, and can derive the exponential decay for

P <s§q> (A) < C (1 2)s mé) (2.58)
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for random matrices whose entries are independent and identically-distributed copies of a
pregaussian random variable for any ¢ > 0 and 0 < ¢ < % by using finite covering of the
unit sphere in ¢, and moreover the decay for 0 < ¢ < 1 under some conditions analogue to
the ones Theorem 2.3.6 that we imposed. But to attain a lower tail probability similar to
Theorem 2.3.9 for all 0 < ¢ < 1, the method we used in the proof of Theorem 2.3.9 becomes
somewhat infeasible. However, we can still give similar estimates on the lower tail probability

with some different techniques.

Lemma 2.3.11 (Linear bound for partial binomial expansion with even integer power). For

every positive integer n,

2n 2n
> 2 (1—2)" " <8z (2.59)
k=n-+1 k

for all x € [0, 1].

Proof. For every x € [%, 1}, we have

2n m 2n m
> (- (1 —z)F =1 <8 (2.60)
k=n-+1 k k=0 k

But for x € [O, %], let

2n 2n ok
fla)y= > zf (1 — )™ (2.61)
k=n+1 k
then
2n "
fl)+f(1l—z)+ 2 (1—x)" =1, (2.62)
k
and in particular,
2n
1 1 2n
fl=)==— . (2.63)
2 22n
k=n+1 k

By De Moivre-Stirling’s formula (see e.g. [18]) and furthermore the estimate in [42],

n! =+v2mn (ﬁ>n e (2.64)

(&
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in which Wlﬂ <A < ﬁ Therefore,
2n 27(.2”(27,”)2716)\2"
n ( 27TTL(%) eA")
= \;l—;ine)‘Q"72)‘” (2.65)
< A cmuzn
= Umn
47l
S \/ﬁ'
2n 2n
Since < forn+1 < k < 2n, then
k n
2n 2n 2n 2n 2n
f(x) < Z (1 —x)F < Z F <n gt (2.66)
k=n+1 n k=n+1 n n
for all € [0, 1]. Using (2.65), we then have
n n n+1
fx) <4my[—a™. (2.67)
T
Now let g (z) := 4",/Za", then
1 n
In(g(x)) =nln(4x) + 5 In (—) . (2.68)
7r

Thus if x € [0, %},

In(g(z)) < ilnn—nln2—1ihx

< in—nhn2 (2.69)
< 0
Hence, we obtain
f(x)<zg(r) <z <8 (2.70)
for all z € [0, §]. O

Remark 2.3.12. The coefficient in the linear bound can be definitely improved, because one

can give sharper estimates for (2.69) on an interval with the right endpoint larger than %

and thus the coefficient in the linear bound will be less than 8. But for our purpose of using

it to estimate the probabilities later, the linear bound obtained will be sufficient.
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Lemma 2.3.13 (Linear bound for partial binomial expansion). For every positive integer

n,

" n
Z 2 (1 — w)"ik < 8z
=Ly \ K

for all x € [0, 1].
To prove this lemma, we can modify the proof of Lemma 2.3.11.

Proof. 1t suffices to show that for every positive integer n,

Z ah (1 — ) < 8
k=n+1 k
for all € [0, 1].
Same as (2.60),
e AT
Z ¢ (1 x)%_kH <1<8z
k=n+1 k
for all z € [%, 1].
2n+1
Let fi(z) == 33000 2 (1 —2)*" "' then
2n+1 1 2n +2
fi(z) <n 7 <n x
n+1 n+1

for z € [0, 1], similar to (2.66). Taking advantage of (2.65), we have

2n + 2 gntl
<

ntl | Vrn+1)

It follows that
4n+ln

n+1
file) = 7T(n+1)1: .

n+1

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)
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gnt+1ly

Let g1 (z) := ——==a", then

A
3

+
=

In(gi (z)) = (n+1)Ind+nhz+mn—3in(n+1)—Lihr
< nln(4z)+3n(n+1)+Ind—Inn (2.77)

< nln(4z)+in+nd -1

Thus if z € [0, 1],

In(gi(z)) < in—nln2+mnd—1hnx
< Ind—1ilnw (2.78)
< In8.
So
fi(x) =zq () < 8z (2.79)
for all x € [0, %}, and that completes the proof. n

The above lemma can be applied to estimate probabilities.

Lemma 2.3.14. Suppose &1, &, -+, &, are i.1.d copies of a random variable €, then for any

e >0,

P (Z &) < "75) <8P (|¢] <¢). (2.80)

Proof. First, we have the relation on the probability events that

{(517 &) Z & < %} (2.81)

is contained in
U {(§1> e &) 6] <e e || Lk, |€ik+1‘ >, 6] > 5} =& (2.82)
k=% |+1

where {iy, ig, -+, i} is a subset of {1, 2 .-+, n} and {ixs1, -+, i, } 18 its complement.

Let x =P (|& ] < ¢), then by the union probability,

PE)= > zf (1 — )"k, (2.83)
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and applying Lemma 2.3.13, we have
P(E) < 8z =8P (6] <e). (2.84)

Since the event (2.81) is contained in the event (2.82),

(Z &l < —> P(&) <8P (& <e). (2.85)

Now we are ready to give a lower tail probability for the 1-singular values.

Theorem 2.3.15 (Lower tail probability of the largest 1-singular value). Let & be a pregaus-
stan random variable normalized to have variance 1 and A be an m x N matriz with 1.i.d.

copies of & in its entries, then for any € > 0, there exists K > 0 such that
P (ng(A) < Km> <e (2.86)
i which K only depends on € and the pregaussian random variable &.

Proof. Since a;; is pregaussian with variance 1, then for any € > 0, there is some 0 > 0, such
that

P (Ja;;| <6) < (2.87)

00|m

But we know
= laij| (2.88)
i=1

for some jy. Therefore, by Lemma 2.3.14,

1) “ )
P (s?)(A) <3 ) =P (Z |aijo| < %) < 8P (Jay| <0) <e. (2.89)
=1

Thus letting K = 2, we obtain (2.46).

For general 0 < ¢ < 1, we have
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Theorem 2.3.16 (Lower tail probability of the largest g-singular value). Let £ be a pregaus-
stan random variable normalized to have variance 1 and A be an m X N matriz with i.i.d.

copies of & in its entries, then for any e > 0, there exists K > 0 such that
P (s§q>(A) < Km%> <e (2.90)
in which K only depends on q, € and the pregaussian random variable &.

Proof. We can use the same method used in the proof of Theorem 2.3.15. First, for any

g > 0, there is some § > 0, such that

P (lay]" <6) < (2.91)

OOI(‘f)

Therefore, By Lemma 2.3.1,

si7(A) = (Z \aijorf)q (2.92)

i=1

for some jg. Then by Lemma 2.3.14,

p<s§q><A>s(§) ) (Z|am|q<—)S8P<|aij|qs5>s6. (299)
)

Remark 2.3.17. From Theorem 2.3.10 and Theorem 2.3.16, we know that s\? (A) ~ ma in

Q|

Thus let K = (£) 9, then (2.90) follows. O

probability for m x m pregaussian random matrix A.



CHAPTER 3

PROBABILISTIC ESTIMATE ON THE SMALLEST ¢-SINGULAR VALUES OF PREGAUSSIAN

RANDOM MATRICES

In this section, we will derive some probability tail bounds for the smallest singular value
for pregaussian random matrices in fo-norm first, and then we’ll make some generalizations

to the smallest singular value for pregaussian random matrices .

3.1 SINGULAR VALUE OF PREGAUSSIAN RANDOM MATRICES IN /

As we know, pregaussian random variable is a more general type of random variables than
subgaussian random variable. A subgaussian random variable £ has its moment generating

function

Eet = 0 (3.1)

for all t € (—o0, 00). By relaxing the condition on the domain of ¢, one can define a pregaus-
sian random variable. Specifically, (3.1) holds on a bounded and and centered interval for a
pregaussian random variable.

As pointed out by Buldygin and Kozachenko in [10], pregaussian random variable has

the following property

Lemma 3.1.1. If £ is a pregaussian random variable, then for any p > 0, E|£|P < oo, and

E¢ —0.
Proof. By the definition of pregaussian random variable, Ee = ¢©*) for all t € [T, T for
some 7" > 0 , then we have

EelT¢l < BeT¢ 4+ Ee T8 = 2977 < o, (3.2)

32
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Let n:= |p| + 1 . Then applying Holder’s inequality we have

n

E[E)P < (E(JEP)7)= (B177)" = (El¢[")» (3.3)
But it follows from (3.2) that E|¢|" < ZEe™*l < co. So E[¢|P < oo for any p > 0.
Let L — inf {c >0 Betf < et ¢ [—T,T]}, then
Eet < e (3.4)
for all ¢ € [T, T]. However, 4|,_oEe'® = E¢ gives that
Ee® = 1 + tEE + o()) (3.5)
for small A\, and by the Taylor expansion,
e =1+ Lt* + o(t?). (3.6)
Thus (3.4) implies
tEE + o(t) < Lt* + o(t?). (3.7)
Dividing (3.7) by ¢ > 0 and taking ¢t — 0", we get E¢ = 0. O

Thus £ has mean 0, and the moment bound condition is satisfied sufficiently for pregaus-
sian random variable &.
In [59], Tao and Vu proved the following theorem on the universality for the least singular

value,

Theorem 3.1.2 (Tao-Vu). Let £ be R-normalized, and suppose E|£|¢° < oo for some suffi-

ciently large absolute constant Cy. Then for all t > 0, we have

P(no,(M,(€))? <t) = /O t %e@/ﬂﬁ) dx + O(n™°) (3.8)

where ¢ > 0 is an absolute constant. The implied constants in the O(-) notation depend on

E|£| but are uniform in t.
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By Lemma 3.1.1, we know E|£|“0 < oo if € is pregausssian. Additionally normalizing & to
have variance 1, by the theorem of the distribution of smallest singular values, we have the

following

Corollary 3.1.3. Let £ be pregaussian random variable with variance 1 and M, (§) be n X n

matriz whose entries are i.1.d. copies of &. Then

P(s, (M, (€)) > %) — B O ) (3.9)

for all t > 0 and some absolute constant ¢ > 0.

3.2 THE ¢-SINGULAR VALUES OF AN m X n. MATRIX

Now let’s consider in general the k-th ¢-singular value first. The k-th g-singular value is

defined in [49] as

Definition 3.2.1. The k-th ¢-singular value of an m x n matrix A,

s\ (A) := inf {Sup { IAx], zeV\ {0}} VCRY, dim (V) >n—k+ 1} . (3.10)

lll,
Remark 3.2.2. Since the norm of A restricted on a subspace is less or equal to the norm of

A restricted on another subspace which contains the first subspace,

(@) .
s (A) = inf su Azl . 3.11
k ( ) Van,dim(V):’fL—k’-i-l IEV,”mI‘Tq:l H Hq ( )

Also, it is easy to see that
s9(A4) > 9 (A)> . > Sr(zi)n(m  (A) = 0. (3.12)
The two extremal g-singular values, s;, and Spin(m,n),q are of special interest in various
studies, for which the largest g-singular value has been discussed earlier and the smallest
g-singular value will be studied in the following sections.
If m > n, then the n-th g-singular value is the smallest g-singular value, which can also

be expressed in another way.
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Lemma 3.2.3. Let A be a m X n matriz with m > n, then the smallest q-singular value

oo A,
s,V (A) = inf cx € R" with x #0 5 . (3.13)

Proof. By the definition

. Ax
st (A) = inf {sup { IIII%‘H‘Lq

< inf {sup { ”|AU”‘1 veV\ {O}} :V =span(z):x € R"\ {0}} (3.14)

lvll,

:gi\{O}}:Van, dim(V)zl}

Azl

= inf{ Tal, e R WithI;’éO}.

We also know the infimum can be achieved by considering the unit ¢,-sphere in the finite

dimensional space, and so the claim follows. O

Remark 3.2.4. In particular, if A is an n x n invertible matrix, then

S;q)(A) = inf{% cx € R with z # O}
—T 1
sup{M:xGR" with x;éO}

=T,

(3.15)

1
517 (A1)

In compressed sensing, we usually have a matrix with dimension m x N, m < N, in the
underdetermined system. So let us make a remark on the singular value of a m x n matrix

when m < n.

Remark 3.2.5. If m < n, in some literature, for instance [49], it is put that k£ runs from
1 through n. In fact, in this case, by the definition of k-th ¢-singular value we know that
sko = 0for k =m+1, ---, n because there are n —m linearly independent vectors in the null
space of the m x n matrix with m < n, which can span an n — k + 1-dimensional subspace
of R" for k = m 41, ---, n. On the other hand, the diagonal matrix in the singular value
decomposition of an m < n matrix with m < n in ¢, does not have the diagonal entries sy 2,
k=m+1, ---, n, so here we assume that the smallest g-singular value is the m-th g¢-th
singular value but not the n-th ¢-th singular value for the case m < n.

There are some properties on the smallest singular value syin(m,n)q, Which are given in

the following lemmas.
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Lemma 3.2.6 (Full rank). An m xn matriz A has full rank, if and only if s\ ) (A) > 0.

min(
Proof. If m > n, by Lemma 3.2.3, we have

5@ (4) = an) (A

min(m,n)

— inf { 142l . 0 ¢ R with o # o} (3.16)

=l
— inf {HAxHq Nzl = 1} .
But S, := {:B eR™:|zf|, = 1} is compact and the map x — [|Az|[, is continuous, then

|Az||, achieves its minimum at some xg € ;. Thus

S o (A) = [[Azo], > 0 (3.17)

min(m,n)

because A has rank n in this case.
If m < n, then the null space of A, denoted as N, has dimension n —m since A has rank

m in this case. Therefore for any V' C R" with dim (V) > n —m + 1, we have
dim (V) +dim (V) > (n — (n —m)) + (n—m+1) =n+1 > dim (R"). (3.18)

By the inclusion-exclusion principle, we know that there a vector xy € V with [|zy ||, = 1

such that 2y € N*-NV NS, and so | Azy ||, > 0. Hence by the definition of the m-th singular

value,
Sy (A) = i (A)
> inf{||A$v||qIV§R”, dim(V)Zn—m+1} 19)
> inf {||Az], 2 € N* NS, '
> 0

since Nt NS, is compact.
For the converse, assume that the m x n matrix A has rank not larger than min (m,n)—1,

then the null space A/ has dimension not less than n — min (m, n) + 1. Hence

{HAﬂEHq . } B
sup reV\{0},=0 (3.20)

=,
and dim (V) > n — min(m,n) + 1 when V is the null space. Thus by the definition
(A) =0. So if s

(9)
§ min(m,n)

min(m,n)

(A) > 0 then A has full rank. O
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Furthermore, in matrix approximation theory, the singular values of a matrix are related

to the matrices of a certain rank closest to it.

Theorem 3.2.7 (Schmidt-Mirsky, [2]). Let s,(f)(A) be the k-th singular value of an m x N
matriz A in 5. Then

min A~ B, = 5%, (A). (3.21)

rank(B)=k
We have shown that max; [la;[|, < sgq)(A) <n'T max] |a;l|, in Lemma 2.3.1 for the
largest ¢-singular value for an m x n matrix A. Nevertheless, the smallest g-singular value

does not rely much on a single column or row of the matrix, though we have the very

(@)

rudimentary estimate Smin(m,n

)(A) < min; [|a;||, since one can just choose x to be the basis
vectors of RY such that ||Az||, = min, laj||, and then choose the subspace in R" spanned
by x and other m — n linearly independent null vectors if m < n.

Analogue to Lemma 2.3.3, for the smallest g-singular value, we have

Lemma 3.2.8. For any ¢ > 1 and n X n matriz A,

s® (A) = sl9 (A7) (3.22)
. . 1 1 _
i which S+ = 1.

Proof. We consider the following two cases.

One case is s (A) = 0. By Lemma 3.2.6, we know that A is not full rank, and then so
does AT. Applying Lemma 3.2.6 again, s (AT) =

The other case is s\ (A) > 0, then A is invertible, by Remark 3.2.4 and Lemma 2.3.3,

we know the claim holds. O

An immediate corollary of this lemma for rectangular matrices is

Corollary 3.2.9. For any q > 1 and m x n matriz A which has n —m columns if m < n

orm —n rows if m > n are zeroes,

S oy (A) =50 (A7) (3.23)

min(m,n min(m,n)

. . 1 1
m whzch5+a—1.



38

Proof. The claim will follow from the lemma, by using the natural embedding of R™n(mm)
into R™*(m") and the natural projection from R™&(™n) onto R™in(mn»),

Indeed, without loss of generality, we assume that m < n and the last min (m,n) = m
columns are zeroes. Let A; be the submatrix of A formed by the first m columns. Because
of the compactness of the sphere of unit /,-norm and Lemma 3.2.8, there are some x € R™

with [|zo|, = 1 and y € R™with |[|yo[[, = 1 such that

[ Arzoll,, = inf Az, = inf HAlTy”q = HA{yOHq. (3.24)

zeR™ ||z, =1 yeR™, [lyll,=1

Now let 25 € R™ be the extended vector whose first m components are those of x and other
components are zeroes, and R™ be the subspace of R” consists of the vectors whose first m

components are zeroes, and take Vj := span () @ R™. Since for any ¢ € R™,

| A (o + Q) || Ao || Az " .
- F= A S o = 1A, = [ Audoll, (3.25)
o+ O, @0+ Oll, = [lll,

then SUPaevy 1, s | Az, = [|[Ai7ol],- For any V' C R™ with dim (V) = n —m + 1, there

is some 2’ € V with[[2’||, = 1 whose last n —m components are zeroes, because of the

dimensions, then we know

sup Az, > [|A2[|, = [[Awa’]],, > [|Aiol], (3.26)
zeVilell,=1

where 2’ is the vector in R™ whose m components are the first m components of z’. Thus

s (A) = inf sup || Az|, = [[Azoll, - (3.27)

VCR™ dim(V)=n—m+1 IEV,Hme:l

On the other hand, HATqu = HA{qu for any y € R™ with ||y||, = 1. Hence

@A) = b [Ty, = int ATy, = [ATwll, = ], (328)

yeR™ ly|,=1 yeR™ ly[,=1

by (3.24), and then the claim follows.
[

For general rectangular matrices, we have the duality property for all 2-singular values.
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Theorem 3.2.10 (Adjoint). For any m X n matriz A,
3,(3) (A) = s,(f) (A7) (3.29)
fork=1,2 --- min(m,n).

Proof. Without loss of generality, we assume m < n.

If A is diagonal with Ay, Ao, <<+, Ay Ay > Ay > -+ > A\, > 0, on its diagonal. Let
e;1=1,2,---, n; be the standar asis for , an o be the subspace spanned Dby
=1, 2 be th dard basis for R"” d Vy be th b db
ei:t=kK,k+1,---,n or any v:= > " te; € Vg and v
{ =k, k+1 }F y i k Vo and v #£ 0,
A N2 " )\2t2 ot
|| UHQ Zz nk Z2’L Ez k e k: Z%:k 12 S )\k (330)
0]l >k ti > ikt diok ti

Particularly, ﬁi”'? = \z. So we have
2

sup  [|Av||, = k. (3.31)
veVollvlly=1
Let Vi be the subspace spanned by {e;:i=1,2, --- k}, then for any (n—k+1)-

dimensional subspace V in R", there exists some nonzero vector v € Vi NV, since
dim (V') + dim (V;) = n + 1. Thus there are t; € R, ¢ = 1,2, --- | k, which are not all
zero, such that v' = Ele t;e;. Then we have

A’ )\2t2 )\2t2
sup ||AU|| Z || v ||2 Z Z k:- (332)
2 v
z 1 z z 1 z

veV||v]|y=1 || /“2

So s,(f) (A) = \;. Similarly, we have s,(f) (AT) = Ay, since AT is also diagonal with Ay, Ag, - -+,

A on its diagonal. Hence, s,(f) (A) = s,(f) (AT) for k=1,2, .-+, min(m,n) if A is diagonal.
For general matrix A of size m x n, let UAVT := A be the singular value decomposi-

tion of A. Replace all the subspaces in the above argument by the image of the subspaces
transformed by the orthogonal matrix V, and then the claim follows, since the orthogonal

transformation U preserves the ¢o-norm of every vector.
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For general p > 1 and general rectangular matrices, we have the following duality theo-

rem.

Theorem 3.2.11 (Duality). For any p > 1 and m x n matriz A,

S oy (A) =50 (A7) (3.33)

min(m,n) min(m,n
in which % + % =1.

Proof. Without loss of generality, we assume m < n, since we have proved the case of m = n

in Lemma 3.2.8.

If sfﬁi)n(m’n) (A) =0, then sggi)n(m’n) (AT) = 0 by Lemma 3.2.6.
It sff:i)n(m n) (A) # 0, then A is of full rank, by Lemma 3.2.6. Assume p > 1 first. Since the

spaces we are considering are finite dimensional, there exists some wy € R™ with Hwo||q =1,
such that

|ATwoll, = _inf [[ATw],. (3.34)

wERm,Hqu:l
By Hoélder’s inequality,
HATwOHq > (ATw,v) (3.35)

for all v € R" with |[v]|, = 1, and there is some vy € R™ with [Jvg|[, = 1 such that
| ATwol|, = (ATwo, vo) - (3.36)

Now take V; to be the direct sum of span {vy} and ker (A), that is an (n — m + 1)-dimensional
subspace in R" since ker (A) is (n — m)-dimensional, as A has full rank. Thus it follows from

(3.35)and (3.36) that for any z € ker (A),

+ z 1
ATUJ(), Vo) > ATwo, hl = AT’LU(), Vg + 2). (337)
< ) oot el )~ Too s, )

But we also know

<ATw0,v0 + z> = (wp, A (vg + 2)) = (wy, Avg) = <ATw0,v0> , (3.38)
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thus
1
ATU}(),UO Z — ATUJ(), Vo), (339)
( )2 Tt T, ( )
in other words, [[vy + z[[, > 1. Therefore we have
A(vo + 2
D202y < gu, (3.40)
lvo + =,

when considering the action of A on Vj, and then SUD,evy, o], =1 | Avl|, = [[Avol],,-
Next, we are going to show |Auwf, = ||ATw0Hq. Since we know that (wg, Avg) =
<ATw0,vo> = ||ATw0Hq from (3.36), then it is sufficient to show that for any w € R™

with [lw||, =1, {wo, Avg) > (w, Avg), that is to show
<ATU)0,U0> > <ATw,U0>. (3.41)

Let
S, (1) := {w ER™: [w], = 1} (3.42)

be the unit sphere in ¢,-norm in R™,
8, (47w, ) = {v e A7 @) : foll, = 47w ], } (3.43)

be the sphere of radius HATwOHq in {,-norm in AT (R™), and AT (S, (1)) be the image of
S, (1) by map AT Since infweRm,Hwnq:l HATw”q achieves its infimum at wg, then the surfaces
AT (S,(1)) and S, (HATonq) are tangent at the point ATwg in AT (R™) and let P be the
same tangent plane of dimension m — 1 to the surfaces AT (S,) and S, (”ATwOHq) at ATwy
in AT (R™). In fact, by (3.36), vy is the gradient of the function f (u) := [u],, u € R, at
the point u = ATw,. Therefore, vy is orthogonal to P. Let B, (1) := {w e R™: fJw], < 1}
be the unit ball in /,-norm in R™, which is convex, as ¢ > 1, then its image by the linear
map AT, AT (B, (1)), is also convex. Therefore A” (B, (1)) will be on the same side of P in
AT (R™). Hence for any w € R™ with Jw][, =1, if (ATw, v) > 0 then there is some A > 1

such that Aw € P, as v is orthogonal to P, and it follows that

<ATw, v0> < <AT (Aw) ,vo> = <ATw0, UO> + <AT (Aw — wy) ,v0> = <ATw0, v0> (3.44)
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as A\w — wy in P is orthogonal to vg; if (ATw,vy) < 0 it is obvious that (ATwp,ve) >
(ATw, vy), since (ATwg,vy) = HATu)o”q > 0. Thus (3.41) holds for all w € R™ with [lwl|, =

1. This proves that

m

s®) (A) < s (AT). (3.45)
On the other hand, there is a surface S of dimension m in R" such that for any 2z € ker (A)

and v € S, |lv+ 2], > [[v]|,- We know that there is some vy € S with ||vp[[, = 1 such that

[Avoll, = inf [|Av][,, (3.46)

vES,[[v]|,=1
and for any (n —m + 1)-dimensional subspace V' in R", there is some v € V NS with

[v']|, = 1, because dim (V) + dim (§) = n + 1 and S is centrally symmetric, and then

sup [ Av|, = [[AV[], = [|Avo]l,, - (3.47)

veV,|lvll,=1

Thus s (A) = || Av[,- Similar to the previous argument, by Holder’s inequality,

| Avol[,, > (w, Avp) (3.48)
for all w € R™ with |[w]|, = 1, and there is some wy € R* with [Jwo|, = 1 such that

| Avol[,, = {wo, Avo) . (3.49)

Thus for the opposite direction of the inequality in (3.45), we just need to show

HATwOHq = || Awl,, that is to show
(wo, Avg) > (wy, Av) (3.50)

for all v € R™ with ||v]|, = 1. But then we can use a very similar argument with the one for
(3.41) to show this.

For p = 1, by the continuity of ¢, at p = 1 and as (3.33) holds for p > 1, we know that
s (4) = 5 ) (A”). That completes the proof.

min(m,n) min(m,n

Remark 3.2.12. For some computable examples on this theorem, see Appendix A.
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3.3 THE SMALLEST ¢-SINGULAR VALUE OF RANDOM MATRICES

If 0 < g < 1, we can still define the k-th singular value by (3.10), and Lemma 3.2.3 still holds
for finite dimensional vector spaces. In [43] and [58], the estimates on the smallest singular
value defined by the usual /,-norm for square random matrix and the sum of a random matrix
and a deterministic matrix were given. In this section, we study the probability estimates of
the smallest g-singular value of rectangular random matrices and square random matrices.
For rectangular matrices, we are going to give the following estimate on the smallest

g-singular value,

Theorem 3.3.1. Given any 0 < q < 1, and let & be the pregaussian random variable with
variance 1 and A be an m X n matriz with i.i.d. copies of & in its entries. Then for any e > 0

there exist some v > 0 and ¢ > 0 and r € (0,1) dependent on q and €, such that

P (s;Q)(A) < 7m5> <e M (3.51)
ifn <rm.

To prove the above theorem, it is sufficient to show the following lemma, by considering

the probability in union.

Lemma 3.3.2. Given any 0 < q < 1 and let A be an m X n pregaussian random matriz,

then there exist some ¢, A € (0,1) such that
P <||Av||q < Alm%> < m (3.52)
for each v € ng_l, where S’q”_l is the (m — 1)-dimensional unit sphere in {,-quasinorm.
First let us establish the following

Lemma 3.3.3. Given any 0 < q < 1, then for any &, ---, &, which are i.i.d. copies of a

pregaussian random variable with variance 1, there exist ¢, A € (0,1) such that

P (Z &]? < An) <" (3.53)
k=1
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Proof. Same as the beginning of the proof for Theorem 2.3.15, for pregaussian random vari-

ables &, - -+, &, with variance 1, we know that there exists some § > 0, such that
1
e
for k=1,2,--- ,n. Then using the Riemann—Stieltjes integral for expectation, we have

Eexp (—50) = fexp (-181) aP (& < 1)
< fydP (&l <0+ [ exp (=5) dP (& < 1) (3.55)
= cot [ exp (=5) dP (& < 1)

Choose A > 0 to be small enough, such that

exp (—?) < exp (—%) < ﬁ (3.56)

for t > ¢. Therefore, it follows that

3 3

q
Eexp (—%) < &o /dIP’ &k <t) <eo+ 3 = 5% < - (3.57)
é

Finally, applying Markov’s inequality, we obtain

P (i [&kl" <An) = P(exp(n— 5> [&l") > 1)
< E(exp(n— 320 1&l%))
— nHk 1E€Xp< |fk|>

< "

(3.58)

§50-e<§1. ]

for ¢ ;= 5

The property of linear combination of pregaussian random variables will allow us to
obtain the probabilistic estimate on [[Av||, for the pregaussian ensemble A. Indeed, the
combination of Lemma 3.3.3 and the lemma on linear combination of pregaussian random
variables, Lemma 2.2.1 yields Lemma 3.3.2. Using the estimate on the covering number of
the unit sphere in ¢,-quasinorm by e-net (|21]) and the probabilistic union bound, we are

going to prove Theorem 3.3.1.
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Proof. Let the unit sphere in /,-quasinorm S} be covered by e-net A, we know from [21],

that

V] < (1 + g) . (3.59)
By the probabilistic union bound,
i (au € N such that [|Av]|, < A1m5> < (1 + g) "o (3.60)
On the other hand, by Theorem 2.3.10, we know that
P <s§q>(A) < Km%> >1— exp(—C'm) (3.61)

for some C’ > 0.
1
Now assume the event that [|Av'||, < 5A\ims for some v € S} occurs. Therefore, there

exists some v € N such that [[v —v'[[7 < e, and by the triangular inequality,
[Avll < [[A (v =)lg + 1AV
q
(s120)) o = v/ E + 114w

q 149
Kime + 5. A\im

IN

(3.62)

IA

= Am
if we set ¢ = 2)‘—}1( It follows that
A
P <s§q)(A) < Kmi and AV, < émé for some v’ € SZ) <P (||Av||q < Almé) . (3.63)
But the event s (4) < yms, where v = 5A1, implies [|Av'||, < %Almé for some v" € S},

therefore

IA

P <5§q)(14) < Kma and S%Q)(A) < ’ym%> P (HAU”q . )\1m5>
< (1+2)em (3.64)

= (0+yFe)”

by (3.60). Choosing an appropriate r < 1, we have that if n < rm,

P <s§q> (A) < Kmi and s@(A) < fym%> < emam (3.65)
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for some ¢; > 0.

Finally, the claim that

P (57@ (A) < 'ymé> <e ™ (3.66)
for some ¢ > 0 follows from (3.65) and (3.61). O

Now let us consider the square random matrices whose entries are independent and

identically-distributed copies of a pregaussian random variable.

Theorem 3.3.4. Given any 0 < q < 1, and let & be the pregaussian random variable with
variance 1 and A be an n X n matrix with i.i.d. copies of & in its entries. Then for any e > 0

and 0 < q < 1, there exist some K > 0 and ¢ > 0 dependent on q and €, such that
P (s;@(A) < gnﬁ) < Ce+Ca™+P (|yA|| > Kn—%) . (3.67)
where a € (0,1) and C > 0 depend only on the pregaussian random variable and K.

To prove the above theorem, that is to estimate || Av||, for all v € R", we decompose S~
into the set of compressible vectors and the set of incompressible vectors, generalized from

the approach used in [43], [58], for instance.

Definition 3.3.5 (Compressible and incompressible vectors in §7~'). Given any p, X € (0, 1).
Let Comp, (X, p) be the set of vectors v € S~ such that there is a vector o' with [|v/[|; < An

satisfying [lv —v'|| < p. The set of incompressible vector is defined as
Incompy (X, p) :==S)~ "\ Compg (A, p) - (3.68)

Now using the decomposition, we have

P(s(A) <en i) < P (infuccomp,n 140, < on”7)
(3.69)

) 1
+P <1nfv€1nwmpq(,\vp) ||Aqu <en q) ,

and in the following we are going to consider each term in the right hand side.
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For the first term on compressible vectors, we can apply Lemma 3.3.2 and use the union

bound to get the probabilistic estimate on [|Av||, with v € Comp, (A, p), as

P < inf  [JAv||, < sn_;> <P ( inf  [JAv||, < €n;) . (3.70)
(Ap) 7 p) I

vEcompq vEcompq (A,
Therefore the first term actually decays exponentially for large n.

However, for incompressible vectors, we first consider dis (X, H;), which denotes the
distance between column X; of an n x n random matrix A and the span of other columns
H; := span (Xy, -+, Xj_1,Xj41, -+, X»), and obtain a generalized lemma for ¢;-quasinorm
from the counterpart in [43], which allows us to transform the probabilistic estimate on
|Avl|, for v € Incomp, (A, p) to the probabilistic estimate on the average of the distances

diSt(Xj,Hj) ,j: 1,2,"' , .

Lemma 3.3.6. Let A be an n x n random matriz with columns Xy, ---, X, and H; :=

span (X1, , X;j-1, Xj+1, -+, X»). Then for any p, X € (0,1) and € > 0, one has

veIncompq(A,

: _1 1 ¢ :
P ( inf ; |Av]|, < epn ) <3 ;P(dzstq (X,, H;) <e), (3.71)
in which dist, is the distance defined by the {,-quasinorm.

Proof. For every v € Incomp, (A, p), by Definition 3.3.5, there are at least An components
of v, vj, satistying |v;| > pn_%, because otherwise, v would be within ¢, -distance p of the
sparse vector, the restriction of v on the components v; satisfying |v;| > pn_% with sparsity
less than An, and thus v would be compressible. Thus if we let Z; (v) := {j ol > pnié},
then |Z; (v)| > An.

Next, let Iy (A) := {j : dist, (X;, H;) < e} and € be the event that the cardinality of

T, (A), |75 (A)| > An. Applying Markov’s inequality, we have

PE) = P({T(A): [T, (A &) > In})
< +E|Z; (A)| (3.72)
= LE{j:disty (X;, H;) <e}

= % Z?:l ]P’(dzstq (Xj,Hj) < E) .
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Since £¢ is the event that
{j:disty(X;,H;) > e} >(1—=A)n (3.73)
for random matrix A, thus if £ occurs, then for every v € Incomp, (X, p),
17y (v)| +|Z2 (A)] > An+ (1 = A)n =n. (3.74)
Hence there is some jy € Z; (v) N Zy (A). So we have
|Av[|, > dist, (Av, Hj,) = disty (vj, Xy, Hjy) = |, | disty (X5, Hjy) > €pn_%. (3.75)

1
Contra-positively, if the events||Av|| < epn™s occurs then £ also occurs. Thus

veIncompg(A,

, _1 1 < :
P ( inf ) |Av[|, <epn q) <P < m;ﬁ”(dzstq (X,,H;) <e). (3.76)

O

Remark 3.3.7. dist, defined by the ¢,-quasinorm is different from the usual dist defined by
the f5-quasinorm, because simply in a right triangle the hypotenuse as a vector can be shorter

than the leg as a vector in ¢,-quasinorm.

Nevertheless, dist, (X;, H;) > dist(X;, H;) because ||-|, > |-|l,, therefore one can
take the advantage of the estimate on P(dist(X;, H;) <¢) to obtain the estimate on
]P)(d’LStq (Xj,Hj) < 5).

Theorem 3.3.8 (Distance bound, [43]). Let A be a random matriz whose entries are in-
dependent variables with variance at least 1 and fourth moment bounded by B. Let K > 1.

Then for every e > 0,
P (dm (X;, H;) < ¢ and ||A] < Kn’%) < (e +am) (3.77)

where o € (0,1) and C > 0 depend only on B and K.



49

The above theorem implies that
P (dist, (X;, H,) <€) < P(dist (X, H;) <€) < C (s +a") + P (||A|\ < Kn—%> . (3.78)

Combining (3.69) and applying Lemma 3.3.6, we now reach the desired inequality in Theorem
3.3.4.

Furthermore, since A is pregaussian, using a standard concentration bound we know that
for every ¢ > 0, there exists some K > 0 such that P (HAH < Kn_%> < e. Thus, we have

proved the following

Theorem 3.3.9 (Lower tail probabilistic estimate on the smallest ¢g-singular value ). Given
any 0 < q < 1, and let & be the pregaussian random variable with variance 1 and A be an
n X n matriz with 1.1.d. copies of € in its entries. Then for any e > 0, there exists some v > 0
such that

P <s§f>(A) < yn—é) < (3.79)

where v only depends on q, € and the pregaussian random variable €.

3.4 UPPER TAIL PROBABILITY OF THE SMALLEST ¢-SINGULAR VALUE

In this section, we want to obtain the estimate on the upper tail probability of the smallest

g-singular value of an n X n pregaussian random matrix.

Theorem 3.4.1 (Upper tail probabilistic estimate on the smallest ¢g-singular value). Given
any 0 < q < 1, and let £ be the pregaussian random variable with variance 1 and A be an
n X n matriz with i.i.d. copies of & in ils entries. Then for any K > e, there exist some

C>0,0<c<1, and a > 0 only dependent on pregaussian random variable &, q, such that

1 In K)°
P (an) (A) > Kn_5> < C(;—a) ey (3.80)

In particular, for any € > 0, there exist some K > 0 and ng, such that
P (s£§>(A) > Kn—%> <e (3.81)

for alln > ny.
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Proof. From the previous section and by Lemma 3.2.6, the n x n pregaussian random matrix

A is invertible with very high probability. Therefore, we have

t 1_1 1
P (s000) <% nt) 2 P (ol < néhu 470, 2 5w for some v € RY). (382
£

n i

and thus it suffices to show

11 -1 e 1 n
P([lofl, < na2u, ||A7 || > = ne for some v € R") > 1 —e. (3.83)
q q t

Now we choose v = X; — 7; (X;), where X is the j-th column vector of A and 7; is the
projection onto the hyperplane H; := span (X1, -+, X;_1, Xj41,---,X,), to have a small
probability for both the event A~ v|| < £ - niand the event [vll, > win (3.82).

Using the result established in [44], we can easily estimate the probability of the event

that A~ ]|, < 5 - n occurs. Since A~ ||, > A7 ]|y, we know that

P4, <5-n0) < P(I1A7), <

M
S
Q=
N——

1M

- P(HA_IUH2§ <n)) (3.84)

< 2p (45, t, n%)

where p (e,t,n) := C} <€ +emat® 4 e*”) for some ¢y, ¢, Cq > 0.
It remains to show that [|v[|, > u in (3.82) has a small probability, and that will be shown

in the next lemma. []
In fact, for the normal vector to the hyperplane H;, v = X; — m; (X;), we have

Lemma 3.4.2. For every u > 0, one has

P (||Xj — 7 (), = un%*%) < Che™® 4 Cyn~ (3.85)
for some c3,c4,Co,C3 >0 and any j =1,2, ---, n.
Proof. Without loss of generality, assume j = 1. Let (aq, ag, -+, a,) := X7 — m (X1) ,

normal to the hyperplane Hy, and (&1, &, -+, &) = Xi.
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Applying the Bessy-Esseen theorem (see for instance [54]), we know that

zlz

P (IX; — 7, (X))ll, > u) =P (zm st

) =P(lg|>u)+ 0O (n™) (3.86)

for some ¢ > 0, in which g is a standard normal random variable.

By the discrete Holder inequality,
1-g 1_1
12X = (Xp)ll, S ne (1XG = (X)), < o2 || X — 75 (X)), (3.87)

and then

1_1 1_1 1_1
P (I — 5 (X)), 2 ni 2u) < P (n0 781X — 75 ()], 2 nibu)

(3.88)
= P(IX; = m (X))ll, > u).
Therefore it follows from (3.86) that
11 e
P (1% — 5 (X)), 2 uni ) < P(lgl 2 w)+0 ()
= Z [Te i dr+0(n) (3.89)
< (Ohe % + an—a;
for some c3, ¢y, Cs, C3 > 0. O

Now we can choose u =t = v/In M, where M > 1, and ¢ = %, then (3.82), (3.84), and
(3.85) imply that

P (5;@(/1) > MIn M - n*%) < % +c" (3.90)

for some C' > 0,0 <c< 1, and a > 0. Then let K := M In M, thus we have
In M)* C(In(MInM))* C (In K)*

(¢) —§)<C(— n < n__ A7) n
IP’(sn(A)>Kn e Camb = te et (3.91)

if M > e, that requires K > e.
Thus, we have completed the proof of Theorem 3.4.1.
Lastly, we make a table to summarize the results of the probabilistic estimates on the

largest and smallest g-Singular values of pregaussian random square matrices for 0 < ¢ <1

(see Table 3.1).
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Table 3.1: Results obtained on the probabilistic estimates on the largest and smallest ¢-
singular values of pregaussian random square matrices for 0 < ¢ <1

] n X n matrix \ Order of largest ¢-singular value \ Order of smallest g-singular value ‘
T

Upper Tail

nga

1 1 .
n~2 (n~ ¢ conjectured)
I

Lower Tail

1
na

n g




CHAPTER 4

THE PROBABILISTIC ESTIMATES ON THE LARGEST p-SINGULAR VALUE OF

PREGAUSSIAN RANDOM MATRICES FOR p > 1

4.1 INTRODUCTION

The largest and smallest g-singular values of pregaussian random matrices for 0 < ¢ < 1
have been studied in [32]. Similar to the g-singular value when 0 < ¢ < 1, we can define the

largest p-singular value when p > 1.

Definition 4.1.1. For an m x N matrix A, the largest p-singular value of A denoted as

s(lp )(A) is defined as

L.z ecRY Withx#O} (4.1)

for given p > 1.

4.2 LOWER TAIL PROBABILITY OF LARGEST p-SINGULAR VALUE FOR p > 1

In [32] we have established the following

Lemma 4.2.1 (Linear bound for partial binomial expansion). For every positive integer n,

n

>

w=Lg)e A K

n
f (1 —2)"F <8z (4.2)

for all x € [0, 1].

The above lemma can be applied to estimate probabilities.

23
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Lemma 4.2.2. Suppose &1, &, -+, &, are i.i.d copies of a random variable £, then for any

>0,

P (Z &l < %) <8P (¢ <e) (4.3)

for any given p > 1.
Proof. Given p > 1, we have the relation on the probability events that

{gl, Zl&!”<—} (1.4
is contained in

>e - |G P >e) =& (4.5)

U {@ &)l <e -6l <e,
=53]+

where {iy, iy, -+, i} is a subset of {1, 2 --- | n} and {ix41, - -+, in} is its complement.

Let = P (|&]” < ¢), then by the union probability,

n

PE)= ). af (1 —x)" 7", (4.6)
w=lg)e \ P
and applying Lemma 4.2.1, we have
P(€) <8z =8P (|&1] <¢). (4.7)

Since the event (4.4) is contained in the event (4.5),

<Z |&iI" < —) P (&) <8P ()" <e). (4.8)

To estimate the lower tail probability of the largest p-singular value, we have

Theorem 4.2.3 (Lower tail probability of the largest p-singular value, p > 1 ). Let £ be a
pregaussian random variable normalized to have variance 1 and A be an m x N matriz with
1.5.d. copies of € in its entries, then for every p > 1 and any € > 0, there exists v > 0 such
that

P (sgf’)(A) < ym%) <e (4.9)

in which v only depends on p, € and the pregaussian random variable &.
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Proof. Since a;; is pregaussian with variance 1, then any ¢ > 0, there is some ¢ > 0, such
that

P(Jayl” <0) < <. (4.10)

ool ™

But we know .
Sgp)(A) =z (Z |%’!p) (4.11)
i=1

for all j, because by the definition of the largest p-singular value 4.1.1, choosing = to be the
standard basis vectors of RY gives us max; (3, |a;|” )% < sgp )(A). Therefore, by Lemma

4.2.2,
(p) 5\* 1 = » . Mo »
P S1 (A) S 5 me S P i:E 1 |az~j0| S 7 S 8P<|CI,U’ S 5) S g. (412)

, then (4.9) follows. O

D=

Thus let v = (g)

4.3 UPPER TAIL PROBABILITY OF THE LARGEST p-SINGULAR VALUE FOR p > 1

For the upper tail probability of the largest p-singular value, p > 1, we can derive the

following lemma first by using the Minkowski inequality and discrete Holder inequality.

Lemma 4.3.1. Forp > 1, (2.17) defines a norm on the space of m x N matrices and

p—1

max|la;l, < 5(4) < N max a1l (1.13)
in which a;, j =1,2,--- N, are the column vectors of A .
Applying the above lemma, an estimate we can derive easily is the following

Theorem 4.3.2 (Upper tail probability of the largest p-singular value of Bernoulli random
matrices, p > 1). Let £ be a Bernoulli random variable normalized to have variance 1 and A
be an m x N matriz with i.i.d. copies of & in its entries, then

1

mr < sP(A) <mrNF (4.14)
1 = .

For the more general rectangular matrices, we have
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Theorem 4.3.3 (Upper tail probability of the largest p-singular value of rectangular matri-
ces, 1 <p <2). Let £ be a pregaussian variable normalized to have variance 1 and A is an
m X N matrix with i.i.d. copies of & in its entries, then for every 1 < p <2 and any e > 0,

there exists K > 0 such that
P (gﬁp)(A) > K (m% —l—m%_%N%)) <e (4.15)
where K only depends on p, € and the pregaussian variable £.

Proof. By the discrete Holder inequality and the definition of the largest p-singular value,

|Az]], my 3 |Azll, a1

sP(4) = sup v 150 (A). (4.16)

z€RN  2#£0 Hpr _:CERN,J:;&O H:UHQ

We also know that there exists K > 0 such that

P (s§2>(A) > K (m% + N%)) <e. (4.17)

Therefore, we have
P <5§p>(A) > K (m% + m%—%N%)) <P (s§2><A) > K <m + N%>) <e. (4.18)
O

Using the duality lemma on the largest p-singular value, we have

Theorem 4.3.4 (Lower tail probability of the largest p-singular value of rectangular matri-
ces, p > 2). Let & be a pregaussian random variable normalized to have variance 1 and A be
an m X N matrixz with i.i.d. copies of & in its entries, then for every p > 2 and any € > 0,

there exists v > 0 such that
P (s§p>(A) < ym"ﬂ <e (4.19)

in which v only depends on p, € and the pregaussian random variable &.

Also, we have the upper tail probability of the largest p-singular value of rectangular

matrices for p > 2.
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Theorem 4.3.5 (Upper tail probability of the largest p-singular value of rectangular ma-
trices, p > 2). Let & be a pregaussian variable normalized to have variance 1 and A is an
m X N matriz with i.i.d. copies of & in its entries, then for every p > 2 and any € > 0, there

exists K > 0 such that

—1

P (s§p>(A) > K (N”T + mN*)) <e (4.20)

where K only depends on p, € and the pregaussian variable &.

Remark 4.3.6. In particular, for p = oo, s§°°) (A) is approximately O (n). For some numerical

experiments, see Appendix C.



CHAPTER 5

MODIFIED RESTRICTED ISOMETRY PROPERTY AND SPARSE RECOVERY

5.1 1-MODIFIED RESTRICTED ISOMETRY PROPERTY

For an integer s < n, the restricted isometry constant d, (A) is the smallest number ¢ which

satisfies

(1= 6) llz]l* < | Az]* < (1 + ) Jl«[|”

for all z € R™ |, |support (x)| < s. Equivalently, the inequality

Vl_(sgsmin(AS>§Smax<AS)§ V1+6

holds for any m x s submatrix Ag.
In an earlier version of |21], Foucart and Lai defined the so-called s-th g-modified re-

stricted isometry property,

(1=0) ) x), < I Azllg < (1 +0) /x5, (5.1)

for all z € RY and ||z||, < s. On the other hand, in [11], the g-restricted isometry property,

(1 =6s) ll=lly < | Az]lg < (1 +65) [|l=]l3 (5.2)

for all z € RY and ||z, < s was defined. But in order to study the sparse recovery via
{,-minimization, we want to use ||z|, instead of Jx/,, so we define

Definition 5.1.1. An m x N matrix A is said to have the s-th g-restricted isometry property,
if

(1= 65) llzllg < |A=[lg < (1 +65) [|l=llq (5.3)
for all z € RN and ||z, < s.

o8



99

In an earlier version of [21] Foucart and Lai also introduced the new quasinorm

/

—00

q

Vo 1= / F(t) - f (tn)dby - dbx (5.4)

N
1=1

for any pregaussian distribution probability density function f and ¢ > 0, and showed that,

for any x € RY and 0 < ¢ < %, the probability that = satisfies the ¢g-modified restricted

isometry property,

P ((1 —e)ym faft, < |Az]|? < (L+e)m ) x//;gq) > 1 — ge~rme’ (5.5)
for some xk > 0 independent of ¢ and f .

However, if we consider the case that ¢ = 1 (for the sake of clearness, we will present the

result for general 0 < ¢ < 1 in the later section), we have the following

Theorem 5.1.2. Suppose that A is an m X N matrix whose entries are independent and
wdentically-distributed copies of a symmetric pregaussian random variable with probability

density function f. Then
P((1=e)m [ afs < [Azl, < (A +e)m [ afpr) >1—2e A (5.6)
for any 0 < e <1 and some k > 0 dependent of f .
First of all, it turns out that the quasinorm (5.4) has the following properties
Lemma 5.1.3. For any v € RY, and even probability density function f,

1. JJx)s2 = ollx|ly, in which o® is the variance of the even probability density function

f’.
2. Nxfsq < Jx) . for any 0 < q <{’;

1
3. Nxfrq < N%a;‘ [zl in which }D —i—é =1 for p,qg > 1 and o, is the q-th absolute

moment of the probability density function f,

o= [ 175 @ (5.7
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1
4o N ) 1q < Nzl 0dp, in which

oo o

/ /z:(|151|q+”'+ (]2 f (t) - f (tw) dty -+ - diy (5.8)

and%—i—é:lforp,qu.

Proof. By the definition,

1
2

folia = (SIS s
= A

(tl) ... f (tN) dty--- dtN>

S Tty f (t) - f (ty) dty - diy)? (5.9)
= (Efile fooo'“ffoootff(tl).--f(tN)dtl...dtN 2
= ozl

since f is even, thus we obtain (1).
For (2), we can just use Holder’s inequality in the probability measure associated with

the density function,

1

Jalra = (S S [T tan] F (0o f (b dtr - di)

‘ =

l

~l

q

=< <f°°oo SO o ‘Zizl tizi| () f (tn)dty - dtN>
'(ffooo"'ff;l-f(t1)~--f(tN)dt1 dtN)E ¢ (5.10)

- (foom"'foow‘zﬁvltixiq,f(tl)---f(tN)dtl---dtN)ql/-1

= Jx/ra-

Again, by the discrete Holder inequality,

P = (S St 00 ) - d)'

< ([ LSS ) () f ) dtede)

= lall, (S5 S I F (1) f (t) dta -ty )

=

which yields (3).
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By the same token, (4) is obtained as follows,

1

Izl sa = (f_ e ‘ZZ Ltz f () - f (tw) dtl---dtN>q
< <ffooo : "ffooo(zz':l 2| )(Zi:l t:P)e f (t1) -+ f (tw) dity - ; dtN>q (5.12)
= lall, (S S 6F () f (k) dta - dt)

1
= =l odp-

]

In addition, the following useful lemmas were established in an earlier version of [21]| by

Foucart and Lai.
1
Lemma 5.1.4 ([21]). /For anyz € RN and ¢ > 1, fJx )14 < |lz|l, 0d -

Proof. By Jensen’s inequality and the convexity of the function u — u? for ¢ > 1,

Sy = (Jloo oo’zz x| f(t) - f(tN)dtl...dtN)(lz |
— ||$H1(f_oo"' _oo‘zizltzﬂxn ‘ f(t)- f(tN)dtl...dtN)a

. (5.13)
< el (S e S S () f () dty - dty )
= |zl 0.
[l
Now, let us compare Jz ), and ||z|,.
Lemma 5.1.5 (Comparison with ¢y, [21]). There exist ¢,, C; > 0 such that
cqllzlly < Jx)5, < Collzll (5.14)

for all x € RV,
Now let’s prove Theorem 5.1.2.

Proof. |Proof of Theorem 5.1.2] Let X; := | Zjvzl a;;xj| and & = X; — EX;, then

m

D &= Az, —m [ zf (5.15)

i=1
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because
Obviously E¢; = 0 and
E& =EX? — (EX,)* = JJz [ 55— Jx [ 51 :=1* < (5.17)
since E|a;;|* < k!I\* for some A > 0. Moreover,
k
Bet =B (X~ BX)* = (-1 ()0 g2 4 (5.18)
7=0
but by Lemma 5.1.4 we have
E (X)) < |l o; < j1(A |l ). (5.19)
Therefore
B < S0, Gt ) fe gy
< RS () Ol (lelly o0)t7

| (5.20)
< RS () Ml ) (Ml y)s

k@A ll,)"

by Lemma 5.1.4 again.
Now let H := 2Ml||z||;, then |E§ﬂ < k!H*. Applying the Bernstein inequality (see for

instance [10] and [30]), we have

P(|[|Az|l, —m )z s1] > t) < 2exp (—Qt—) ) (5.21)

(tH + mv?)

Then we can choose t = em J/ z// 1, thus

e2m?2fz )2 |
PlAcl, — ) af ol > em [ o) < 2ewp (g imiiie )

— __emle)h
— 2€Xp 2(5//1//f’1H+l/2)) .

(5.22)

By Lemma 5.1.3, /) ;2 = o||z||2 in which ¢ is the variance of the even probability density
function f, and Jz//;2 > J/x/ 1, and by Lemma 2.3 in [21],

1

frlsa = e ol = =2 min(T(5).T(D) o, = Lo ol (5.23)
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in which o is the first absolute moment of the probability density function f, hence

T A empn,
2exp ( 2(efx ) s H+v? < 2Zexp 2(5//z//f)2H+//x//?‘,2>
2m x5
- 2 —
PN\ T eolall, Hro2 1) (5.24)
< 2exp o ol
< 4(zollzll, H+o?[]3)
_ _ _etmaillall,
- 2eXp 40(5H+0||33|2)) .
Furthermore
5 2 2 2
5 _M — 9 _ £ m0'1||33H2
exp( 40(€H+0H5E||2) P 40(26)‘||x“1+0”1“2>
e2ma? ||zl
< _ 1 2 .
< Zexp 40(28)\\/N$||2+0||95||2>> (5.25)
_ 9 e?mo?
= 20 ~gATa) ) -
Thus, the combination of (5.22), (5.24) and (5.25) yields
O'2 62m
Bl ~m /ol > em J o) < 20 (gl - 27
o2 2m 5.26
< 2exp (—40(2A1+a) ' E_N) ( )
= 26_5%62’
where k := % dependent only of f, as desired. =

We can see from (5.26) that the additional assumption ‘7/71—W = o(1) will give us the

exponential decay, so we have the following

Corollary 5.1.6. If Ni < m< N, then we have the exponential decay for the tail proba-
bility
—K]€2
P Azlly, =m [ xfral > em [z ) ;1) < 2e (5.27)

for some some k > 0 dependent of f .

and the following corollary on square matrices
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Corollary 5.1.7. If A is an n X n matriz whose entries are independent and identically-
distributed copies of a symmetric pregaussian random variable with probability density func-

tion f. Then
P((1—e)n fafsn < [|Azll, < (L +e)n fafp) > 127" (5.28)

for any 0 < e <1 and some kK > 0 dependent of f.

5.2 ¢-MODIFIED ISOMETRY PROPERTY

We can actually prove generally for 0 < ¢ < 1.

Theorem 5.2.1. Suppose that A is an m X N matrix whose entries are independent and
identically-distributed copies of a symmetric pregaussian random variable with probability

density function f. Then
—Km 7%52
P(ﬂ—gﬁn/pﬂﬂgHAM@S(LHﬂm/x/%)21—26 N (5.29)
forany 0 <e<1and0<q<1, and some k > 0 dependent of f and q.

Proof. Let X; := ‘27:1 ;T ! and & := X; — EXj;. Since

//x//jﬁq:7---7

D& =lAelg—m ) )i, (5.31)

f@t)-- fty)dty---dty = EX;. (5.30)

N
E tix;
i1

then

Obviously E¢; = 0 and
B¢ =EX] — (BX,)" =[x || To, — Jo | 7 =1V < 00 (5.32)

because E|a;;|" < kIA\* for some A > 0. Moreover,

Bet =B (- BX)* = 3 (-0 (B0t popfy (5.33)

J



65

but by (2) of Lemma 5.1.3 and Lemma 5.1.4 we have

E(X]) =[x ) T < N )75 < (2l o) < GYU Ol ll)¥ < 1Al )9 (5.34)
Therefore
Bl < 35 ()it Il )/ aFy™
< R () (Ml ‘”// v )5
= K250 (5) (lzll)® (llallior) ) (5.35)
< KUY (5) ) (Allef )«
= K@ Alel[))*

by (2) of Lemma 5.1.3 and Lemma 5.1.4 again.

Now let H := 2 (A|[z||;)? then |E€¥| < kIH". Applying the Bernstein inequality, we have

P <\||Ax\|g —m )t | > t) < 2exp <_2(15Ht—jmy2)) . (5.36)

Then we can choose t = em // /%, thus

52m2//3://2q
B ([l —m ] > emf 23,) < 20 (g ) 537
E2m X 2q '
— 2€Xp _A .
2(e)z)% H+v?)

By Lemma 5.1.3, /2 12 = o||z||2 in which ¢? is the variance of the even probability density
function f, and Jx )/ ;2 > Jx /1, and by Lemma 2.3 in [21],

cqllzllz < J= )5, < Collxllz (5.38)
in which
¢y = 2\2’/;‘1 min (F (;’) T (%1» — 2\2/%% (g) = 2%, (5.39)
and
_2%02% 3 g+1\\  (V20)'  [q+1
C, NG maX(F(Q),F( 5 ))— NG r 5 (5.40)
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since I'(2) < I'(%+) for 0 < ¢ < 1 (see for example [35]). Hence by (1) and (2) of Lemma

5.1.3 again,
e2m )z .
2 _ f.a < 92 _ fiq
exp ( 2( ol H +V2>> < 2exp 2(8//x//;7qH+//x//§?2q))
2m//$//2q
< 2 i A
- oo 2(s//w//?ﬂ+//m//i2))
Qm//z//zq
= 2 — i 41
eXp 2(5//x//?c’qH+O'QQ||x||§q)> (5 )
< 2exp [ — £2me2||z]|3?
= 2P\ T3, el o el
— Jex . £2mchaz||g
- SO Tao,Eron ) )
Furthermore,
_ e2me|z||] . . e?meg|x||3
2exp ( 2(ech+02q|m||g)> = 2o 2(2ecq<x||x|1>q+a2q|wn%))
< 2exp | — e meq 2l (5.42)
= 2(2eCq (AWN|al]2 ) *+o2a][2]|4) ‘
e?mc’
= Zexp 2(2:C,(AWN)THo24) |
Finally, the combination of (5.37), (5.41) and (5.42) yields
q q q c2mN_%e2
o (-, > s = 2o (i
c2 _g
< 2€Xp <_WZ+U%) -mN 2€2> (543)
_ 2€—nmN7%52’
C2 .
where k= W‘M dependent only of f, and the claim follows. m

Also, we have

Corollary 5.2.2. If N2 <« m < N, 0 < ¢ < 1, then we have the exponential decay for the
tail probability
P (‘ |Az|? = m J x| >em ) m//;q) 2e"e (5.44)

for some some k > 0 dependent of f and q.

and the following corollary on square matrices



67

Corollary 5.2.3 (g-modified RIP for square matrices). If A is an n x n matriz whose
entries are independent and identically-distributed copies of a symmetric pregaussian random

variable with probability density function f. Then

2—q

P((L=e)m o), <Aalll < (T +e)m faff,) =1 -2 "¢

2

(5.45)

for any 0 < e <1 and some k > 0 dependent of f and q, 0 < ¢ < 1.

5.3 ON THE SPARSE RECOVERY

Now, following the idea in [5] and that in [21] generalized by Foucart and Lai, which is using

the estimate of cardinality of the finite cover of

Spq = {x e RV : Jx) fq = 1} , (5.46)
one can show

Theorem 5.3.1. Suppose that the entries of the m x N matriz A are independent copies of
a pregaussian random variable with an even probability density function f. Given 0 < g <1

and 0 < € < 1, there exist constants ki, ko, and ks depending on f and q such that

P ()HAJZHZ —m [ affi,| <em Ja )i, forallxeRY with |z < 5) (5.47)

>1— 2€—n1mN7%52

provided that (ke + ks ln(%))N% <m < N.

Proof. We follow the proof of Theorem 4.1 of [21], with modified condition on m. By the

cardinality estimate, union probability and Theorem 5.2.1, one has

P (‘HAng —m )t >em ), forallxeRY with o] < s>
< () (@ )rze ke
< 2(}) exp (-Bmi=e 4 )

_9g
< 2exp <——k1m]\i L % + sln (%)) ;

(5.48)

and then the claim follows if m > (]fge% + k35 In (%)) N2 for ky = 2y ke = ﬁ—‘; and k; =

] m
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In compressed sensing, the ¢,-minimization problem with 0 < ¢ <1 is the following:
minimize.ern | 2[|, subject to Az =y, (5.49)

that can be used to reconstruct a sparse vector that is the solution to the minimization
minimize,cg~ ||2||, subject to Az =y. (5.50)

Using Theorem 5.1 of [21], we are able to have the sparse recovery through pregaussian

compression matrices.

Theorem 5.3.2. Suppose that the entries of the m x N matriz A are independent copies of a
pregaussian random variable with an even probability density function. If 0 < q < 1, then the
probability that every s-sparse vector x € RY is recovered as a solution to the optimization
problem (5.49) exceeds 1 — exp (clmN’%), provided that csIn (%) N3 <m < N, in which ¢

and ¢y are dependent on the pregaussian distribution and q.



CHAPTER 6

NULL SPACE PROPERTY FOR RECOVERY FROM MULTIPLE MEASUREMENTS VIA

{4-MINIMIZATION

6.1 INTRODUCTION

In recent year, compressed sensing, a technique for recovering a sparse or compressible sig-
nals, attract much interest. The methods in compressed sensing including the convex /¢,
relaxation method and non-convex ¢,-method, 0 < ¢ < 1. On the ¢,-method, Foucart and
Lai in |[20] presented some numerical experimental results which indicates that the g-method
performs better than other available methods and a sufficient condition on the matrix of
an underdetermined linear system which guarantees that the solution of the system with
minimal g-quasinorm.

The ¢,-method in unconstrained minimization can be also used to generate the sparse
solution to underdetermined linear system. In data fitting, Tikhonov regularization is a
method to get the regularized solution to underdetermined linear systems in least-square
sense, which considers an unconstrained optimization problem instead of a constrained one.
Recently, Lai and Wang in [33| gave an iterating algorithm to generate the sparse solution

to underdetermined linear systems by defining the unconstrained ¢,-minimization
arg min [l2]¢ + — || Az — b| (6.1)
zERN a 2\ 2 ’

for 0 < ¢ < 1 and using I'-convergence to get the minimizer for the unconstrained ¢y-

minimization through the cluster points of minimizers for the unconstrained /,-minimization.

69
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To get exact recovery from a single vector via {,-minimization, the sensing matrix needs
to satisfy the £, null space property, as we have seen in Proposition 6.2.4. In multiple mea-

surement problem (MMV), that is given a set of r measurements
Az® =p® for k=1, .-, r, (6.2)

find the vectors z(®) which are jointly sparse, i.e., have nonzero entries at the same locations,
and that arises in biomedical engineering such as neuromagnetic imaging, one may use the

multiple-measurement-vector (MMYV) non-convex optimization problem. It is
minimize || X|[, = subject to AX = B, (6.3)

in which A, X and B are matrices, and

N
Xl - (Z HWH;)
j=1

where X7 is the j-th row of X, for 0 < ¢ < 1. We can find a condition for the exact recovery

1
q
)

(6.4)

similar to the ¢, null space property for single measurement vector problem (SMV).

In the case of r = 2, p = 2 and ¢ = 1, Foucart and Gribonval in [19] proved that the real
null space and complex null space property are equivalent for the sparse recovery achieved
by ¢;-minimization. In the following sections, we will start with the case r = 2 and prove the

equivalence for p =2 and 0 < ¢ < 1 in this case, and then present our results for general 7.

6.2 NULL SPACE PROPERTY FOR RECOVERY VIA {; MINIMIZATION

For minimization problem (5.50), the uniqueness of the solution is related to a parameter of
the matrix A, spark (A), which is defined as the cardinality of the smallest subset of linearly
dependent columns of A (see [16]) and has the obvious property that spark (A) < rank (A)+1.
To be precise, if ||z]|, < %Spark (A) then z can be uniquely recovered by solving the (-

minimization (5.50).
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As for the minimization problem (5.49), one can introduce the so-called null space prop-

erty of A. The null space property has also been used in quantifying the error of approxima-

tions, see e.g. [13]. However, the null space property which guarantees the sparse recovery is

basically the following theorem in [28] by Gribonval and Nielsen, which is also generalized

by them to general f-norm (but not necessarily a norm) on Hilbert space in [29].

Proposition 6.2.1 (Restricted null space property). Let S C {1,2,--- , N} be a fized index

set. Then a vector z with support(z) C S can be uniquely recovered from Az

L,-minimization (5.49) if for all non-zero v in the null space of A,
[osllg < llvsell,
in which S€¢ is the complement of S in {1,2,--- ,N}.
For clarity we give a concise proof here.

Proof. We know for any non-zero z in the null space of A,
lzsllg < llzsllg + Iz + )55 -

By the assumption |[zs||, < [[zsc||,, we then have

Izsllg < I1(z + 2)sllg + l[zselly -
But we also know that z vanishes on S, thus
I12llg = llzsllg < lI(z + 2)gllg + (2 + @) gellg = Iz + 2ll7

and so z € R is the unique solution to the minimization problem (5.49).

b using

(6.5)

(6.6)

(6.7)

(6.8)

O

In [29], Gribonval and Nielsen also discussed the negated cases of (6.5) in general. Here

we include a version in ¢, for our topic.

Proposition 6.2.2. Let N be the null space of A and S be any subset of {1, 2, ---, N}.
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L If [Jas]l, > ||lzse

, for some x € N, then there exist some z and 2/, such that Az = A7/,

support (2) C S and [|2[|, < [|]],-

, for some non-zero x € N, then there exist some z and 2’ , 2 # 2/,

2. 1t |lasl, = [lzse

such that Az = Az', support (z) C S and [[2']], = ||z,

Proof. For (1), without loss of generality, we can assume S = {1,2,---,s}. Take z to be
the vector whose components in S are the components of  restricted on S and whose other
components are zeroes, and z to be the vector whose components in S¢ are the negative of
the components of x restricted o S¢ and whose other components are zeroes, then z — 2’ = .

It follows that

Az — A =A(z—2)= Az =0, (6.9)

the support of z is in S, and
120l = llesell, < lzsll, = 21, (6.10)
For (2), one can just change the “<” in (6.10) to “=" and other steps are the same with
(1). O

Remark 6.2.3. This proposition tell us that z, that is supported on S, can not be uniquely
recovered through solving the {,-minimization (5.49), if |lzs||, > |lzs¢||, for some non-zero
x € N. Therefore, if all the vectors supported on S can be uniquely recovered, then A

satisfies the null space property on S.
Precisely, one has an equivalence as follows
Proposition 6.2.4. Let S C {1,2,--- , N} be a fized index set. Then all the vectors supported

on S can be uniquely recovered from Az = b using {1-minimization (5.49) if and only if for

all non-zero v in the null space of A,

lvslly < llusell; - (6.11)
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To give a concrete sense that |vg||, < ||vse||, can fail if there is a vector supported on S

can be uniquely recovered, we would like to give an example.

Example 6.2.5. Consider the ¢/;-minimization problem

minimize, g~ ||2]|; subject to Az =y, (6.12)
in which
1 1 0
A= , (6.13)
1 -1 2
N =3 and
2
y = . (6.14)
0

To solve the minimization problem, we can do a linear programming which the /¢;-
minimization is equivalent to, see [7]. On the other hand, we can also obtain the solution

directly. The solutions of Az = y are

9t | :teRry, (6.15)

and then the function f(¢) := [t|+|2 — t|+|1 — ¢|, that is the ¢;-norm of the solutions, achieves

1
its minimum at ¢ = 1. So the minimization problem has a unique solution z = | 1 | with
0
-1
the support S = {1,2}. However, the non-zero null vector of A, x := 1 does not
1

satisfy “1'5“1 < HxscHl.
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6.3 REAL VERSUS COMPLEX NULL SPACE PROPERTIES FOR /,

In this section, we consider the open problem whether for any 0 < g < 1 the real null space

property
lzsll, < llzsell, (6.16)
in Proposition 6.2.1 or the so-called stable null space property
s, < pllzse]l, for some 0 < p <1, (6.17)

for all z € A"\ {0} (in the following we use the notation “<” that was used in [19] to denote

either “<” or “< p”) for the ¢,-minimization (5.49) is equivalent to the complex version

S (Verrud) <3 (o wd) (6.18)
jes jese
in other words
1zsllq < [lzsell, (6.19)
for z = v + v/—1w, for all (v,w) € N2\ {(0,0)}, raised by Foucart and Gribonval in [19].
Remark 6.3.1. In finite dimensional vector spaces the null space property and the stable null

lzsll
lzselly

space property are equivalent, because N'N S, is compact and then the function & —
achieves its maximum which is strictly less than 1. But in infinite dimensional vector spaces,
for instance Hilbert space, the null space property does not necessarily imply the stable null

space property.

Theorem 6.3.2 (Comparison theorem). Let S C {1,2,--- | N} be an index set with |S| = s.

Give 0 < ¢ < 1 and a matriz B € R**N with columns ci,ca, -+ ,cn € R?, if
1(z,y)Bsll, < I(z,y)Bse|l, (6.20)

for all (z,y) € R?\ {0} and some S C {1,2,--- , N} with |S| = s. Then

D llexlls < > llels. (6.21)

kesS keSe
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Proof. Let B =: (b; j)2xn, and without loss of generality we can assume S := {1,2,---,s}.
We show (6.21) holds for s =1 first and then for s > 2.

If s =1, by the assumption,

N
b1z + baay|” = (2, ) Bsll, < (2, 9)Bsell, = > |brz + ba 9" (6.22)
j=2
for all (z,y) € R\ {(0,0)}. Choosing 2 = —21__ and y = —21__ and applying the
by 1 +b3 ; by ;4031

Cauchy-Schwarz inequality, we have

(\/b%,1+b§,1>q ~ Z] 2

q

(b1,jb11 + b jba1)

VI % (6.23)
< 3 (YR +n,)
from (6.22), thus the claim (6.21) for s = 1 follows.
For the case when s > 2, we have
s N

Z 017 + ba jy|” < Z 101,57 + ba jy|* (6.24)

j=1 Jj=s+1
for all (z,y) € R?\ {0} from the assumption. Let v; := (\/bfbl.ibg -, \/bfblibg ) € S! where

St is the unit circle, j =1, 2, ---, N, then

S

S (o +8,) 1ol < fj (o, +8,) L ) (6.25)

Jj= Jj=s+1

for all unit vector £ € S! particularly. Taking the integral of (6.25) on S!, we have

S (o, v 03, /! vy, )" dé < Z (i, + 1%, /| nOllde (620)
j=1
Note that fsl 5 E)|?d¢ is a rotation invariant function from the perspective of integral

geometry (cf. [1], [3] and [37]). That is, [, [(v},£)|? d§ is constant independent of j. In fact

we have

Lemma 6.3.3. Given any integer r > 2. For any q > 0,

/| &)1 de = C

for all v € ST, where C > 0 is a constant dependent only on p.
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Proof. Let U be an orthogonal transformation of R”. Then for any v € S"!, the sphere of

the unit ball in R", we have
(U (v),&) = (v, U (€)) (6.27)

for all £ € S"~1. Also, we know that
ST ={U():Uec0(r)}, (6.28)

where O (r) denotes the set of all 7 x r orthogonal matrices. By change of variables and using

the fact that |det (U™1)] = 1, we get

S U (0),6)|7dE = [oooi [0, U1 (€))]* dE
= Jou [, UTHEN AU (€) (6.29)

= fgr—l |<U7 £>|q df

for all U € O(r). Thus we see that [, |(v,£)|"d¢ = C for some C > 0 and for all v €

Srfl‘ D
Therefore
- 2 5 \? - 2 5 \?
S (yrs ) < > (Vi) (6.30)
J=1 Jj=s+1
So the claim follows. O

An immediate consequence of the above theorem is the following theorem on the equiv-

alence of real null space property and complex null space property.

Theorem 6.3.4. The real null space property

(6.31)

luslly < llusell,

for all u € ker (A) \ {0} is equivalent to the complex null space property

Z(,/v]?an]?)q%Zc(,/vf—irw?)q, (6.32)

for all (v,w) € (ker (A))*\ {(0,0)} and all 0 < ¢ < 1.
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Proof. From (6.32) to (6.31), it is obvious.

For the converse, letting

V1 Vg .o UN
B = , (6.33)
wy Wy - wWN
we have
|(z,y)Bs|l, < I(x,y)Bs-||, (6.34)

by (6.31). Then applying Theorem 6.3.2, we obtain that
D llerlls < > lexli? (6.35)
kes kese

where ¢y, cg, -+, cy are the columns of B. That yields (6.32). O

Remark 6.3.5. By Remark B.0.16, we know that Corollary Theorem 6.3.4 also holds for

q> 1

The application of the result in Theorem 6.3.4 in compressed sensing is that we can recover
a sparse vector in complex space via solving two real ¢,-minimization problems instead of a
complex £,-minimization one, and an algorithm for the real ¢,-minimization problem (5.49)

is given in [20].

6.4 ON RECOVERY FROM MULTIPLE MEASUREMENTS

We also want to consider another open problem that Foucart and Gribonval proposed in
[19], which is whether the null space property (6.31) is equivalent to the so called mixed ¢; o

null space property

Z\/u%7j+---—l—ui7j< Z\/u%j%—---—i—u%d, (6.36)

jes jese

for the joint recovery from multiple measurements via

N
minimize Z \/Z%J 4+t z,%jj subject to Az = Axy, ---, Az, = Ax, (6.37)
i=1
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(see [8]), in which (1, ,,) is an n-tuple of vectors in RY. Based on the answer to the
problem on complex null space above, we are able to solve the problem concerning n-tuples as

well. More generally, we provide an affirmative answer to the mixed ¢, » null space property

S (futs ot ug,j)q <3 (s + oot uzm.)q , (6.38)
jES

jEeS®

for the joint recovery from multiple measurements via

N q
minimizez <\/ij + -+ z72”> subject to Az; = Axq, -+, Az, = Ax, (6.39)
i=1
(see [8]) for all 0 < ¢ < 1.

Theorem 6.4.1. The null space property

Jusl, < [luse (6.40)

q
for allw € ker (A)\ {0} is equivalent to the mized €, null space property (6.38) for alln > 3

and all 0 < g < 1.

Proof. 1t is trivial to deduce null space property (6.40) from mixed ¢, null space property
(6.38).
For the converse, we can modify the proof of Theorem 6.3.2 to obtain a generalized

comparison theorem for any B € R™ n >3, and 0 < ¢ < 1. Specifically, we will have

S0+ 82) N O < 3 (o) ol 64
jese
1

j€S
forv; == N (b1, by ) and all vector € in the unit n—1-sphere S"~!. Analogously
to the case of n = 2, taking the integral of (6.41) on S"~', we have
q
Sies (s 82) Jous 103, €17 de
q
< Tpese (B + - +02,) o gy €17 e,

Using the fact that [y, , [(-,£)|?d¢ is a rotation invariant function from the perspective of

(6.42)

integral geometry (see for instance [1], [3] and [37]), we get

S (o) < (o) (6.43)

jes JjES®
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For joint-sparse recovery from multiple measurements, it can also be achieved by mixed
{,2-minimization for 0 < ¢ < 1, for which one can see [20] and [8]. The above theorem
may allow us to consider the ¢,-minimization instead, that will simplify the program for
the mixed ¢, o-minimization. Furthermore, multiple measurements have been used in many
fields of technology, for instance, neuromagnetic imaging [15] and communication channels

(see e.g. [14]), as pointed out in [8], so our results may have real applications in these fields.

6.5 THE NULL SPACE PROPERTY FOR RECOVERY FROM MULTIPLE MEASUREMENTS
In this section, we want to study the MMV non-convex optimization problem, which is
minimize || X[, subject to AX = B with 0 <¢<1. (6.44)

In particular, when p = 2, (6.44) becomes (6.39). On the null space property of the matrix
A for joint recovery from multiple measurements via (6.39), in which p =2 and 0 < ¢ < 1,

we have

Theorem 6.5.1. Let A be an m x N matriz and S C {1,2 --- | N} be an index set. Then
for any 0 < g < 1, all Xy € RNX" with the support of the rows of Xy contained in S can be

uniquely recovered from AX = B using (6.44) for p = 2 if and only if for all Z with columns
Z¥k € ker (A)\ {0}, k=1,2,---,r,

1Zsllg2 < 1Zselly (6.45)

1 1

in which || Zs,5 = (Xyes 1277113) " ond |1 Zsel o 1= (Ljese 127715) "

Proof. Assume that (6.45) holds for all Z with columns Z+ € ker (A) \ {0} and X € RV*"
with the support of the rows of of X contained in S is an solution to AX = B. Then for Z
with columns Z* € ker (A) \ {0}, for 0 < ¢ <1,

Sl =X lzl+ X+ 27 (6.46)

jes jes
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From the assumption, Y. o [| 27715 < e [1277 13, we thus have

jese
. : NI
S Iels< Sl ls+ 3 o+ 207 (647
jes jese jes 2
But the support of the rows of X are contained in .S, hence
S IX77NG = Y es X771
. q . q
Yjese | X+ 277+ Ses|(x+ 27| (648)

119
- oh|x+27|

A\

and so X € RY*" is the unique solution to the minimization problem (6.44) for p = 2 and
0<qg< 1

For the converse, assume that there is some Z with columns Z+* € ker (A) \ {0} such
that || Zsll,5 > | Zse|l,o- We can choose X € RV*" such that the rows of X restricted on S

equal to those of Z, and the remaining rows of X are zeros. Therefore,

AX =AX —AZ=A(X-2) (6.49)
and || X[, = [[Xsll,o = 1Zsll,o = [[Zscll,, = X — Z||, 5, which contradicts with the
uniqueness of the recovery. O

Corollary 6.5.2. Let A be an m x N matriz and S C {1, 2 ---, N} be an indez set. Then
foranyp>1and0 < q <1, all Xo € RN*" with the support of the rows of X, contained in

S can be uniquely recovered from AX = B using (6.44) if and only if for all Z with columns
Z¥k € ker (A)\ {0}, k=1,2,---,r,

HZSHq,p < HZSCHq,p' (650)

Proof. One can just change the [|-[|,-norm to [-[| ,-norm for p > 1 in the proof of Theorem

6.5.1, and that will give us a proof for the claim. O

Furthermore, we have
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Theorem 6.5.3. Let Let A be an m x N matriz and S C {1,2 ---, N} be an indez set.
Then for any 0 < q < 1, all Xy € RN*" with the support of the rows of Xy contained in S
can be uniquely recovered via solving the MMV non-convex optimization problem (6.44) for

p =2 if and only if

Jusll, < [luse (6.51)

q

for all uw € ker (A) \ {0}.

Proof. This is a consequence of the combination of Theorem 6.5.1 and Theorem 6.4.1. [
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APPENDIX A

EXAMPLES ON THE DUALITY

1 01
Example A.0.4. A = ,m=2,n=3,and p > 1.
011
Y1
Y1 T
Let y = , then A"y = Yo . Therefore,
Y2
Y1+ Y2
hn
T
[, = || »
a (A1)
Y1+ Yo
q
>yl -

and equality in (A.1) holds when y; = —ys. So we have

. T
qu) (AT) — lnfng27dim(V):1 supye‘/’”y”q:l HA Yy ‘q
= infy€R27||qu:1 ATy (AQ)
q
= 1.
x
x|+ T3 . .
On the other hand, let z = | 4, |, then Az = . For any V C R3? with
Ty + T3
T3
T
s
dim (V') = 2, thereis a vector | g, | in V whose third coordinate is zero and =
X2
0 P

89



1. Therefore

£y
4o
IAl I, = A 2 ||| = = 1.
T2
0 »
p
1 0
Choose particular Vj := span o1l.,] 1 , then [[Aly][, = 1. So
0 0
s$V(A) = infycgs dim(v)2 SUP, v, ), =1 142,

= iangR3,dim(V)=2 ||A|VHp

= 1.

Thus, we conclude that for any p > 1,

5P (4) = 5\ (AT) :

min(m,n)

where % + % = 1, in this example.

11 1
Example A.0.5. A = ,m=2,n=3,and p=1.
01 -2
Y1
n T
Let y = , then A"y = ys +yo |- Therefore
Y2
Y1 — 2y2
0 (AT) = infycpeq A"
sy (A7) My cr? dim(V)=1SUPyev|y| =1 Yl
= infyerey -1 [ A" Y .

= inf(yl,yz)ERQ,maX(\yl|7|y2|)=1 max (‘yl, ) ’yl + y2’ ) ’yl - 292’) :

Now discuss it in two cases:

1. If |y1| = 1 and |ys| < 1, then

max (|y1, [y1 + w2l [y1 — 292|) > |p1| = 1.

90

(A4)

(A.6)

(A7)
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2. If |yo| = 1 and |y1] < 1, then
max ([yi], [y + vel [y1 — 2020) = [y1 — 292| = [[n] = 2[well = [lsa] =2/ = 1. (A8)
Thus max (|y1], |y1 + y2|, [y1 — 2y2|) > 1 for all (yy,ys) € R? with max (|y1], |y2|) = 1. Hence

mn max , + , ) > 1. A9
(y1,y2) ER2,max(|y1],|y=])=1 (\yﬂ ’yl 92’ ’yl 92!) ( )

Particularly at (y1,92) = (1,0), we have

[max (lya], [y1 + 92l s [y1 — 2920)], 21 o = 1. (A.10)
Thus
max (Jy1|, |y1 + vl |vn — 2y2|) = 1,

in
(y1,y2) ER? max(|y1,|y2])=1
in other words, séoo) (AT) =1.

I
T+ T2+ T3
On the other hand, let x = | 4z, |, then Az = . Therefore,
Ty — 233'3
T3
1 .
s$V(A) = infycgs dim(v)=s SUPev,jafl, =1 142l
= Infycrs dim(V)=2 SUDsev |z [+ oo | +|us|=1 [T1 T T2 + T3| + [72 — 23] (A.11)

_ |1 422 +a3|+|20 —223]
= infycrs dim(v)=2 SUPrev\{0) oy leatles]

|x1+z2+a3|+|re—223]
21|+ |22 |+|zs]|

Let (V) 1= sup,en (o) , then s$" (A) = infy crs dgim(vy=2 F (V). For partic-

T
ular Vy = To :xy = 213 p, we know
T3
-2
sup |$1+!E2+$3|+|$2 J73| = ’$1+$2+$3| = 1; <A12)
2€Vo\{0} |z1| + |22| + || zevo\{o} |Z1| + |z2] + |23

and it follows that sgl) (A) < 1. For generic V', that is actually a plane passing through the

origin in R?, we can assume

X1

V= 2o | €R®:azy +bry+cr3 =0 (A.13)

xs3
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where a, b and ¢ are not all zeroes. Now we discuss (A.11) in three cases:

L. If ¢ # 0, then z3 = %2, + %’xg = ax; + fag for a:= 2 and 3 := g Thus we have

_ |1+ + (14 Bl +1(1—2B)ws — 20|
F(V) = sup(, us)ere\{(0,0)} ol eei s

|(14+a)z1+(1+B)a2|+|(1-28) w2 —2am: |
= [ |1 [+]z2|+|az1+Bz2| (A.14)

x1=1,22=0

[1+a|+|2a]
1+«

It is not hard to see that 2229 > 1 for all o € R. So F (V) > 1 for all V in which

1+«
c# 0.

a

2. If b# 0, then x5 = §11 + a3 = ax; + yas for a 1= §

and v := £. Therefore,

_ |(1+a)z1+(14+y)zs|+|az +(y—2)z3|
F(V) = SuD(y, zy)er2\[(0,0)} (o1l Flas a5 s

|(1+a)a1+(1+7)zs|+lazi+(y—2)as|
- [ |z1[+|aw: +yas|+as] (A.15)

r1=0,2x3=1

[1+~[+]v—2]
I+ly)

It is not hard to see that =21 > 1 for all y € R. So F (V) > 1 for all V in which

1+v]
b # 0.

3. If a # 0, then z; = st + £x3 = Pag + yu3 for § = % and 7y := £. Therefore,

[(1+B)za+(1+)@s|+|ze—223]
F(V) = SUD(s00)eR2\(00)}  [Azatraal HealHea]

[(14+8)za+(14+7)x3|+|r2—223]
|Bxo+yzs|+|x2|+|zs| (A'16>

v

x2=0,z3=1

[1+v[+2
[v[+1 -

It is not hard to see that 2222 > 1 for all v € R. So F/(V) > 1 for all V in which

1+
a # 0.

So we have shown that

-2
sup 1+ 2 + ] o = 2 >1 (A17)
zeV\{0} 21| + 22| + [23]

for all V' C R? with dim (V') = 2. Hence sgl) (A)=11in (A.11).
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Finally, we conclude that

1) _ (9 T

Smin(m,n) (A) o Smin(m,n) (A ) (A]'S)
in this example.
Remark A.0.6. For p = 2, using sigular value decomposition, we get sl(ji)n(m n) (A) =

sgi)n(m’n) (AT) = /4 — /2 for this example.

Let us give another example.

1 10
Example A.0.7. A = ,m=2n=3, and p=1.
010
Y1
Y1 T
Let y = ,then Ay = | y, +y, | Therefore
Y2
0
Sg)o) (AT) = iy, yo)er? max(ly | fu2)=1 08X (|91], [y1 + 92/, 0)

(A.19)

- inf(yl»QQ)ERQ,maX(‘ylM?JQDZI max (||, y1 + v2l) -

For any (y1,42) € R?* with max (|y1],|y2|) = 1, |y1 + yo| is the distance between the origin
and the y;-intercept of the line passing through (yi,y2) with slope —1 and obviously, ||
is the horizontal (y;-directional) distance between the origin and (y1,y2), and see Figure
A.1. Minimizing the maximum of these two distances, we can see from Figure A.1 that
max (|yi|, |y1 + y2|) achieves its minimum at (y;,y2) = (—%, 1) on the boundary of the

square, {(y1,vy2) € R? : max (|y1], [y2]) = 1}. Thus we have

1

57 (AT) = [maxx (ja] Jyn + 2Dy y o = 5 (A.20)



-2+

Figure A.1: Minimization of the maximum of |y;| and |y; + ys

Ty
T+ To
On the other hand, let x = | 2, |, then Az = . Therefore,
T3
T3
1 .
Sg ) (4) = infy crs dim(v)=2 SUPzev, |z, =1 |Az|,

= Infycrs dim(v)=2 SUP eV oy | +lws|+]os| =1 |21 + 22| + |22

— |z1+z2|+|z2]
— lnfngS’dim(V)ZQ Supzev\{o} 21|22 ] Flza]
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(A.21)

Let F'(V) 1= sup,e foy %, then sgl) (A) = infy cps gim(v)=2 f (V). For generic V' C

R? with dim (V) = 2, we assume

V= T € R3: axy + bry + cxs =0
xs3

where a, b and ¢ are not all zeroes. Now we discuss (A.21) in three cases:

(A.22)
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L. If ¢ # 0, then z3 = %2, + l—c’xg = ar; + fry for a == ¢ and § = %’. Thus when « and 3
are not both zeroes, we have

_ |1 422 |+ 22|
F(V) = SUD(s, 2y)er2\({(0.0)} Tt 1 i0m1 s o]

> |z1+a2|+|z2]
e e e |

_ |B=altla] A.23
laf+]8] ( )

(B=al+|ap+|B—al+]o|
2(laf+181)

1
> 3

and when « and 3 are both zeroes, obviously

F (V)= sup

(A.24)
(o1,02)€R\[(0,0)} | Z1| + |72

|l‘1+$2’+’$2| > |:|.T1+33'2‘+‘£L'2|:| _1
21|+ Jza|  Jo—0

So F' (V) > 1 for all V in which ¢ # 0.

2. If b # 0, then xy = {x; + {23 = ax; + yx3 for a := § and v := {, and then F' (V) can

be written as

1
F V) = sup I( +a)x1+7x3|+|ozx1+vx3|.

(A.25)
(z1,23)€R2\{(0,0)} 21| + |axy + yas| + |3

By the triangle inequality,
1
(1 4+ ) 21 + yas|+ |axs + yas| > 3 (lz1] + |(1 + @) 21 + yas| + |z + yas|), (A.26)

and therefore,

[+ (1-+ )+ o +s]
F(V) 2 8UDG, aern\(00) (il s brasltesh) (A.27)

When x; = 1+ |y| and 23 = |1 + «/, using the triangle inequality,

(T4 @)z +vzs] > []L+afzr = |7 [as]]
= |14+aof|/(1+]|y)—1|y
1+l [(L+ ) = b s,
> |1+ qf

= |xs].
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Finally, from (A.27) we have

Fv)> [l o) ot s +lan e >0 (A)
2 (1] + owy + yas| + |xs]) wi=14h] zs=1+a] 2
for all V' in which b # 0.
3. If a #0, then z; = gxg + fx3 = By + yas for = g and vy := £. Therefore,
_ |(1+B)xa+yzs|+|xs|
F(V) = SUD(e, 2y)er?\((0.0)) 822 trasl Hes Fas
> [\(1+ﬂ>m+w|+\m\
= [lBz2tyzsltlzzltlzsl |
_ |[1+8]+1 (A.30)
I81+1
_ 4B+ +[1+8]+1
2(181+1)
1
Z 3
for all V' in which a # 0.
So we have shown that
1
sup 1 % @] + |22 > — (A.31)
zev\{o} |@1] + |z2| + [z3] T 2
for all V' C R? with dim (V) = 2. However, for particular
x1
Vo = e | € R3:2)=—x9 p, (A.32)
x3
we know
1
|$1 + .T2| + |LL’2| . <A33)

vevor(0) 101| + [w2] + Ja| 27
and thus F' (V) = sup,ey qoy % attains its infimum at V4. Hence sgl) (A) = %

Finally, we conclude that
S oy (A) =85 (AT (A.34)

holds for this example.

Lastly, let us also see an example of 2 by 4 matrix.
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Remark A.0.8. For p = 2, using sigular value decomposition, we get sgi)n(m ") (A) =
Sgi)n(m,n) (AT) = % for this example.

1 1 1 1
Example A.0.9. A= ,m=2,n=4,and p=1.
01 -2 -1
Y1
Y Y
Let y = ! ,then A"y = ? . Therefore
Y2 Y1 — 2y2
Y1 — Y2
S (A7) = infrcesamnm SPyevy 1 [A7y]|
= inf g2 _ ATy
yER? [yl =1 . (A.35)
= inf(y, yo)er? max(y | la)=1 maX (1], [y1 + yal, [y1 — 2u2], [y1 — v2])
> inf(yl,yg)eRQ,maXOyl\,|y2\)=1 max (’y1| ) |y1 + y2| ) |y1 - 2y2|>
By Example A.0.5,
in max Ay Fyel, |y — 2 =1 A.36
(y1.2)€R2 miax(lya | Jya =1 R N yal) ( )
Thus
in max ([y1], [y + ol [y — 202], ly1 — v2]) = 1. (A.37)
(y1,92) ER? max(|y1 |,|y2[)=1
Particularly at (y1,y2) = (1,0), we have
[max (Jyi|, [y1 + vl [y1 = 292l [y1 — 92Dy, 21 oo = 1- (A.38)

Thus

inf max Jyr ol lyr — 2y, |y — =1,
(y1.02)€R il | [y =1 (|y1| |?/1 yz| |y1 y2| |?/1 yz|)

in other words, s{™ (AT) =1.
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I
To T1+ o+ T3+ T4
On the other hand, let x = , then Ax = . Therefore,
T3 To — 2!173 — X4
Ty
1 .
s (A) = infycrs gim(v)=2 SUPeviay, 1 14T

= Infycrs dim(V)=2 SUPe o |+ oo +las| + eal=1 |T1 F T2+ T3 + 4| + |22 — 223 — 24

. . |z1+zota3tas|+|we—223—24]
= infycre dim(v)=2 SUPsev\10} ~ [or]+ el s Hed

(A.39)

|x1+xotastay|+|ze—2x3—24|
|21 |+ 22|+ |z3|+|2al
3\

Let F (V) := sup,en (o) , then s{ (4) = infy crs dim(vy=2 F (V). For

Iy
) L2
particular V, = P xy9 = 2x3 4+ x4 p, We know
T3
\ 1'4 J
sup |[L’1+$2+[L’3+9§4|+|$2—2$3—$4| . |SL’1+9§2—|-5173+934| .
2€Vo\{0} 21| + |22| + |23| + | 4] sevo\{o} |T1] + [z] + 23| 4 |zg|

(A.40)
and it follows that 55” (A) < 1. For generic V', that is actually a 3-dimensioanl subspace in

R*, we can assume

( A
xy
i) 3
V= € R’:axy + bry + cxs+dry =0 (A.41)
I3
\ l‘4 Vs

where a, b, ¢ and d are not all zeroes. Now we discuss (A.39) in four cases:
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1. If a #0, then z; = 22y + S23+ day = Bag + yas + 0y for f:=2, v := < and 6 := <.
Therefore,
= |(14+8)xa+(14+7)z3+(14+0)za|+|xa —223—24]
F (V) = Sup(:cz,x3,x4)€R3\{(0,0,0)} [Bz2+yzs+oza| |22+ |3 |+|za]
|(148)z2+(1+y)z3+(14+8) x4 |+|we — 203 —24]
> |Bro+vyrs+oxy|+|wal+|ws]+|zal ]132:0, 231240 <A42)
[14[+2
[v[+1 -

It is not hard to see that 22252 > 1 for all v € R. So F/(V) > 1 for all V in which

L+|v]
a # 0.

. Ifb#0, then 2o = %x1+§x3+%x4:aa71+7x3+5x4 for =%, v:=7and ¢ := %.
Therefore,
_ [(1+a)z1+(1+7)z3+(1+6)z4|+|az1+(y—2)z3 —24
F(V) = SUP(,2;.00)er\{(0.00)) o1 [+ oy +yes] Hs |+l
> |0tz +(+y)os+(I+8)wa|+ow +(y=2)as—a4| (A.43)
= |z1|+|az1+yzs|+|@s|+|za 21=0, x3=124=0 .
_ =2
e

It is not hard to see that 22H0=21 > 1 for all y € R. So F (V) > 1 for all V in which

1+
b # 0.

. Ifc;éO,thenq,'g:%xl—}—gxg—}—%m:axl—l—ﬁxg—l—émfora::%,5::—andé::%.

Thus we have

- |(1+a)z14+(14+8)z2+(1+0)za|+|(1—28)x2— 20z — 24|
F (V) - Sup(q;l7x27x4)6R3\{(07070)} |11|+‘12‘+‘ale+ﬁw2|+‘x4‘

|(1+a)z14+(1+B)xe+(1+0)za |+ (1-28)x2 — 201 —24]
= [z1[+]z2[+ ozt +Bza|+|24] (A.44)

zr1=1,22=024=0

[1+a|+|2¢|
1+|a]

It is not hard to see that 1FH2el > 1 fo51 all 0 € R. So F (V) > 1 for all V' in which

14|
c#0.

I d# 0, then x4 = §o1 + guo + Su3 = awy + Py +y3 for a = §, f:= § and 7 := §.
Thus we have
F(V) = sy pyernyo0) i e s el
> [l el e (A
[1+81+1-5]

1+|8
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It is not hard to see that L=l > 1 for all B € R. So F (V) > 1 for all V in which

1+8|
d # 0.

So we have shown that

— D —
sup |21 + 22 + x3 + 24| + |22 — 225 — 24 > 1 (A.46)
zeV\{0} 21| + [@2] + |z3| + [24]

for all V' C R* with dim (V') = 3. Hence sgl) (A) =11in (A.39).

Finally, we conclude that

(1) _ (00 T

Smin(m,n) (A) - Smin(m,n) (A ) <A47)
in this example.
Remark A.0.10. For p = 2, using sigular value decomposition, we get sgi)n(m’n) (A) =

Sgi)n(m,n) (AT) = /5 — /5 for this example.

Remark A.0.11. The above are some computable examples for the duality. However, if we
change p = 1 to some finite number p > 1 and p # 2 for a general rectangular matrix A, to
get the exact values of the smallest p-singular value of A and the smallest g-singular value of
AT can be computationally hard, due to the potential difficulty in finding the exact subspace
at which the infimum is achieved, but one may show they turn out to be equal in an indirect

way.



APPENDIX B

NON-CONVEX GEOMETRY UNDER LINEAR MAP

In this appendix, we would like to present some work on non-convex geometry under linear
map, as it is closely related to the ¢,-null space property of matrices for 0 < ¢ < 1.

First of all, let us introduce the generalized g-perimeter of a polygon.

Definition B.0.12 (g-perimeter). The g-perimeter of a polygon P with edges e;, eg, -+ - €,

denoted by Perimeter,(P), is defined as
Perimeter, (P Z length(eg))?. (B.1)
k=1

We have the following lemma for the generalized g¢-perimeter of polygon under linear

map.

Lemma B.0.13 (g-perimeter of polygon under linear map). For any 2 x n matriz M with

columns ¢y, ¢, -+ , ¢, € R?, we have
Perimetery(M[—1,1]") = 277> " [|e. |3 (B.2)

Proof. By the singular value decomposition, there exist a 2 x 2 orthogonal matrix U, an
n X n orthogonal matrix V and a 2 x n diagonal matrix A with non-negative entries A\; and
Ao on its main diagonal, such that M = UAVT,

Let M’ := AVT, and let’s first show that if the claim holds for M’ then it is true for

M = UM'’'. Now suppose

Perimeter, (M'[—1,1]") = 213 " ||c} /|3 (B.3)

101
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where ¢}, ch, -+ ,c) are the columns of M’. Since an orthogonal transformation preserves

the geometric features including the length of the edges of a polygon, then
Perimeter,(M[—1,1]") = Perimeter,(M'[—1,1]"). (B.4)

Moreover, we also have [|c}||, = [[Uck|l, = ||cklly- So (B.2) holds for t M’ = AVT if it is true
for M'.

Next, we’ll show that (B.3) is true for M’ = AVT. For the orthogonal matrix VI =:
(Vi.i)nxn, we know that V7 is a composition of permutations, reflections, and (or) rotations,
hence VT[—1,1]" is also an n-cube obtained by a rigid body motion of the n-cube [—1,1]".
Let VT = (V},Va,-+-,V,) in which V; is the i-th column of V for i = 1,2,--- ,n. To get the
g-perimeter of a polygon, we just need to find its vertices. The set of vertices of the n-cube
[—1,1]" is

{(e1,€1,-+ ,€,) ER" 1 =1, =1,2,--- ,n}, (B.5)

and then that of the n-cube VT [—1,1]" is
{(ZejV»)TeR":ej:il,jzl,z---,n}. (B.6)
j=1
Therefore, AVT[—1,1]" is a polygon with vertices
{(/\1 ZejVLj, A2 ZGJ"/QJ‘) ER? ¢, =+1,j=1,2,-- ,n} . (B.7)
j=1 j=1
Summing the g-length of the edges between the adjacent vertices, in which only one compo-

nent of the €’s differs, we have

Perimeter, (AVT[-1,1]") = 2 Z?:l (\/(”\1‘/1,3')2 + (2>\2V2,j)2>q

: . (B.8)
= 2 (VWP eVag)?)
On the other hand, if ¢, cs, - , ¢, are the columns of AV”, then
q
n )\1‘/17' n q
> et - =3 (Vouner  oae) (B.9)
k=1 Ao Vo j —

Thus we have finished the proof. O
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Remark B.0.14. Lemma B.0.13 also holds for ¢ > 1. In the case when n = 1, M[-1,1]"
is a line segment, but we view it as a digon, which is degenerate in R? and then

Perimeter,(M[—1,1]") is 2 times the g-th power of the length of the line segment.

This lemma and Theorem 6.3.2 imply the following

Corollary B.0.15. Given 0 < ¢ <1 and B € RV,

1(z, 9)Bsll, < (=, 9)Bse|l, (B.10)
for all (x,y) € R*\ {0} and some S C {1,2,--- , N} with |S| = s. Then
Perimeter, (Bs ([—1,1]*)) < Perimeter, (Bse ([-1,1]V"*)). (B.11)
Remark B.0.16. In [19], it was shown that
Bg ([-1,1)*) C Bge ([-1,1]V7%) (B.12)
holds if
I(z,y) Bslly < [I(2,y) Bse |y (B.13)
for all (z,y) € R*\ {(0,0)}, for which dual spaces and the Hahn-Banach theorem were used

in the proof. In fact, more generally, (B.12) holds if

1(z, y)Bslly < [[(x, y) Bsell, (B.14)

for some ¢ > 1 and all (z,y) € R?\ {(0,0)}, because of the convexity of the function ¢ — ¢4
when ¢ > 1. Then the containing relation (B.12) on convex polygons allows one to compare
their perimeters. However, this method becomes infeasible for the case of 0 < ¢ < 1 because
of the following reasons.

Firstly, (B.12) may not hold if (B.14) holds for some 0 < ¢ < 1 and all (z,y) € R*\

{(0,0)}. An example is ¢ = 3,

1601 500 1100
B= (B.15)

1600 720 900



104

T e 100 c

Figure B.1: Parallelograms

and S = {1}. In this example,

||(l’7 y)BSH% < H(xa y>BSC

1 (B.16)
for all (z,y) € R*\{(0,0)}, that will be verified later, but the point Bg ({1}) = {(1601, 1600) }
in Bg ([—1,1]) is not contained in the parallelogram Bg. ([—1, 1]2).

Secondly, for a given 0 < ¢ < 1, (6.21) may not hold even if (B.12) holds, due to the
non-convexity of the function t — ¢? when 0 < ¢ < 1. An example for this is the following.
Let B be the 2 x 4 matrix such that Bge ([—1, 1]2) is parallelogram ABC'D and Bg ([—1, 1]2)
is parallelogram AECF with the lengths of the edges prescribed in Figure B.1, and ¢ = %
The %-perimeter of parallelogram AEC'F' is 30 and the %-perimeter of parallelogram ABC' D
is 8 + 41/29, so the g-perimeter of parallelogram AECF is larger than the g-perimeter of
parallelogram ABC'D for q = %, although parallelogram AECF is contained in parallelogram
ABCD.

Now let us verify the claim that if

1601 500 1100
B= , (B.17)
1600 720 900
then
||(l‘7 y)BSH% < || (IE, y>BSC

for S = {1} and all (z,y) € R*\ {(0,0)}.

(B.18)

1
2

It suffices to show

16012 + 1600y|? < 500z + 720y|? + |1100z + 900y|? (B.19)
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Figure B.2: The graph of difference function f (6)

all (z,y) € R?\ {(0,0)}, that can be written as
|1601 cos 6 + 1600 sin 9|% < 1500 cos 0 + 720 sin 6\% + {1100 cos 6 + 900 sin 9]% (B.20)

for all 6 € [0, 27].
Indeed, (B.20) holds for all # € [0, 27], because graphing the difference function

f£(0) = /]500cosd + 720sin 0] + 1/]1100 cos & + 900 sin 6| (B21)

—/]1601 cos 6 + 1600 sin 0|

by using Mathematica, we can see from Figure B.2 that f (0) is always positive for § € [0, 27].
So (B.18) holds for S = {1} and all (z,y) € R*\ {(0,0)}.



APPENDIX C

SOME NUMERICAL EXPERIMENTS ON p-SIGULAR VALUE FOR p > 1 AND ¢-SINGULAR

VALUE FOR 0 < ¢ <1 OF RANDOM MATRICES

In this appendix, we show the results from some numerical experiments on the p-singular
value for p > 1 and g¢-singular value for 0 < ¢ < 1 of random matrices.

For p = 2, we plot the largest 2-singular value of Gaussian random matrices of size n x n,
where n runs from 1 through 100. See Figure C.1. This graph shows that the 2-singular value
is O (v/n).

For p = 1, in the first numerical experiment we plot the largest 1-singular value of
Gaussian random of size n x n, where n runs from 1 through 100. See Figure C.2. The graph
shows that the largest 1-singular value is O (n), as estimated in Theorem 2.3.10, Theorem
2.3.16, and Theorem 4.2.3 as well.

In the second numerical experiment for p = 1, we plot the largest 1-singular value of

Gaussian random matrices of size n X n, where n runs from 1 through 200. See Figure C.3.

Largest 2-singular Yalue

i} 10 20 30 40 a0 B0 70 80 90 100
Size of Gaussian Random Matrices

Figure C.1: Largest 2-singular value of Gaussian random matrices
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Largest 1-singular Yalue

0 10 20 30 40 a0 B0 70 a0 a0 100
Size of Gaussian Random Matrices

Figure C.2: Largest 1-singular value of Gaussian random matrices: Experiment 1
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Size of Gaussian Random Matrices

Figure C.3: Largest 1-singular value of Gaussian random matrices: Experiment 2

The graph shows that the largest 1-singular value is O (n), as estimated in Theorem 2.3.10,
Theorem 2.3.16, and Theorem 4.2.3 as well.

In the third experiment for p = 1, we plot the largest 1-singular value of Gaussian random
matrices of size n X n, where n runs from 1 through 400. See Figure C.4. The graph shows
that the largest 1-singular value is O (n), as estimated in Theorem 2.3.10, Theorem 2.3.16,
and Theorem 4.2.3 as well.

For p = oo, we plot the largest co-singular value of Gaussian random matrices of size
nxn, where n runs from 1 through 500. See Figure C.5. This graph shows that the co-singular

value is O (n), as estimated in Theorem 2.3.10 and Theorem 2.3.16.
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Figure C.4: Largest 1-singular value of Gaussian random matrices: Experiment 3
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Figure C.5: Largest oo-singular value of Gaussian random matrices

For p = %, we plot the largest %—singular value of Gaussian random matrices of size n X n,
where n runs from 1 through 500. See Figure C.6. This graph shows that the oco-singular
value is approximately O (n?), as estimated in Theorem 2.3.10 and Theorem 2.3.16.

For p = %, we plot the largest i—singular value of Gaussian random matrices of size n X n,
where n runs from 1 through 300. See Figure C.7. This graph shows that the i—singular value
is approximately O (n?), as estimated in Theorem 2.3.10 and Theorem 2.3.16.

For rectangular matrices, we also plot the largest %—singular value of Gaussian random

matrices of size m x n, where m and n run from 1 through 100. See Figure C.8. This graph
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w10

Largest 1/3-singular Yalue
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0 a0 100 150 200 2480 300 350 400 450 s00
Size of Gaussian Random Matrices

Figure C.6: Largest %—singular value of Gaussian random matrices

w10

Largest 1/4-singular Yalue
o
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0 50 100 150 200 250 300
Size of Gaussian Random Matrices

Figure C.7: Largest %‘—singular value of Gaussian random matrices

shows that the %—singular value is approximately O (m?), as estimated in Theorem 2.3.10

and Theorem 2.3.16.



110

Largest 1/4-singular Value

40

Mumber of Columns of Rectangular Matrices MNurnber of Rows of Rectangular Matrices

Figure C.8: Largest }L—singular value of rectangular Gaussian random matrices
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