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ABSTRACT

The procedures for constructing vertex splines in various spline spaces Sj(A) in
the bivariate and trivariate settings are described and approximation formulas based
on these vertex splines are constructed in this thesis. These vertex splines span a super
spline subspace of S}(A) and the optimal approximation order of S%(A) is attained
by using these approximation formulas. Here, S;(A) stands for the following space of
all piecewise polynomial functions of degree d and of smoothness order r on a given

grid partition A:

(i) » > 1,d > 3r+2, and A consists of triangles and parallelograms in the bivariate

setting;

(ii) » = 1, d = 7, and A consists of tetrahedra and satisfies that the number of

tetrahedra around each nonsingular edge is odd in the trivariate setting;
(iii) r > 1, d > 6r+ 3, and A consists of tetrahedra in the trivariate setting; and

(iv) » > 1,d > 8r+ 1, and A consists of tetrahedra, prisms and parallelepipeds in

the trivariate setting.
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1. INTRODUCTION

One of the most important problems in multivariate spline approximation (MSA)
is derivation of effective constructive schemes of piecewise polynomial functions with
certain smoothness which are good approximations to a target function with only
partial information known. For instance, fitting a surface to given discrete data is one
of the aspects to deal with. This problem has not only theoretical interest, but also
a lot of applications in various sciences and engineering research areas, such as com-
puter graphics, computer-aided geometric design, large-scale integrated circuit design,
fitting a wind field over complex terrains, analyzing electromagnetic fields of an opti-
cal waveguide, petroleum exploration, heart and brain potential measurements, etc..
Indeed, almost all problems in the real world are multivariable or multiparameteric

in nature, and only partial known data are usually available.

Though some individual research works on this subject were scattered in the
literature, a systematical study with emphasis on locally supported splines in the
multivariate setting did not start until the later part of the 70’s. First, simplicial B-
splines and geometrical interpretation of univariate B-splines in multivariate setting
were studied. (cf. [51, 52, 56, 57, 76, 92].) Later, box splines were introduced and
studied extensively in both theoretical and computational aspects. (cf. [7, 9, 12-18,
20-23, 32, 38, 41, 42, 49, 50, 54, 55, 5866, 77, 81-87, 94, 98, 99, 117].) A special feature
of box splines is that they are supported on uniformly spaced triangular partitions.
For an arbitrary but given triangulation, the notion of bivariate vertex splines was
introduced in [36]. Later, they were generalized to any higher dimension (cf. [39, 40]).
A systematic study of this subject of multivariate polynomial splines is given in the

recent monograph [28].

Given a partition consisting of patches (triangles, parallelograms, or simplices, par-
allelepipeds), vertex splines are piecewise polynomial functions with preassigned order
of smoothness supported only on a part of the union of all patches sharing at most one
common vertex. In any Euclidean space IR’, for any smoothness requirement r > 1,
vertex splines may be constructed as long as the degree d of the polynomials used in
the construction is at least 2°r + 1 where s > 3 and at least 3r + 2 where s = 2. Even
for a mixed partition consisting of triangles and parallelograms in IR?, vertex splines
may also be constructed when d > 4r 4 1. These results can be found in [37, 39, 40].

This manuscript follows the style of the SIAM Journal on Numerical Analysis.
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However, by a result in [36] or [4], any vertex spline in S}(A) in IR? for some trian-
gulation must vanish at all vertices; and by a result in [87] the full approximation
order may not be realized by S3.,,(A) where A is a three direction mesh. Thus, in
the bivariate setting, the minimal degree of 3r + 2 is necessary in general to give a
useful spline space on which useful locally supported splines may be constructed to
realize the full approximation order.

On the one hand, the computation of vertex spline surfaces is fairly easy. In ad-
dition, only B-nets of polynomial pieces of vertex splines are stored in a computer,
manipulated in various operations of arithmetic including differentiation and inte-
gration. (cf. [8, 10, 11, 28, 53, 70, 71, 103-106].) Also evaluation of vertex spline
surfaces is easily implemented by using their B-nets and de Casteljau’s algorithm or
other polynomial evaluators (cf. [10, 53, 112]). On the other hand, the subjects of
computer-aided geometric design (CAGD) and the finite elements methods (FEM)
are closely related to the subject of multivariate spline approximation (MSA). The
powerful tool of Bézier representation of polynomials over triangular patches in CAGD
has been adopted and developed as a useful tool in MSA. Also, the construction of
vertex splines is seen to be intimately related to FEM. For instance, imposition of
extra smoothness conditions at vertices in construction of vertex splines is similar to
that in FEM. An improvement of vertex splines over FEM is that they can be con-
structed when d > 3r+2 in the bivariate case (cf. [37]) and d > 6r+3 in the trivariate
case (cf. Section 3.5 of this dissertation), but FEM only applies to d > 4r 4+ 1 and
8r 4 1 respectively (cf. [25, 88-90, 118-120]). Hence, vertex splines of lower degrees
can be used as trial functions in the variational formulation in finite elements analy-
sis. Also, the solution of a partial differential equation may be represented by using
vertex splines. In this case, the inner product of vertex splines can be found efficiently
by using their B-nets and no mapping to the standard triangle is necessary. Similarly,
due to the fact that the supports of vertex splines are local, vertex splines can also
be used in CAGD. Indeed, a change in the given data alters the spline space, a linear
combination of vertex splines, only in a small region around those points where the
change take places and evaluation of the spline space is largely independent of the
amount of data. These properties will be helpful in surface design. In summary, MSA
benefits both FEM and CAGD.

Therefore, vertex splines seem to be very promising in both theoretical and practi-
cal purposes and will find many applications. Thus, we would like to study the theory
of multivariate spline approximation and continue our efforts to develop the theory

on vertex splines in this dissertation. In the following cases, we shall describe the
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procedure of constructing vertex splines in S%(A) and find a linear projection which

can be used to realize the full approximation order of Sj(A):

(1) A is a mixed partition consisting of triangles and parallelograms and d > 3r 42

in the bivariate setting;

(2) A is a partition consisting of tetrahedra with an additional constraint, r = 1

and d = 7 in the trivariate setting;

(3) A is a partition consisting of tetrahedra only, and » > 1 and d > 6r + 3 in the

trivariate setting;

(4) A is an arbitrary partition consisting of tetrahedra, prisms, and parallelepipeds,

r > 1and d > 8r + 1 in the trivariate setting.

In this dissertation, barycentric coordinates will be adopted instead of rectangular
coordinates so that polynomial pieces of a vertex spline can be represented in B-form
(cf. [11], [28] or [71]). Thus, smoothness conditions of polynomials over two adjacent
geometric configurations (triangles, parallelograms; simplices, prisms, parallelepipeds
) will be expressed in a nice and symmetric form, independent of coordinates. These
smoothness conditions provide some useful applications which will be used in the
construction of vertex splines. The technique of “disentangling the rings” in [19] will
be generalized to those cases where A consists of both triangles and parallelograms in
the bivariate setting and A consists of tetrahedra, prisms and parallelepipeds in the
trivariate setting. Hence, vertex splines in the spline spaces mentioned above can be
possibly constructed. Approximation formulas based on these vertex spines will also
be considered and studied to some details. The results obtained in this dissertation

can be summarized as follows.

(i) In the bivariate case, for any mixed partition consisting of both triangles and
parallelograms, fundamental vertex splines of smoothness r and degree d >
3r + 2 are constructed and the full approximation order is realized by using
these vertex splines. These results generalize the ones in [37] to mixed partition

regions.

(ii) In the trivariate case, when r = 1 and d = 7, vertex splines can be constructed
when the simplicial partition satisfied an additional constraint, which is that
each of interior edges is either singular edge or an edge sharing by odd num-
bers tetrahedra. If the partition A satisfies this additional constraint, the full

approximation order can be realized by using these vertex splines in S1(A).



12

(iii) Again in the trivariate case, for any smoothness requirement r, vertex splines
can be constructed on any given simplicial partition when degree d > 6r+3 and
the full approximation order will be realized by using these vertex splines. This
improves a result of [88-90] that Hermite elements may be constructed when
d>8r—+1.

iv) Again in the trivariate case, for any mixed partition consisting of tetrahedra,
g y g
prisms, and parallelepipeds, vertex splines can be constructed when degree d >

8r + 1 and it seems that the degree cannot be reduced.

The layout of this dissertation is as follows: in Sections 2.1-2.5, bivariate ver-
tex splines on mixed partitions are studies; Sections 3.1-3.6 consists of the study on
trivariate vertex splines. In Section 2.1-2.5, we first start with preliminary materials:
polynomial representations, polynomial interpolation, and smoothness conditions and
applications. Then the construction of vertex splines and a linear projection are out-
lined, and the verification that the linear projection realizes the full order is provided.
In Sections 3.1-3.6, after introducing polynomial representations and polynomial in-
terpolation of trivariate polynomials based on tetrahedron, prism, and parallelepiped,
we present smoothness conditions of trivariate polynomials over adjacent patches and
their applications. Then we study the cases (2), (3), and (4) mentioned above sep-
arately and in some details. We leave the discussion on the application aspects of
vertex splines as well as other comments on vertex splines to Section 4. Pictures of
some vertex splines in §§ in IR? are included in the appendix. An extensive list of

references on the theory of multivariate splines is also included in this dissertation.
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2. BIVARIATE VERTEX SPLINES

2.1 Polynomial Representations

Grid partitions of a given region R C IR? to be studied throughout this part con-
sists of both triangles and parallelograms. In order to construct vertex splines on such
grid partitions, we will use both polynomials of total degree and of coordinate degree.
On a triangle, we use polynomials of total degree, and on a parallelogram, polynomials
of coordinate degree corresponding to the parallelogram. Each polynomial piece of a
spline on the grid partition will take on Bézier or Bernstein representations, in short,
B-forms. Let us introduce these B-forms and we will use barycentric coordinates to

do so.
3

3
For a triangle T} = (x1,X2,X3) = {Z NiX; Z)‘i =1,X\> O}, where X1, Xa,
i=1 i=1
x3 € R?, any x = (21,25) € R? can be identified by the 3-tuple A\ = (Ay, Az, A3)

satisfying

3
=1
and
3
(2.1.2) A =1

i=1

This 3-tuple is called the barycentric coordinate of x with respect to the triangle T;.
For any 8 = (1, B2, #3) € %i with |B| = 1 + B2 + f3, we denote

@50 = Tt = (x5 ) ).

AT BBl
Knowing from (2.1.1) and (2.1.2) that A is a linear function of x, ®3(\) is a polynomial
of total degree || of x. It is also known that {®z(\) : |5] = n} is a basis of the
polynomial space m,, the space of all polynomials of total degree n. Hence, we may

express a polynomial P, (x) of total degree n by using the following representation

(2.1.3) P(x) = |Z as®5(\)
Bl=n
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which is called Bézier representation, in short, B-form of polynomial P, with respect
to the triangle 77. We also denote by m,(77) the space of all polynomials of total
degree n in B-form (2.1.3) with respect to 7. In addition, the set
{(ﬁlxl - @XQ + ﬁ?’x;;,ag) Bl = n}

n n

n
is called the Bézier net of P, on Ti, in short, the B-net of P,, and ag, || = n are
called the B-coefficients of P, which may be simply shown as in Figure 2.1 where

n = 5.

X1

500
Q410 Q401
@320 311 @302
@230 @221 212 a203
Q140 @131 Q122 a113 a104
Qao50: Q041 032 @023 014 005
X9 X3

Fig. 2.1  The B-coefficients of P;

Next, for a parallelogram Ty = (y1,¥2,¥3,¥y4), Where y1,y2,y3,y2 € IR? are its
four vertices, we assume that (yi1,y2)||{(ys, ya)and (y1,ys)||(ys, y4) without loss of
generality. For each x € (y1,y2,¥3,¥4), it is clear that x may be uniquely expressed
as

x=y1+m(y2 —y1) + p2(ys — y1)
where pi1, pi2 are two nonnegative numbers. Set p = (1, p2) which is called barycentric
coordinate of x with respect to T,. For any o = (01,09) € Zli and a = (a1, a3) <
(01, 09), denote

200 = (7 (22 60 = sy =

€51 Qg

Then, ®7 is a polynomial of x. We denote by m,(73) the space of all polynomials in

the form

(2.1.4) Py(x) =Y aa®l ().

a<lo
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Here, P, is called Bernstein representation, in short, B-form of polynomial of coordi-
nate degree o with respect to T5.

If 0 = (n,n), we simply write m,,(T3), P, (x), ®" for m,(T3), P,, ®7, respectively. In
addition, the set

&%)

{(y1+ = (y2 —¥1) + —(¥3 = ¥1), da) : (1, 9) < (01,09)}

«
01 02

is called the B-net of P, on Ty and Gq, < o are called the B-coefficients of P, which

may be simply shown as in Figure 2.2 where o = (5, 5).

Y3 Ya
Qo5 15 25 ags 45 Q55
o4 a14 Q24 34 (77] Aasq
Qo3 13 23 33 43 53
Qo2 Q12 22 a32 A42 as52
Qo1 a1 21 a3 Q41 51
Qoo 10 20 a30 Q40 50
Y1 Y2

Figure 2.2  The B-coefficients of P;
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2.2. Polynomial Interpolation

It can be easily understood that B-coefficients of P, (resp. 150) are closely related
to interpolation conditions at vertices of the triangle (resp. parallelogram). Let us
explore their relations.

First of all, let us introduce some necessary notations and definitions.

A subset M C Zi is called a lower set if 8 € M and v < § imply v € M. Let
I, ={B8€Z:|8] <n}and A, = {a € Z} : |a| = n}. We say that the subsets
My, My, M3 of T',, induce a partition of A, if they satisfy:

(i) AP M; N A M; = 0 for i # j, and
(i) UL APM; = A,

where A} is a map: Zli — Zli’r defined by

A = (n— B — B2, b1, B2),

Asp = (51771—51 —52,52)7

Agﬁ = (517/32771—51 —52)7
for B = (B, Ba) € Z7..

We will use the following inversion formula: Let M C Zi be a lower set and
B o
8= 3 (20, e

Then
gla)y=>" <a>(—1)'7'f(7), Va € M.

0<y<a \7

Fix a triangle T} = (x1, X2, X3). We denote by
Dlﬂ = (DX3—X1)61(DX2—X1)ﬁ27
Dg = (DXI_X2)51<DXS_X2)/827
D?/f = (Dxlfxs)ﬁl (DX2*X3)ﬁ27

for any g = (81, 52) € Zi.
Also, we denote by e’ the standard unit vector in IR® i = 1,2,3 as usual and let

A;; be a difference operator defined by

Aijcﬂ = CB+ei — CBeds VZ,] = 1,2,3,6 S Zi
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We are now ready to establish several propositions.
PROPOSITION 2.1. Suppose that My, My, M5 are all lower subsets of T',, that
induce a partition of A,. Then for any given data {fis : f € M;,i = 1,2,3}, there

exists a unique polynomial p,(X) of total degree n satisfying
(2.2.1) Dpa(xi) = fis, BeM,i=1,2,3.

Moreover, p,(x) may be expressed as follows:

(2.2.2) pa(x)=>_ > { > <5> me}%w@)-

i=1 geM; |o<y<p \7

Proof. Since My, My, M3 induce a partition of A,, any polynomial p,(x) of total

degree n can be written in the form of

pa(x) = |Z_: aaPa (M)

= Z Z aA?B(I)A?ﬁ<)\)~
1=1 BeM;
For v = (71,72) € Mj,
n!

mAgiA?)lan 71—72,0,0)

Dgpn(xl) =

or

-

e S e

= (-1

= ) \5| n—LB1—B2,61,62)
By

= > <ﬁ>( D)Plaps.

By

vl
A 316L(n —71—72,0,0)

Thus, by using inversion formula, we obtain

ano= 3 ()it =y, o)

0<a<p \¥

for 8 € M. Similarly,

aagp = ) <B> = on - a2>!D§pn(Xz), B e M

|
0<a<p « n:
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and

aagp = D, <ﬁ> (n_al_%)!D?pn(m B € M.

0cass \X n!

Therefore, the polynomial p, (x) satisfying the interpolation condition (2.2.1) can be
expressed as in (2.2.2) and this polynomial p,(x) is unique because M, My, M3 induce
a partition of A,. Thus, we have established the proposition.

Actually, we may slightly reduce the requirements on sets M, My, M3. Namely,
we have the following

PROPOSITION 2.2. Suppose My, My, M3 C '), induce a partition of A,,. Further,
suppose that

(a) My is a lower set;

(b) the union of My and some elements of {(B1, 52) : (B1,n — 1 — Ba, B2) € AT M}

18 a lower set; and

(c) the union of M3 and some elements of {(71,72) : (71,72, n —71 —Y2) € AYM; U

AL My} is a lower set.

Then there exists a unique polynomial p,, of total degree n satisfying the interpolation
condition (2.2.1) for any given data {fis : € M;,i =1,2,3}.

The proof of this result is similar to that of proposition 2.1 if we note that we may
use the previous information in determining later part of B-coefficients of p,(x). We
omit the detail.

Ezxample 2.1. Let n = 6. We choose the sets M; = {(0,0), (1,0), (0,1), (2,0), (1,1),
(0,2), (2.1, (3,0), (3. 1)}, My = { (0,0), (1,0, (0, 1), (2,0, (1,1), (0,2), (2,1), (3,0),
(3,1)}, and M3 ={ (0,0), (1,0), (0,1), (2,0), (1,1), (0,2), (1,2), (0,3), (1,3), (2,2)}.

We may determine the interpolation polynomial pg that satisfies the conditions

Dzﬁp6<xl>:fzﬁ7 /BEM’L? 2217273

(2

for any given data {fis: 8 € M?,i =1,2,3} by using the above proposition.
Next, let To = (y1,y2,¥3,y4) be a parallelogram. Consider a polynomial p, of
“degree” (n,n) with respect to Ty in the form

ﬁn(x>: Z &aég(u)

a<(nn)

where 1 = p(x) = (1, p2), x = y1+pi(ys —y1) +pe(ys —yi1) Let n' = (1,1),7* =
(=1,1),7*> = (1,—1) and n* = (=1,-1). Denote T, = {8 € Z2,8 < (n,n)} and
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define a one-to-one map B',7 = 1,2, 3,4 from T, to itself by

. ) 1— i 1 — )
B?Bz(ﬁmi,ﬁzné)+< 27717% 27727%), VB €T,

where (ni,7%) = n',i = 1,2,3,4. We say that subsets Ny, Ny, N5, Ny of I',, induce a
partition of T, if they satisfy

(i) BfN; N B}N; = { for i # j, and
(i) UL, BIN; =T,
Also, we define difference operators A; and Ay by
Agbij = biy1,; — by

and
Asbij = bj 41 — byj.

Then we have the following proposition.
PROPOSITION 2.3. Suppose that N; C T,i = 1,2,3,4 are lower sets that induce
a partition of Ty,. Then for any given data {fig: B € N;,i=1,2,3,4}, there exists a

unique interpolation polynomial p, € m;(Ty) satisfying

(2-2-3) (Dyrm)ﬁl(Dy37y1>ﬁgpn(yz‘) = fi,6’7 B = (51,52) € N;

fori=1,2,3,4. Moreover, p, may be expressed as follows:

(2.2.4) pmx) =53 {Z <5> (n = m)n - %ﬂ(ni)”fm DR s(1)-

i=1 BeN; |v<B \7 nin!

Proof. Write any p,, € m,(7%) in the form of

pa(x) = > @a®i(n)
a<(n,n)
4

= D> aprsPhns(n) -

i=1 BeN;

This is possible, since {a, : « € B'N;},i = 1,2, 3,4, are mutually disjoint and induce

a partition of I',, according to the assumption. Since

! n!
Dﬁl Dﬂ2_ ; _ n. :
P = G - )

ﬁ ~
y2—y1 A/fl AQQCL(0,0)7
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or

nln!

(_1)514—52 (n - ﬁl)'(n - B2>!D5;_le5§_ylpn(Y1) _ Z (5) (_1)‘7%%

for 8 € Ny = B} Ny, we have, by using the inversion formula,

& BY (n — ) (n —v2)! )
ag =Y (fy ( 17)“;' 2) Dy, D o pa(x1), 3 € Ny,
v<B n!

since N is a lower set. Thus,

ag =y <6> (n =)l = 72)!flm5 S\

5\ n!n!

if p, satisfies (2.2.3). Similarly, {@,,v € B'N;},7 > 2 are uniquely determined by
{fiy : v € N;},i > 2. The existence and uniqueness of an interpolation polynomial p,,

satisfying (2.2.3) follow, if we choose az to be

aprg = <B> (=)l = 7)! (') firy B € Niyi = 1,2,3,4.

5\ nin!

Thus we have established the result.
We may slightly reduce the requirement on N;,;7 = 1,2,3,4 in Proposition 2.3
above so that the result is more applicable. That is, we have the following
PROPOSITION 2.4. Suppose that N; C T',,i = 1,2,3,4, induce a partition of T,
and suppose further that

(a) Ny is a lower set; and

(b) the union of N; and some elements of
(BY) " (UjZoBYN;)
is a lower set fori = 2,3,4. Then for any given data {fiz; 8 € N;yi =1,2,3,4}, there
exists a unique polynomial p, € m,(Ty) satisfying (2.2.3).

The proof is similar to that of Proposition 2.3 if we note that we may use the
previous information to determine later ag’s. We omit the details.

Ezample 2.2. Suppose that N; = {(0,0),(1,0),(2,0),(3,0), (0,1), (1,1), (2,1),
B,1), (0.2), (1,2), (22) }, N = {(0,0), (1,0),(0,1), (1,1), (0,2), (1,2)}, Ny =
[(0,0), (0,1, (0,2), (1,0), (1,1), (1,2),(2,0), (3,0)} and Ny = {(0,0), (1,0), (0,1),
(1,1), (2,1), (3,1),(0,2),(1,2), (2,2), (3,2),(2,3)}. The above proposition implies
that for any given data {fig : 5 € N;,i = 1,2,3,4}, there is a unique polynomial p(s 5

interpolating the given data, although N, is not a lower set.
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2.3. Smoothness Conditions and Their Applications

In this section, we are going to derive the conditions to ensure that two polynomials
pieces P, and @, defined on two adjacent patches (triangles or parallelograms) are
joined smoothly. There are three possibilities of two adjacent patches: two triangles,
one triangle and the other parallelogram, and two parallelograms. We will study these
cases separately and in some details.

1° Suppose that P, and @, are defined on two adjacent triangles T} = (X1, X2, X3)

and Ty = (X1, X2, X4) which share a common edge (x1,x2). More precisely, let

Po(x) = Z ag®s(A) and Qn(x) = Z bs®s(1),

|8l=n |8l=n
3 2 3 3
where x = Z ANiX; = Z,uixi + j3Xy, Z A = Z/‘i = 1. See Figure 2.3 for reference
i=1 i=1 i=1 i=1
of the B-nets of P, and @),, where n = 5.
X2
apso boso
ao41 boas boss
ap32 a140 biao T~ bo23
bi31 T~ bo14 X4
4023 @131

b122 T~ boos

/ @122
ap14 as30 b2so bi13
X3 / b b
221 164
Q005 @113 221 b
AN a 212 /
212
104 as20 D320 b bas
\ 311
(203 asit /
\ b3z Qs
P a302 @410 bao
\ b4 1

Q401 /
\a5oo 500

X1

Figure 2.3  The B-nets of P; and Q5

Write x4 = A% + AJxy + Adxz with A? + A9+ A3 = 1. We denote \° = (A2, A9, \9)
and define by
Dyy—x, = /\(Q)Dx2—xl + )‘ngz&—Xl
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the directional derivative operator along (xi,x4). Let F' be a piecewise polynomial

function defined as follows:

P,(x) ifxeT;
Fx) = { Qn(x) ifxeTy.

Then, F' € C"(T, UT,) if and only if

(2.3.1) (Dxa—x0)*Qn 7,1, = (A3 Dy—xs + A3 Dy )¥ Pt I oy

for 0 < k < r. Then the smoothness conditions between P, and (), to be stated in
Lemma 2.1 and Lemma 2.2 follow easily from (2.3.1)
LEMMA 2.1. F € C"(Ty UTy) if and only if

(2.3.2) A5 bijo = (AJAa1 + AJAs1) agjo,i+j=n—k

for0<Ek<r.
The proof of this lemma may be found in [36]. By using the inversion formula in

the previous section, we will reach the following:
LEMMA 2.2. F € C"(Ty UTy) if and only if

(233) bijk = Z a(ijo)Jrﬁ(I)I@()\o), 0 S k S r.
181=k

This lemma was earlier proved in [70] by a different method. Refer to [39] for

J&

details of a proof of this lemma.

Figure 2.4  The supports of C', C? and C® smoothness conditions



23

The supports of these smoothness conditions (2.3.2) or (2.3.3) are as shown as
in Figure 2.4 above. The geometric interpolation of these conditions may be found
elsewhere. (see, e.g., [39, 53].)

When two polynomials P, and (), are joined smoothly, certain directional deriva-
tives of P, and @), at vertex x; must match. Actually, we may know more from the
following lemma.

LEMMA 2.3. Let M,,, = {a € Z : a3 < r,|a| = n} and My, My C Z- be
two lower subsets satisfying AYMy N AyMy = 0 and AYMy U AYMy = M,,,. Then
F e C"(Ty UTy) if and only if F satisfies the following matching conditions

(2'3'4)!1 (DX4—X1)i<DX2—X1)an<X1) = (A(Q)DX2—X1 + )‘ng3—X1)i(DX2—X1)jPTL(Xl)
for (i,7) € My and
(234)() (Dx4_xQ)i(Dx1—x2)an<X2) = (A(l)DX1—X2 + )\ngs—XQ)i(Dxl—X2)jPTl(XZ)

for (i,j) € M.

The proof and more general results along this line may be found in [39].

Further we apply smoothness conditions (2.3.1) or (2.3.2) to make F' smooth
across edge (X1,Xy) when its partial B-coefficients are given. We have the following
two lemmas (cf.[37]).

LEMMA 2.4. Assume that xo ¢ [X3,%4] and | < "T_Q is an integer. Suppose that
the following B-coefficients of P, and @,

{ag, bg : B2 > 1}

and
{ag,bg : B2 =0 and 0 < B3 <n — 2l —2}

are given, and that {ag : || = n} and {bs : |B| = n} satisfy the smoothness conditions
(2.8.1) of order n—21—2. If{ap : 2 > 1} and {bs : B2 > 1} also satisfy the smoothness
conditions (2.3.1) of order n—1, then for any given {ag,bg : fo =0 and 0 < By <1},
there exists a unique set of coefficients {ag,bg : fo =0 and I +1 < By < 2]+ 1} such
that {ag : |B] = n} and {bs : |B| = n} satisfy the smoothness conditions (2.53.1) of
order n.

LEMMA 2.5. Assume X2 € [X3,X4]. Suppose that the B-coefficients {ag : B2 > 1}
and {bg : Pa > 1} of P, and Q, are given and satisfy the smoothness conditions
(2.8.1) up to order n — 1. Furthermore, suppose that {ag : B2 = 0 and 0 < 5 < [}
and {bg : o = 0 and 0 < B3 < I} are given and satisfy the smoothness conditions
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(2.8.1) of order 1, where I <mn. Then for any {ag: f2 =0, and 0 < 1 <n —1—1},
there exists a unique set of coefficients {bg : fo = 0, and 0 < fy < n —1— 1} such
that {ag : |B] = n} and {bs : |B| = n} satisfy the smoothness conditions (2.53.1) of
order n.

We refer to [37] for the proofs of Lemma 2.4 and Lemma 2.5.

Remark. The solution set {ag, bg} in Lemma 2.4 actually depends on the geometry
of the triangles (x;, X2, x3) and (x,X2,X4). More precisely, each ag or bg depends on
certain powers of (AY)™' and (AJ)~!. Thus, if the area |(xo,x3,%4)| of the triangle
(x2,X3,%4) is very small so that \) is very close to zero, then the magnitude of ag
and bg would be very large. For this reason, we need the notion of “near-singularity”.

For a given mixed partition A, let [x1, X2] be an interior edge of A shared by two
patches (two triangles or one triangle and one parallelogram or two parallelograms).
Denote by x3 and x4 the vertices for which [xs, X3] and [x2, X4] are two edges of the
patches. Then the edge [x1, X2] is called a near-singular edge at xs if [(x2, X3,%4)| > 0
is near zero; e.g., 0 < A} << a, where a = max{\?, (\))71}. If | (x2, x3, x4)| = 0, then
the edge [x1,x2] is called a singular edge at Xx. Also, an interior vertex v is said to be
a singular vertex if it is the point of intersection of four edges with only two distinct
slopes (cf. Figure 2.5, 2.8, 2.9, 2.13, 2.14, 2.15). An interior vertex v is said to be a
near-singular vertex if it is the intersection point of four near-singular edges at v with

at least three distinct slopes.

Xv,4
dn—_1561
(rg=1,0,0) C(10n1)
dg cs
Xv,l Xv,3
ag bs
Qa(1,0,n—1) (0.0
Xv,2

Figure 2.5  Four triangles attach at v

The following lemma is another application of smoothness conditions (2.3.1).



25

LEMMA 2.6. Let v be a single vertex such that four patches attached at v are all
triangles as shown in Figure 2.5 above. Assume that the B-coefficients {ag, bs, g, ds :
Po > 1} on the four triangles are given and satisfy the smoothness conditions of
order n — 1 (cf. Figure 2.5). Then for any given aqon—r), there exists a unique set
of coefficients bi—1.01y; Ctom—1) and dm—i oy that satisfy the smoothness conditions
(2.3.1) of order n, where 0 <1 < n.

The proof of this lemma may also be found in [37].

2° Suppose that P, and @), are defined on a triangle T} = (xi,%s,%;) and a
parallelogram T, = (X1,X2,X3,X4), respectively, where T} and T5 share a common
edge [x1, Xa]. Write

Pa(x) = [; ag®s(A)

and

Qn(x) = > ba®i(n)

a<(n,n)
where x = /\1X1 + )\QXQ + /\3X5 with )\1 + /\2 + )\3 =1land x = X1 + [Ll(Xg — Xl) +
t2(x3 — x1). See Figure 2.6 for the B-coefficients of P, and Qn

X9

X4

bnn

Figure 2.6 The B-nets of P, and Qn

Write x5 = AVx; + AJx2 + A3xs with A + A + A\ = 1. It is clear that Dy, «, =
AgDXzﬂq + AgDXs*Xr
Let F' be a piecewise polynomial defined by

F— an ifXETl
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Clearly, F' € C"(Ty UTy) if and only if

(st X1) QTL |T10T2 ()‘ODX2 X1 +>‘0DX5 X1> P |T1ﬁT2

for 0 < k < r. The following result is then an easy consequence.
LEMMA 2.7. F € C"(T1 UTy) if and only if

(235) Agblg = ()\(Q)Am + )\gAgl)kRkan_m,o, 0 S 1 S n

for 0 < k <r, where R is a degree raising operator defined by

1

Rz“ T —
Gk =k

(fai-1jk + Jaij-1n + kaijr—1).

Proof. Indeed,

n! = (n
(st—xl)an |TmT2: m Z Agba@fx 70)(/“’0)

*a<(n,0)

and
()\ngz—)q + )‘ngs—Xl)kP" ‘T10T2

iy K

= (Zk()\g) ()\(3))]@ Xo— X1Di5 —X1 ) |T1QT2
i+j= £

k!

Z'j' Z A21A31a5<b5()\1,)\2,0)
|Bl=n—k

= Gl X el

Citg=k

n! ;
- (n—k)! Z Z lj' (A3)' O‘O)]AmA]ﬂﬁ@BO\l,)\% 0)

|B|=n—k i+j=k
B=(p1,52,0)

- _. 1 > (A2 + A3A31) ag®s(A1, A2, 0)

|8=n—k
B=(P1,B2,0)

— —(A000 + A3A5)F Y RPag®s(Ai, Ao, 0).

|B]=n
B=(1,52,0)

Since
B (111, 0) = Duoiio)(1 — o, 0), i =0,1,---,m,
we have estabglished the lemma.
Since Z N=1 and
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3 k
= ag (Z )\Z> (I)g )\1,)\2,>\3)

|B]=l i=1
k
Bl=l  |al=k Oé
- a5 3 2 (),
ly|=1+k a4§:7 g I+ k) alpl
loe|=F,|8]=1
we have
: ()
230) R'a, = Z 4Bk
Iﬂﬁ\gjl ( k )

which may also be found in [71]. Hence, we may rewrite Lemma 2.7 as follows.
LEMMA 2.7 F € C"(Ty U Ty) if and only if

(237) Agblo = Z ()\gAgl —+ )\%A31)ka5(612<62>, 0 S 1 S n
Bg(n_i)iao) (k‘)
|B]=n—k
for0 <k <.

The supports of the C!' and C? smoothness conditions (2.3.7) are as shown in
Figure 2.7.

02

Figure 2.7 The supports of the C! and C? smoothness conditions

Ezxample 2.3.

0 bio = an—iip 0<i<n

1
c bii — by = )\(2](1 - g)(anfifl,zﬂrl,() - anfi,i,O)
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etc..

1
+ )‘gﬁ(an—i,i,o - Cln—z’+1,i—1,o)
1
+ )‘g(l - g)(anfifl,i,l — Qn—i,i,0)

7
0 .
+ )\3%(%4,@;1,1 — p—it1i-10), 0<i<n,

Also, we can prove the following lemma

LEMMA 2.8. F € C"(T1 UTy) if and only if

(2.3.8)

(Dxy—x1)" ( x3—%1)° Qn(xl)

= (Der)i(/\gDXTM + )‘gDXVX:l)an(Xl)

for0<i<n0<j<r.
Proof. Clearly, F' € C"(T; UT,) implies (2.3.8). On the other hand,

and

(Dxy—x)' ( xa—x1)" Qn(xl)

n! n! ALALD
 (n=i)l(n—j) o

n! n! i [ e
B (n_i)!(n—j)!]§)<k>(_1) " Ajbro

(DXQ—xl)i<)\ng2—xl + Angs—Xl )jPH(XI)

o o

= (sz—m)zm D (A0 + AA ) Rlag®s(N) s
" Bl=n

n! n! i (10 0

= =) (=) A21(>\ Ao + A3A3 ) Rla, ;0.

Now we use the inversion formula in §2.2 to invert Albyo from the first equation and

use the second one to deduce

Adbry =

for 0 < k <

lemma.

3 (1) e () e eyt

=0

= |l

Z ( )Alm()\OAzl + MA3 )R a, 100
—0

)\gﬁzl + MA3 Ry g

n, and 0 < 7 < r. We use Lemma 2.7 to complete the proof of this



29

Further, we apply the smoothness conditions (2.3.5) to make F' smooth across the
edge [x1, %3] when some of B-coefficients of P, and Qn are known. We have the follow
lemmas.

LEMMA 2.9. Assume that x; ¢ [x3,X5]. Suppose the following part of B-
coefficients of P, and Q,, are given: a, with a; > 1 and |a| = n, and bg,g,, B1 + P2 <
n—1 as well as ao©n—kk), p—kp, 0 <k <n—20 -2, where | < ”7_2 (See Figure 2.6
for the reference of the orientation of B-nets on triangle and parallelogram.) Further,
suppose that a,, with oy > 1 and |a| = n — 1 and bg,p,, 1 + B2 < n — 1 satisfy the
smoothness conditions up to order n — 1 and by—k k), @0n—kk),0 < b < n— 20 — 2,
together with other given a,’s satisfy the smoothness conditions of order n — 2l — 2.
Then given any aokn—k), Okn—k),0 < k < I, there exists a unique set of coefficients
0,14k n—1—k)s O(ktin—k—1), 1 <k <141 such that aq, |a| = n and b j), i+ 75 < n satisfy
the smoothness conditions up to order n.

Proof. We only need to prove that there exists a unique solution set {a(ovl%,n_l_k),

bskn—i—k) : 1 <k <14 1} such that the following smoothness conditions

(%) ()
Abboro= > (g + ANJAgy)rag~ 2200 9l — 1<k <n
g @

hold. Thus we have 21 4 2 equations and 2! 4 2 unknowns {a(o ik n—1—k)» Dtk n—1—k) :
1 < k < 1+ 1}. The linear system may be decomposed into two smaller linear

subsystems:

Aliby = Y (Mg + A§A31)“aﬁW7 I+lsis2i+1
BS(lg‘;i%i,O) (Z)

and

k n—k
Agbio = ()‘gAﬂ + )\gAgl)k (CL(O’"_’“’O) =+ Z aﬁ(ﬁl>(52)>

B sedwo ()

|Bl=n—Fk
ﬂ#(ozn_kyo)
where n — [ < k < n, which may be rewritten as
ko (k ONi /O ki 1
Z i ()\2)1()\3) _la(O,n—k—f—i,k—i)T = Ck, n—I1<k<n
0

where ¢,_;, -+, ¢, are certain constants involving the given a,’s and bg’s.
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Further, it may be rewritten as

n—k n—=k ' ' 1
O O L =T
§
or
A1k [ g . ‘ 1 ~
I e L R ELEL
i=lt1— .
or
2041 L A A 1
> (n _ k) (Ag)]_k(Ag)H_]a(o,j,mj)T =Cnt, O0<EZL
j=t+1 \J (k)

The above linear system has a unique solution {a(o+xn—i—r) : 1 <k <1+ 1} because

the determinant of its coefficients matrix may be simplified to be

1 1 1
11' 21! (l+11)!
det| W G | _ M5 (I+1-10) 40
: : S (20 42 — i)
1 1 1
+D)!  @+2)! 7 @)

Then substituting the values {ao+kn—i—k) : 1 <k <14 1} into the first subsystem,
we also uniquely determine {b(j1n—k—1) : 1 <k <1+ 1}. This completes the proof.

LEMMA 2.10. Assume that x; € (X3,Xs5). Suppose that the B-coefficients {ag :
By > 1} and {beg,p,) : f1+ P2 < n—1} are given and satisfy the smoothness conditions
(2.8.5) up to order n — 1. Furthermore, suppose that {ag : f1 = 0 and 0 < 3 < I}
and {bjn—j : 0 < j <1} are given and satisfy the smoothness conditions (2.5.5) of
order |, where | < n. Then for any {ag : B2 =0 and 0 < By < n —1—1}, there exists
a unique set of coefficients and {bp,—; ;) : 0 < j <n—1—1} such that {ag : |B| = n}
and {bi j) i+ j < n} satisfy the smoothness conditions (2.3.5).

Proof. This result is a simple consequence of Lemma 2.7.

Here, we have two other applications of the smoothness conditions (2.3.5).

LEMMA 2.11. Let v be an interior and single vertex such that four patches at-
tached at v are three triangles and one parallelogram as shown in Figure 2.8. Assume
that the following B-coefficients {ag : f1 > 1},{b;; : i +j < n—1},{csg : fr >
1}, and {ds : p1 > 1} on these four patches, respectively are given and satisfy the
smoothness conditions (2.53.1) and (2.3.5) up to order n—1 (cf. Figure 2.8). Then for
any given dg 1), there exists a unique set of coefficients a0 n—1y, bin—1, and con—1)

that satisfy the smoothness conditions (2.3.5), where 0 <1 < n.
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Figure 2.8  Three triangles and one parallelogram attach at v

Proof. By using Lemma 2.1 and Lemma 2.7, for any given d(o,—i;), the values
a(0,1,n—1)» b,n—1) are consecutively determined and c(g,,,—;) is also determined by (2.3.1)
from d( ). To show that b ,—;) and ¢y ,—) satisfy the smoothness condition con-
necting them, we may assume without loss of generality that the given B-coefficients

ag’s, bi;’s, cg’s, and dg’s are equal to zero and obtain

l
x5 — V|
(2.1) a(o,l,n—1) = (\V—le do,n—1,1),

n— n—I l
(2.2) b(lm_,):(w) l 5 A?fflav(“,)l(”"’)

v —x4| ¥<(n—1,1,0) (n_z)
Iv[=t
<]x2—v|>n_l 1
Sl Br— AOIn—1) 7\
’V—X4| (n—l)
and
’X —V| n—I
2.3 wen = [ —) digmin.
(2.3) C(0,1,n—1) (,V_X4|) (0n—1)

Also, we need to establish that the following relation:

l n—l
bn—) = <|X3_V|>l Z Aélcv(ﬁ)(%‘)

v=xil/ <iom (7)

Iy|=n—1
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— <’X3 _V|>lc Ln—1 L
v — x| Ohn=d) (7) ’
which is the smoothness condition connecting b ,—;) and c(,—y. This can be done
after solving d(gn—sy) from (2.3) and substituting the resulting dg - to (2.1) and
then (2.1) to (2.2). Thus, we have completed the proof of this lemma.

LEMMA 2.12. Let v be an interior and singular vertexr such that four patches
attached at v are two triangles and two parallelograms as shown in Figure 2.9. Assume
that the following B-coefficients {ag : /1 > 1},{bi; : i +7 < n—1}{cg : pp >
1}, and {d;; : i+ j < n — 1} on the four patches respectively are given and satisfy
the smoothness conditions (2.3.1) and (2.3.5) up to order n — 1. Then for any given
a(o,,n—1), there exists a unique set of coefficients b —1y, C(0,1n—1), dan—1) that satisfy the

smoothness conditions (2.53.1) or (2.3.5) connecting them, where 0 <1 < n.

X3 bno

Figure 2.9 Two triangles and two parallelograms attach at v

Proof. By Lemma 2.1 and Lemma 2.7, for any given a;,—; the values
bin—1), dan—ry are determined from a;,—; by using the smoothness conditions
(2.3.5). Also c¢(oyn—1) can be obtained either from d ;) or byn,—y. To show that
a(0,,n—1)> Oin—1s C04n—1), and d(,—; satisfy the smoothness conditions (2.3.1) and
(2.3.5) among them, we may assume without loss of generality that the given B-

coefficients ag’s, b;;’s, cg’s, d;;’s are equal to zero. Then we obtain

(- v|>“ o (506)
(2.4) bin—1) = <|v — 'yg(nz:lil,o) AL, En"l)z
"
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<|X2—v|>nl 1
el r—— a0.ln—1) 7.5
v — x4] ( )(7)

ey L))
(2.5) A1) = <|V — X3 WT(%TL ll) AZla'Y (l)
~|=n—

|x1 — V| 1
<|v X3r> My

and

_ |x3—v|>l () ()
(2.6) bun-1 = (|V — X ,Y|<(|lzo:n zl) A21€7 (l)
(1.0

<]x3 - V|>l 1

= COIn—1) 7N -

’V — X1| (l)

We need to prove that d;,—; and ¢ - satisfy the relation

(2.7) dtny) = (’X‘* _V|)nl (Z N CVW

[V — ] n—1,1,0) (n z)
[v[=t

<|X4 —V|>n_l 1
= COLn—1) 7N -
v =l | )(1)

Indeed, solving a(on—) from (2.4) and then substituting it into (2.5) and (2.6) into

the resulting equation, we arrive at (2.7). Thus, we have established this lemma.

3°. Suppose that P, and @, are defined on two adjacent parallelograms T} =
(x1,X9,X3,%4) and Ty = (x3,X4,X5,Xg) Which share a common edge (x3,x4). More

precisely, let
Px)= > a[gfl:)g()\)7 X = X3+ M (X1 — X3) + Aa(x4 — X3),
B<(n,n)

and

= > bB(I)g X = X3 + p1(X5 — X3) + p2(X4 — X3)
B<(n,n)

See Figure 2.10 for reference of the B-nets of Pn and Qn.
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Figure 2.10  The B-nets of P, and Q,,

Write x5 — x3 = AV(x; — x3) + AJ(x4 — x3). Then,
Dy;—x; = )‘?DXrX3 + )\ng4,x3.

Let F' be a function defined as follows:

[ P(x) ifxeT
Flx) = { Qn(x) ifx €Ty

Clearly, F' € C"(1Ty U Ty) if and only if
(st—xs)an |T10T2: ()‘(1)DX1—X3 + )‘gDX4—X3)kPn |T1ﬁT2

for 0 < k < r. Define the so-called degree raising operators R% by

Réazj = EJ: Maw, k> 0.

5

Then the smoothness conditions between Pn and Qn easily follow.
LEMMA 2.13. F € C"(T1 UTy) if and only if

K\, oo mln— k)
k . 0Yi (10 i NIRJ
(239) Aibon = i+j=k <l> Oafixay (n—1i){(n — j)!AlAZRQaO’l’

forO0<k<r, and0 <[ <n.



Proof. Clearly,

n

(‘DXS_XS)an |T10T2: A
and

(A(I)DX1—X3 + /\ng4_x3)kPn |T10T2

k . .
= Z < > ()‘?DX17><3)1 + (AgDm*m)]Pn |TmTz

itj=k \"

n! . , - Omei
= > Z - @.)!(A?AlV(ASAz)ﬂamm)chg;m)”<o,A2>

’L+j k m=0 n_]

-3 ()m _‘J>< - 7 (AD O8Y Riaon @ (0, 2).

=0 i+j=k

Thus, we have established this lemma.

Computation of the degree raising operator R;’ is carried out as follows:

Ao+ (T=X2)) D ap ><1>E8m>”
m=0
n—j J . n—
= a(Om)Z< )A;(l—)\g) ( ))\m(l—)\)” Jmm
m=0 =0
n—j j n—i
B T L
m=0 =0 t m

Also, we have the following
LEMMA 2.14. F € C"(T1 U Ty) if and only if

(2'3'10) (DX5—X3)i<DX4—X3)an(X3)

= (A)Dx; —xy + A3 Dx; )" (Dxy - ) Pu(%3)

for0<i<r,0<j5<n.
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The proof of this lemma is the same as that of Lemma 2.8. and we omit the details.
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It is therefore suggestive to determine the supports of smoothness conditions
(2.3.9). The following figure 2.11 shows the supports of the C* and C? smoothness

conditions.

OZZD

Figure 2.11  The supports of the smoothness conditions over two parallelograms

Further, when certain B-coefficients of F' are given, we apply the smoothness

conditions (2.3.9) to make F' smooth across edge [x3,x4]. We have following two

lemmas.
X4
X9 aon) = b(O,n)
e
% AN
S N Xo
e AN
/.@(n—l,l) \
agln’s bii s bin—
pd . (i49) (4,5) o\( Ll
(n,0) & 001 bo,o) N
AN

x.m0)

Figure 2.12  The orientation of the vertices of two parallelograms

LEMMA 2.15. Assume that x4 ¢ [X2,Xg]. Suppose that the following B-coefficients
of P, and (:2” are gien: agjy,bas),t + 7 < n—1 as well as agn—r), b(kn—r), &k =
0,---,n—2l—2. (See Figure 2.12 above for reference of orientation of these two par-
allelograms. )Further, suppose that agj;), bujy,i+j < n—1 satisfy the smoothness con-

ditions up to order n—1 and ag pn—r), bkn—k) with some other aj’s, bz 's satisfy the
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smoothness conditions up to order n— 2l —2. Then for any given a@m—g.k), bin—kk), 0 <
k <1, there exists a unique set of agm—i—kk+1), On—i—kk+1), 1 < k < 1+ 1, such that
agij), bajy, 1+ J < n satisfy the smoothness conditions up to order n.

Proof. We only need to prove that there exists a unique solution {a(l%,n_l_k),

bskm—i—k) : 1 <k <1+ 1} such that the following smoothness conditions

=k iy B
An—kb — (n ) >)\Z 2\ : __A'ALRG i
1 0k i+];k 7 1 2(n-2)'<n_j)| 12214200

_ n—k\, n oo (B)E) - ;
— Z < ’l )Al)\2<n_2)'<n_])|z (?) A1A2a0m7

i+j=n—k m=0
hold for 0 < k < 2] + 1. Thus, we have 2l + 2 equations and 2/ + 2 unknown
{am-i—k i) bn—t—kyk) : 1 < k < 1+ 1}, The linear system may be decomposed

into two smaller linear subsystems:

Ry o R &G o
AP Fp — <” )mf , : m) \n—m=i) Ni Adgo
b z‘+g§—k t ! 2(”"5)!(”_3)!,712::0 (?) 1720
forl+1<k<2l+1 and

K\ .. nl BoooE (DGR B
> (nl )Aﬁ/\i(nii) ,Z()( ])Aiﬁéamm):A’f “bow)

()

where 0 < k < [, which may be simplified as follows:

n—k
“kK\.. . oo
Z (n . >>\21)\32 " Y N ( Ik QA(i,5+k) = Ck; 0 S k S l.
itj=n—k L (n =)l (n—j)! (?)

Further, we have

n—k\ (n
3 AiAg(icl))(i)a(mk) =q 0<k<l,
i+j=n—k k

or

n—k n
.212;11 )\?j)\ékwa(”j,j) =G, 0<ksli
J=it b

The above linear system has a unique solution {a(,—; ) : [ +1 < j < 2] + 1} because

the determinant of its coefficients matrix may be simplified to be

1 1 1
11' 21! (l-|11)!

dot | 2 3l oy | A +1—9)! £0
: : Lo 15320 + 2 —4)!
1 1 . 1

a+0!  (+2) 2I+1)!
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Then substituting the values {ag,—i—k 5 : 1 < k < 1+ 1} into the first subsystem,
we also have a unique solution {b(n,k,l,Hk) : 1 <k <I1+1}. This completes the proof
of the lemma.

LEMMA 2.16. Assume that x4 € [Xa,Xe|. Suppose that the B-coefficients {aj :
i+j <n—1} and {byj) : i+ j < n—1} satisfy the smoothness conditions (2.5.9) up
to order n— 1. Furthermore, suppose that {an—r), ben—r) : 0 < k < 1} are given and
satisfy the smoothness conditions (2.3.9) up to order 1, where | < n. Then for any
{am—r) : 1 +1 < k < n}, there exists a unique set of coefficients {bpn—p) : L +1 <
k < n} such that {aguj,i+ 7 < n} and {buj : i+ j < n} satisfy the smoothness
conditions (2.5.9).

Proof. This result is a simple consequence of Lemma 2.13.

LEMMA 2.17. Let v be an interior and singular vertex such that the four patches
attached at v consist one triangle and three parallelograms as shown as in Figure 2.13.
Assume that the following B-coefficients {ag : 1 > 1}, {buj) i +j < n — 1}, {cgj)
i+j <n—1}{du) i +35 < n—1} on these four patches respectively are given
and satisfy the smoothness conditions (2.3.5) and (2.3.9) up to order n— 1. Then for
any gen a -1, there exists a unique set of coefficients b1y, Cn—1), dn-1,) that
satisfy the smoothness conditions (2.3.5) or (2.5.9), where 0 <1 < mn.

dOn Cno
X2

Figure 2.13  One triangle and three parallelograms attach at v

Proof. By Lemma 2.7, for any given a(n,—;, we can find by,—; and dg,— ).

Then ¢ ,,—;) may be obtained from b(;;), say by using Lemma 2.13. We need to prove
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that cqn—; and d(,—;;) satisfy the smoothness conditions (2.3.9). To do this, we may
assume that the given B-coefficients {ag, 51 > 1}, {buj) :i+7 <n—1},{cuj 1 i+7 <
n — 1}, and {d(;) : i+ j < n — 1} are equal to zeros and obtain

n-— n—l\ (1
bn-11) = ('XB—V‘) | > Ay lm(”)(”)
Y<(

v — x| n—1,1,0) (7)
Iv|=l
n—I
— 1
(2.8) = (:X?’_VD A(0,Ln—1) 7>
Vv X1 (l)

(el (%)
d(n—lJ) — <|V . X4|> 73(1720,:”_1) AlQchV - (?)’YS
IvI=t

l

l
Xo —V
(2.10) Clijn—1) = <|2|> bin—11)-

v — x4

We need to prove that

n—l
X3 — V
(2.11) Clln—1) = <’3|> dn—1,1)-

v — x|

Indeed, solving g,y from (2.8) and substituting into (2.9) and substituting the
resulting b(,—;;) into (2.10), we have (2.11). Thus, this completes the proof of this
lemma.

The following two lemmas can be proved similarly and will be stated without
proof.

LEMMA 2.18. Let v be an interior and singular vertex such that the four patches
attached at v consist two triangles and two parallelograms as shown as in Figure 2.14.
Assume that the following B-coefficients {ag : 1 > 1}, {buj) i +j < n — 1}, {cgj)
i+j <1}, and {dg: f1 > 1} on the four patches are given and satisfy the smoothness
conditions (2.8.1) ,(2.3.5) and (2.3.9) up to order n — 1 (cf. Figure 2.14). Then for
any giwen agn—i), there exists a unique set of b n—iy, Cin—1), and dn—1,y that satisfy
the smoothness conditions (2.3.1), (2.3.5), (2.3.9), where 0 <1 < n.
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0n X9
Con

X1
Figure 2.14 Two parallelograms and two triangles attach at v

LEMMA 2.19. Let v be an interior and singular vertex such that the four patches
attached at v consist four triangles as shown as in Figure 2.15. Assume that the fol-
lowing B-coefficients {a(;), bij), Cuj), dg) = i+35 < n—1} on these patches respectively
are given and satisfy the smoothness conditions (2.3.9) up to order n — 1. Then for
any gwen agn—y), there erists a unique set of by_11y, Can—1y, and dp—y1)y such that
these four B-coefficients satisfy the smoothness conditions (2.5.9), where 0 <1 < n.

Apo X1 bOn

d()n Cno
X3

Figure 2.15  Four parallelograms attach at v
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2.4. Construction of Fundamental Vertex Splines

First of all, we need to give a precise definition of mixed grid partitions.
DEFINITION 2.1. A ={t; :i=1,---, L} is a mixed grid partition of a region R
if

(i) R=Ug s
(ii) each t; is either a triangle or a parallelogram;
(iii) int(¢;) Nint(t;) =0, if ¢ # j; and

iv) either t;Nt; = 0 or ¢;Nt; is the common edge of ¢; and ¢; or the common vertex
j j 8 j
of t; and ;.

A triangulation A of R satisfying (i)—(iv) is a mixed grid partition. On a mixed
grid partition A, we define the spline space S;(A) of smoothness order r and “degree”

n as follows:

Sa(B) ={feC(R): [

€ m(t:), Vi)

More precisely, f € S5(A) means f € C"(R) and f ‘ti is a polynomial of total degree
d if t; is a triangle or a polynomial of coordinate degree (d,d) with respect to ¢; if ¢
is a parallelogram.

Then we identify subspaces of S7(A) which are called super spline spaces in [40,
111}, where d > 3r + 2.

DEFINITION 2.2. For r > 0 and d > 3r + 2, and [, < | < r + [=2=1] the

subspace

SPHA) ={f: feSyA)and f € C(v) at each vertex of A}

—2r—1
T‘,T+[d 22r

of S5(A) is called super spline space. We will use the notation S := S ](A).
DEFINITION 2.3. A spline function f € S;'(A) is called a vertex spline if its

support is a part of the union of all patches (triangles or parallelepipeds) sharing at

most one vertex.

In this section, we are going to outline a procedure for constructing a basis of the
super spline space §g consisting of vertex splines. These vertex splines, called funda-
mental vertex splines, will be required to satisfy certain specification of interpolatory
parameters at the corresponding vertex and match some directional derivatives re-

lated to the edges and patches (which will be defined below.) In the construction of
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each polynomial piece of a vertex spline, we subdivide the indices of the B-coefficients
of this polynomial into several parts as indicated by I, II, III, IV, and V in Figures
2.16 and 2.17 based on the idea of “disentangling the rings” in [19]. The B-coefficients
with indices in [ and V are either zero or will be determined by the interpolatory pa-
rameters, those with indices in II will be determined by the directional derivatives
related to the patch, those with indices in III by the directional derivatives related to
edges, and those with indices in IV by using Lemmas 2.14, 2.9, and 2.15 or Lemmas
2.5, 2.10, and 2.16. We need first to introduce the necessary definitions and notations
and then specify the interpolation parameters of these vertex splines. We will only
discuss the special and most important case where d = 3r + 2, since it will be clear
that our construction procedure is also valid for d > 3r + 2.

Let us subdivide the underlying index set {3 € Z> : |3| = 3r + 2} of the B-net of
a polynomial of degree 3r + 2 on a triangle into four parts. (Refer to Figure 2.16 for

case r = b and d = 17.) Fix a triangle 0 = (x1, X2, X3).

X2 X3

Figure 2.16  Four parts of the underlying index set of
the B-net of a polynomial of degree 17
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Part 1 is the union of the collections A3 *2.J;, i = 1,2,3, where J, = {(I,m) €
Z%:l+m<r+[r+1/2]}.

Part II is the union of the collections A?"™2.J,, i = 1,2,3, where Jo, = {(I,m) €
Z2:l+m>r+[r+1/2]+1and [,m < r}.

Part III is the union of the collections A ™2.Js, i = 1,2, 3, where J5 = {(r—2m, r+
l+m)eZi:m=0,---,[r/2]}.

Part IV consists of the remaining Bézier coefficients on d; i.e., the union of the
collection AF"*2J, U AP 2 J¥ i =1,2,3, where Jy = Uy:/f]{(r +1,r—i),---,(r+1+
i—1,r—i—(i—1))}and J; = {(l,m) : (m,[) € Jy}.

We then subdivide the underlying index {3 € Zﬁi : B < (3r+2,3r +2)} of the
B-net of a polynomial of “degree” 3r + 2 on a parallelogram into five parts. (Refer to
Figure 2.17 for case r =5 and d = 17.)

Fix a parallelogram § = (xy, X9, X3, X4). Let n* = (1,1),n* = (=1,1),n* = (1, -1)

and n* = (=1, —1) be indices associated with x;, Xy, X3, X4 respectively.

Figure 2.17  Five parts of the underlying index set of

the B-net of a polynomial of “degree” 17

Part I is the union of collections B *2J;,i = 1,2, 3,4, where B}""? is a map from
Zi into itself defined in §2.2.

Part II is the union of collections B 2.J,,i = 1,2, 3, 4.

Part III is the union of collections B§T+2J~3,i =1,2,3,4, where J; = {(i,7) : 1 =
r+mr—2m+2 < <rm=1- [} if risodd and J; = {(i,5) : i =
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r+mr—2m+2<j<rm=1--- 2P} U{(G))i=r+[2E],0<j<r}ifris
even.

Part IV is the union of collections B *2(J, U J}), i = 1,2,3,4 , where J; =
U+ 1, =10, P+ 1+ 1= 1 =1 — (I —1)}.

Part V is the collection By"*?Js, where Js = {(i,7) : v + 1 <i,j < 2r + 1}.

We now define directional derivatives related to edges, triangles, and parallel-
ograms as follows. For an edge e = [X.1,X.2] and a triangle (Xc1,Xc2,Xc3) or a
parallelogram (X 1, Xe2,Xe 3, Xe4), the directional derivatives relative to the edge e

are defined by

Dg = (Dxe,Q_xe,l>al (Dxe,s—xe,1)a27 o = (alv a2) S Zi,

e

where the directional derivatives are taken from inside the triangle or the parallelo-
gram. For a triangle ¢ = (x;,x;,xy), the directional derivatives relative to t at x; are
defined by

Diiy = (Ds—x, )™ (D)%, 0 = (001, 00) € Y,

where the derivatives are taken from inside the triangle. For a parallelogram p =
(Xp1sXp2y Xp 3, Xpa) With (X,1,Xp0)//(Xp3, Xpa), the directional derivatives relative

to the parallelogram p are defined by

D3 = (Dx,p—xp0)™ (Dxps—x,4) "% @ = (a1, 9) € v/

p

where the derivatives are taken from inside the parallelogram.

Assume that A is a mixed partition of a given region R and denote by V and
&, the collection of all vertices, and edges of A, respectively. Let & denote the
collection of those edges which is the common edge of two parallelograms or is
a boundary edge of a parallelogram. And let & = &\& which is the collection
of all the other edges of A. Further, denote by P the collection of all parallelo-
grams of A. We numerate these vertices of A by V = {vy,---,vy}. For each edge
e = [v;,v;], we rewrite it as e = [X.1,Xc2| where x.; = v;, = min{i,j}, and
Xeo2 = Vi, m = max{i, j}. If e = [X.1,Xc2] is a boundary edge, e may be an edge of
a triangle (X 1,Xc2,Xc3) or an edge of a parallelogram (X 1,Xc2,Xe3,Xc4) 0of A, If
e € & is an interior edge, e = [X. 1, X¢ 2] may be the common edge of two triangles
(Xe 1, Xe 3, Xe2) and (Xe 1, Xe 2, X 4) OF the common edge of one triangle (.1, Xe 2, Xe,3)
and the other parallelogram (X, 1,X¢ 2, Xe4,Xe5) Or the common edge of two parallel-
ograms <Xe,17Xe,25Xe,37Xe,4> and <Xe,17Xe,27Xe,5:Xe,6>'

For each vertex v € V, we denote the patches (triangles and parallelograms of

A) that share v as their common vertex by Ty;,i = 1,---,1(v) and let [v,xy,] €
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Tyt = 1,---,1(v) be all the edges emanating from v. We call 7y, a one-sided
singular patch relative to v if [v,xy] is a singular or near-singular edge relative to
v but not both, and T ; a two-sided singular patch relative to v if both [v,x, ;] and
[V,Xyi+1] C Ty, are singular or near-singular edges. We relabel Ty ;,i = 1,---,1(v)
to be t;(v),i =1,---,m(v) as follows:

(1) Let v be a singular or near-singular vertex. If the four patches attached at v
are four triangles as in Fig.2.5, or four parallelograms as in Fig.2.15, or two triangles
and two parallelograms as in Fig.2.14, let ¢, (v) = 1y 1 and to(v) = Ty 3; if four patches
attached at v are as shown in Fig.2.8 and Fig.2.9, let ¢,(v) = 11 and t3(v) = 1y 3 or
t1(v) =Ty 2 and to(v) = Ty, 4 so that t;(v), to(v) are triangles; If four patches attached
at v are as shown in Fig.2.13, let t;(v) = Ty 1 and to(v) = Ty 3 or t1(v) = Ty 2 and
to(v) = Ty 4 so that either ¢;(v) or t5(v) is a triangle. Hence, let m(v) = 2.

(2) Assume that v is not a singular vertex. If one of these 15, ;, 1 < i < (v), say T} ;
is a two-sided singular patch relative to v, we denote {1y 1, -, Ty j—2, Ty j, T\ j42, - -,
Tviwv} by {ti(v),i =1,---,1(v) — 2}. That is, let m(v) = I(v) — 2. Note that if v is
a boundary vertex, 15 1, -+, Ty j—1 or Ty j41,- -+, Ty vy may not exist.

(3) If none of these 1y ;,i = 1,---,l(v), is a two-sided singular patch relative to
v and if both T, ; and Ty ;41 are one-sided singular patches relative to v, we denote
{Tvr,- - Tvj, Ty jro, - Tuyy } by {ts(v) s i =1,--- ,m(v)}, where m(v) = I(v)—1.

(4) If none of these Ty ;,i = 1, - -, I(v), is a one-sided or two-sided singular patches
relative to v, we let t;(v) =Ty ;i = 1,---,m(v), where m(v) = [(v).

Let T = {ti(v) : v € V,i = 1,---,m(v)}. Note that some patches may be
accounted for three or four times in 7. For instance, a triangle (x;, Xs,x3) € A may
have been called ¢;(x;),t;(x2), or tx(x3) in 7.

Furthermore, we denote

Js if e is the common edge of two triangles or one triangle
and one parallelogram
Je = ¢ J3 if e is the common edge of two parallelograms
Jg if e is an edge of a triangles on the boundary of A
J; if e is an edge of parallelogram on the boundary of A

where
Jo={(l,m+n)€Z>: m=r+1+[(r+1)/2] -1,
r+1<i<r+1+[r/2,0<n<][r/2]}
and

Jr= {l;m):r+1+[r+1)/2] —m <I<r+1+[r/2]+m,0<m < [r/2]}
U{(l,m) :r+1<I<r+1+[(r+2)/2,[r/2] <m <r}.



39

Also, we denote

Ja if ¢;(v) is neither one-sided nor two-sided singular
patch relative to v;
Jo U Jy if ¢;(v) is a one-sided singular patch relative v;
Jyi=13 JoUJyUJ; if vis asingular vertex and ¢;(v) = T3 (v)

or if v is not a singular vertex but t;(v) is
a two-sided singular patch;
Jy U J; if v is a singular vertex and t;(v) = Ta(v).

In the following, we outline the procedure for constructing the fundamental vertex
splines in S5, +2(A). In general, we will consider four types of vertex splines of interest.
They are required to satisfy the following specifications of interpolatory conditions.

()For any v € V and v € Jj, let V) be a piecewise polynomial function supported

on S = Ué(vl) T, ; and satisfying the following interpolation conditions and smoothness

conditions:

(L.1) D*V])(u) = 0p 0y, @ € J1, u €V

(12) Dto;(u)vva tj(u)<u) = 0, o &€ Ju,ja tj<u) € T,

(1.3)1 D?VVO“ (Xen) =0, € Je,e € &
<x6,17x6,27x6,31x6,4> ’

(1.3)2 DSVVO" (Xe1) =0, € Je e € &

<xe,17xe,2:xe,3> ’
(1.4) V) € C"(IR?);
(L5) DIV| (%p0) = 0,7 € Js.p € P.

Here and throughout, as usual, the symbols 4, ,

dyv u denote the Kronecker delta.
(IT) For each e € £ and v € J., let V) be a piecewise polynomial function such

that the following requirements are satisfied:

(IL.1) DV (u) =0,a € Jj,u €V

(I1.2) D (Vi

e

(u) =0, € Jyj,t;(u) € T;

tj(u)
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(113)1 Dg‘/g (Xd,l) = 6e,d6a,77 S Jd, de 51;
(Xd,1,Xd,2,Xd,3,Xd,4)
(113)2 Dg‘/: (Xd,1> = §e,d6a77, S Jd, de 52;
(Xd,1,Xd,2,Xd,3)
(IL.4) Ve C"(IR?);
(11.5) D;‘Vg p(Xp’l) =0,v€ J5,peP.

(II1) For t;(v) € T, and v € Jy;, let Vil ) be a piecewise polynomial function

satisfying the following requirements:

(IT1.1) D“th(v) =0, € Jj,u eV,
(I1.2) gc(u)‘/tj(v)‘tk(u)(u> = Oar Ot (w)ti(v), @ € Jup, te(u) € T
(II1.3), Dfl‘th(v) X K0 4>(Xd,1) =0,a € Jg,d €&

(I11.3), D3V, (xq1) =0, € Jg,d € &;
* (Xd,1,Xd,2,Xd,3) ’

(I11.4) Vv € CT(IR?);

(11L.5) ngtj(v)\p(xp,l) =0,0 € J5,p € P.

(IV) For each p € P,y € Js, let V) be a piecewise polynomial function with

support p satisfying the following requirements:

(IV.1) DV (u) = 0,0 € Dy, u € V;
(IV2) Dg(u)‘/pa tj(u)(u) = O, a € JHJ, t](u) € 7-,

(IV3)1 D?V;)a (Xe,l) = 0, o€ Je, e c (C;l,

(Xe,l 7x6,27X673 7x€,4>

(IV.3), Deve

(Xe1) =0, € Je,e € &y

<xe,17xe,27xe,3)
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(IV.4) Ve C"(R);

(IV.5) DyV) (%p4) = 6anpg, € Js5,qE€P.

The construction procedure of these vertex splines can be described in the follow-
ing four steps. Let V stand for one of the above vertex spline and § = (x1, X2, X3) or
(X1, X2, X3,X4) be an arbitrary patch of A.

Step 1. Determination of B-net indexed in part I.

The B-nets of V|; indexed in A7""2J; (or B}"™.J;) are simply zero when V is
required to satisfy DV (x;) = 0. When V/(x) is required to satisfy D*V (x;) = 04,
we first convert the partial derivatives D® at x; into directional derivatives related to
the patch at x; and then use the resulting information Dg(xi)V’(s(xi) to find the B-net
of V|5 with underlying indices in A7"".J; (or B{"".J).

Step 2. Determination of B-net indexed in part II.

Case 1: Suppose that 9 is not one-sided singular nor two-sided singular at x;. Then
we directly apply the requirement (1.2), (I1.2), (II1.2), or (IV.2) to obtain the portion
of the B-net of V|; with indices in A7""2.J, (or B ™2.J).

Case 2: Suppose that [x;,xy] is singular or near-singular at x; but [x;, ;] is not,
where x;, X;, X}, is an rearrangement in counterclockwise of x;, X2, X3, or X; is a singular
or near singular vertex such that § # T, ;. We will obtain the portion of the B-net of
V|5 with indices in A?""2.J, (or BY"™2.J,) by using the smoothness conditions, Lemmas
2.2, 2.7, or 2.13 from the corresponding portion of the B-net of Vj, where ¢’ is the
neighboring patch sharing [x;, xx] with 0 as the common edge.

Case 3: Suppose that ¢ is a two-sided singular at x;, or x; is a singular vertex and
§ = T, 1. We directly apply the requirement (1.2), (I1.2), (IIL.2) or (IV.2) to obtain
the portion of B-net of V|5 indexed in A" *2.J, (or B"*?J;) by using Lemmas 2.6,
2.11, 2.12, 2.17, 2.18 and 2.19.

Step 3. Determination of B-net indexed in part III € IV

Case 1: Suppose that [x;, x;] is a boundary edge. Then the Bézier coefficients of V‘(s
with indices in the one-third portion of parts III and IV closest to [x;,%;] (as shown
in Figure 2.18 for case r=5 and d=17 and edge [x1,x3] on the triangle (xi,Xs,X3))
are obtained by applying the requirements in (1.3), (I1.3), (IIL.3), or (IV.3).

Case 2: Suppose that the edge [x;, x| is singular or near-singular at x; but [x;, x;]
is not, where {x;,x;, Xy} is a rearrangement of {x;,xs,x3} in the counterclockwise
orientation, or suppose that x; is a singular or near singular vertex such that ¢ # T, ;.

Then we determine the one-half portion of the B-coefficients of V|5 with indices in
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A2, U AT closest to [xg, %] (e.g., a(8,3,6); A(8,2,7), G(7,4,6) for case 7 = 5 and
d = 17 in Figure 2.18) by using the smoothness conditions, Lemma 2.1, or Lemma
2.5 from the corresponding portion of the Bézier coefficients of V|5, where ¢ is the
neighboring triangle of § with [x;, x| as the common edge. The other half-portion
will be determined in Case 5.

Case 3: Suppose that [x;,x;] is singular or near-singular at x; but [x;,xy] is not,
where {x;,x;,x;} is a rearrangement of {x;,X2,X3} in the counterclockwise orienta-
tion, or suppose that x; is a singular or near singular vertex such that § # 7%, ;. Then
we may directly apply the requirements in (1.2), (I1.2), (III.2), or (IV.2) to obtain the
one-half portion of the Bézier coefficients of V|5 with indices in AZ 2], U A +2J¥ (or
B}2(J,UJ})) closest to [x;, x;]. The other one-half portion will again be determined
in Case 5.

Case 4: Suppose that ¢ is two-sided singular at x;, or x; is a singular vertex and
0 = Tx, 1, or suppose that x; is a near-singular vertex and 0 = Tk, ;. In this case, we
may directly apply (1.2), (I1.2), or (II1.2) or (IV.2) to obtain the portion of the Bézier
coefficients of V|5 with indices in AY*2J, U A2 T (or B 2(J, U J;.)

Case 5: This is the remaining case. To determine the remaining Bézier coeffi-
cients of V|5 with indices in parts III and IV, we need to use all of (I.3) and (I.4),
or (IL.3) and (I.4), or (II.3) and (III.4), or (IV.3) and (IV.4) and apply Lemma
2.4 or Lemma 2.5, Lemma 2.9 or Lemma 2.10, Lemma 2.15, Lemma 2.16 accord-
ingly. Let us illustrate with the following example. Consider » = 5,d = 17, and
consider the edge e = [x1,x3] and the requirements in (I1.3). We only discuss the
case where e is not singular nor near singular edge at either x; or x3. Let §' be
the patch of A with e as the common edge of § and ¢’. When both § and ¢’ are
triangles, this case was illustrated in [37]. Hence, we may assume that ¢’ is a paral-
lelogram. (see Figure 2.18.) Then the B-coefficients a, of V|5 and bg of V|5, where
a € {(8,1,8),(8,2,7),(7,2,8),(8,3,6), (7,3,7), (6,3,8), (7,4,6), (6,4,7),(6,5,6)}
and 5 € {(1,8),(1,9),2,7),(2,8),(2,9),(2,10)} U{(i,7) : 3<i < 5,6 <j <11}, are
to be determined. Since the B-coefficients of V|5 and V'|s in part I have already been
determined, we may first apply one of the requirements in (I1.3) to obtain as 1 ). Then,
baigy and b1y are obtained by applying Lemma 2.7 and using the corresponding B-
coefficients a,s. Then we may apply Lemma 2.9 with a0 4)+a; la] =5 and b(0,4)+8
18] = B1+ B2 =5 and | = 1 (cf. the B-coefficients inside the dotted quadrilateral
indicated in Figure 2.18) to obtain a2 7), a(s,3,6) and b7y, bs6). Also, 728, a3,
and b(210), b(3,11) are obtained in a similar manner. Next we again use the require-

ments in (13) to obtain Qa(7,3,7)5 and then b(gvg),b(lg),b(gj), b(gvg), b(g,g), and b(1710) by
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applying Lemma 2.7 and using the corresponding B-coefficients of V|s. By apply-
ing Lemma 2.9 again with a(705)4a, |@| = 5, and bs)4+4, || = 5 and and I = 0,
we may now determine a7 4¢6) and by). Similarly, ae4,7) and b 11y are obtained by
using Lemma 2.9. Finally, a(ss6) is obtained by using (I1.3) once more, and hence,
b(s,6), b(5,7), b(5,8), 0(5,9), b(5,10) and b(511) are determined by applying Lemma 2.7 and
using the corresponding Bézier net of V|s. Of course, when [x;,x3] is a singular or
near-singular edge at x; or x3, we have to modify the above procedure accordingly
by using Lemma 2.10 instead of Lemma 2.9. Similarly, where both § and ¢’ are paral-
lelograms, the B-coefficients of V' with indices in parts III and IV can de determined

also. This method is valid for any » > 1 in general.

X3

Figure 2.18  Ilustration of the construction of vertex splines

on a mixed partition

Step 4. Determination of B-net indexed in part V.
We use (1.5), or (IL.5), or (IIL.5), or (IV.5) to determine B-coefficients in part V
of V(x) on each parallelogram in P.

From their specifications and the basic construction steps above, we know that
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these vertex splines are in §§,, +o- And we also know that the support of V) is the
union of all patches sharing v, that of V7 is all patches sharing e and that of V7 is

the parallelogram p. The support Sy ; of V;Z(V) is given as follows: Suppose t;(v) =1} ;.

Upey Tk if v is a singular vertex and t;(v) = Ty 1;
Ty ;1 UT, ; UTy j4q if t;(v) is neither a one-sided nor a two-sided
singular patch relative to v;

Svi = Uf%_QT vk if ¢;(v) is a two-sided singular patch relative to v;
Ui 1 Tu if ¢;(v) is a one-sided singular patch with singular

edge(v, Xy ji1)-

From the construction procedure, we may see that with the exception of the one
supported on the union of triangles with a near-singular vertex as the common vertex,

all vertex splines are bounded by the constant

b := the maximum of the ratios of the areas of
any two adjacent patches of /A sharing a common edge.

But those vertex splines which are supported on the union of all triangles sharing a

near-singular vertex have to be dependent on the constant 7, where

. ‘(le,V7XV3>‘ ’<Xv27vaxv4>’ .
7 = min ’ — : ——:1=1,2,3,4
{ T3] Tl

which measures the near-singularity of A. Here the minimum is taken over all near-
singular vertices v and |7y ;| denotes the area of triangle 7}, ; and so do [(xXy1,V, Xy 3)|
and |[(Xy.2,V,Xy4)|-

Examples of vertex splines in 5;, §§ based on triangulation were already given in
36, 37, 39, 40]. Examples of vertex spline S} on a mixed grid partition will be given
in Appendix as well as their graphs.
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2.5.  An Approximation Formula and Its Approximation Power

One of our main objectives is to construct an approximation formula, based on
fundamental vertex splines we constructed in the previous section, which realizes the
full approximation order of the spline space S;(A), where d > 3r 4 2. In order to do

so, consider the linear operator L defined as follows:

(2.5.1) Lf = 32 DWW+ > DIf(xen)V)

veV yeJi ecE yeJe
+ > > DIV + 20 > Dif(x)Vy)
t;(V)ET v€Jv,i pEP €5

where f is a sufficiently smooth function. We are now able to establish the following

results.
PROPOSITION 2.5. Lf = f for any polynomial f of total degree < 3r + 2.

Proof. Let n be the number of patches in AA. We use induction on n to prove this
result. For n = 1, L is an interpolation operator based on d, the only patch (triangle or
parallelogram) of A. Since the interpolation conditions associated with each vertex
of ¢ satisfy the assumptions of Propositions 2.2 or 2.4, we know that Lf = f for
all f € m3.42. Suppose that the proposition holds for m = #{0 : § € A}. Let
#{0:0 € AN}y =m+1with A = AU{d;,11} of . By relabeling if necessary, assume
that d,,1 is on the boundary, i.e., d,,,1 has at least one interior edge, and for the time
being, assume that it has only one interior edge [y1, yo]. First, if 4,11 = (y1,¥2,¥3)
is a triangle, we note that the uniqueness in Lemmas 2.4 and 2.9 and the other
interpolation conditions imply Dy, Dy o Lf(y1) = Dyl _y, Dy2_y f(y1), (ou, ) €
Jyand Dy Dg2 o Lf(y2) = Dyl _y, D52y, f(y2), (a1, a2) € J4 and the smoothness
conditions of across the edge (yi,ys) can be rewritten as appropriate interpolation
conditions (directional derivatives interpolating f at y; and y, by Lemmas 2.3 and
2.8.) Thus we know LA, f‘A: Lsf, Lo f\5m+1: Ly, f where Laf,Laf and Ls, . f
are the linear operators based on mixed grid partition A, /', d,,.1, respectively. By the
= fonAand Ly f’6 =  on 6,s1. Secondly,

m—+1
if ,,41 is a parallelogram, the argument is as same as above. Hence, Lf = f on A'.

induction hypothesis, we have L/ f

The proof is similar if é,,,; contains two or three interior edges. Therefore, we have
established this result.
The above result can be improved if we interpret the directional derivatives in the

definition of L properly. Consider
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(Xe71)V€7

= S S DI+ Y me\

veVyed; e€&y yEJ,

+> > Dwf‘ (e )V

X ,1,Xe,2,Xe 3

xe 1,Xe,2,Xe,3 7xe,4>

ec€y vEJe
+ Z Z t; (v)f’
ti(v)ET vE€Jv,i
T Z Z D’Yf‘ (x ,1,xp,2,xp,3,xp,4)<Xp’1)vp’y.
peEP v€eJ5

Then we have the following proposition.
PROPOSITION 2.6. Lf = f for any function f € S5 _,.
Proof. Let fi = Lf — f. Then f, € S3T 4o and f; satisfies

D fi(v) =0, a€ J,veEY;

D?fl‘ (Xe’1>:O,Oé€J6,€€gl;

(Xe,1,Xe,2,Xe,3,Xe,4)

Deafl‘ (Xe1) =0, € Je,e € &y
<Xe,lvxe,27xe,3>

D?(V)fl ti(V) (V) = 07 o€ Jv,ivti(v) & 7-,

and
Dgfl(xp#l):o? OéGJg,,pGP.

By using the argument in the proof of Proposition 2.5, we conclude that f; = 0 on
A.

Consequently, we have

THEOREM 2.1. The collection

={VJ:veVye JJU{V) :yve J,ec & UE}
U{Vy) i 7 € Jvisti(v) e THU{V) 1y € J5,p € P}

is a basis of §§T+2(A).

Proof. Tt is clear that B C Sj,,,(A) and that B is a linear independent set. By
Proposition 2.6 above, it also spans §§r +2(4A), and is therefore a basis.

We now consider the approximation power of this linear operator L. We need more

notations. A space S has approximation order m if m is the largest integer such that
dist(f, S) < constg|A™,

with the meshsize

|A| = supsen diameter 6,
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holds for all sufficiently smooth function f, where the distance between functions is
measured in the uniform-norm in G C U{§ : 6 € A}. For f € C*(G), denote

|| D f[i = max || D% fl|=(c)-

We also need a lemma which is borrowed from [39].
LEMMA 2.20 There exist a constant C such that

191 km < CQ_ [Vlkes)  for all v € CH™/my,
j=1

where Vi = Xjajmbrj 1D Vlloo, [[VIlkr; = Xjajgirs 1D Vlloo and [[[V]|lk1m =
i f{|[V + plli4m. p € T}

We are now ready to prove the following theorem

THEOREM 2.2. Let d > 3r + 2. There exist a linear operator L with range §§
such that

(2.5.2) ILf = fIl < CylA|*™

for all sufficiently smoothness function f, where Cy is a constant independent of |A\|.

Consequently,
. ar,r+l < d+j d+1
(2.5.3) dist(f, S, ) < C 1%‘?2(19 || D f|| A

for 0 <1 <|[(d—2r—1)/2]. In particular, for d = 3r + 2, L can be chosen to be (x).
Remark. It should be emphasized that the constant C' depends on the geometry of
the partition A. As a consequence of the usage of Lemmas 2.1-2.19 in the construction
procedure of fundamental vertex splines, C' depends on b which is the largest ratio of
the areas of any two neighboring patches of A and also depends on the measurement
n of the near-singularity of A when d < 4r 4+ 1. (cf. §2.4 for the definition of 7.)
Proof. For d > 4r + 1, this theorem was proved in [39]. In the following, we only
consider d = 3r + 2, since a similar argument yields the desired result for 3r + 2 <

d < 4r + 1. Fix a point x € G and consider a linear functional

F(f) = Lf(x) = f(x).
It is easy to see that F' satisfies the following:
(i) [F(H)] < K55 1D f||AP and

(ii) F(p) =0 for all p € ms,49.
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Indeed, (ii) follows from Proposition 2.5. As for (i), if |A| = 1, it follows that |F'(f)| <
Ky Y54 | DI f|| from the construction of fundamental vertex splines in §2.4; if |A| <
1, by simply letting f(y) = f(|Aly) and R = {y,|Aly € R}, we can see that the

maximum of the diameters of all patches of R induced from that of R is 1 and

6r+4+4 6r+4

FNI=IF(N < K 32D Il = K 32 |ID Il AF.
j=0 j=0

For |A| =1, clearly,

6r+4 )
IF(f)l = [F(f+p)| <K Y |ID(f+p)l
7=0
6r+4
< K)o |f+pls
j=0
= Ki||f + pllertas

for any p € m3,40. It follows that

[E(OI < K[ f[lor+a-
By Lemma 2.20,
3r+2
F < Kalllflllorsa = o 3° |flarsoes
j=1

< 3r+2+3 .
= Clg%%:;(—i-Z”D Flloo

For |A| < 1, we consider f(y) = f(|Aly), and R = {y : |Aly € R} again and apply
the same argument with f instead of f as above. This completes the proof of (2.5.2)
for d = 3r + 2. Consequently, for 0 <1 < [(r +1)/2]

dist(f, Sr) < dist(f, S0/

< 3r4+2+j 3r+3
<O gmax  [ID7T fleo] A

which is (2.5.3) for d = 3r + 2.

3. TRIVARIATE VERTEX SPLINES
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3.1. Polynomial Representations

The region R C R? of interest is assumed to have been partitioned into patches
(tetrahedra, prisms, and parallelepipeds) in this part. As in part I, we will use barycen-
tric coordinates rather than the usual Cartesian coordinates. Thus, we will use B-
forms to express each polynomial piece of any spline defined on the patches of R. The
following is an introduction to B-forms of polynomials and their notations.

For a tetrahedron T} = (xi,Xs,X3,X4), where x; € R?,i = 1,2,3,4, any x =
(z1, T2, z3) € R® may be identified by

4 4
(3.1.1) X = Z)\ixi and Z/\i =1.
i=1

=1

In fact, if we consider the signed volume

T11 Ti2 13
To1 T2 23
T31 T32 X33
Tg1 T2 43

1
vol(xy, Xy, X3,X4) = 3

—_ = = =

4 4
of the convex hull (x1, X2, X3,X4) = {Z AiX; Z Ai = 1, \; > 0}, then it is clear that
i=1 i=1

V01<X1, e, X1, X Xy, 7X4>

(3.1.2) A = Mi(x) =

L i=1,2,3,4.
V01<X17 X2,X3, X4>

This 4-tuple A = (A(x),- -, \4(x)) is called the barycentric coordinate of x relative
to Ty. For any 3 € Z’ with |8] = 1 + B2 + B3 + Bu, let

18! 8! W) ()8 ()P4
(3.1.3) Ds(A) = Wﬁ = m(/\l)ﬂ <>‘2>B ()\3)B (/\4)ﬂ :

Clearly, ®5(\) is a polynomial of total degree || since A; is a linear function of
x,7=1,2,3,4, by (3.1.2). It is well known that

{®s(A) |8 = n}

is a basis of the space of polynomials of total degree < n. Hence, we may uniquely

express a polynomial P,(x) of total degree n by using following formulation

(3.1.4) P(x) = |Z as®5(\)
Bl=n
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which is called the B-form of polynomial P,(x) with respect to Ty. Let m,(T1) denote

the space all polynomials of total degree n. The set

{(f:%xuaﬂtlﬁh=n} (3.1.5)

i=1
is called the B-net of P, on T7; which may be shown in an array on 7) as that in

Figure 3.1 where a polynomial P5(x) of total degree 5 is considered.

)

Figure 3.1 The B-net of Ps

In addition, for each vertex x; of Ti, layer [ of the B-net attached to x; is the
collection of all coefficients ag with 8; = n — [. For an edge e = (x1,x2), say, layer
[ of the B-net around e is the collection of all coefficients ag with 85 + 84 = L.
Similarly, we may refer to layer [ of the B-net around other edges of T;. For each facet
[ = (x1,X2,X3), say, layer [ of the B-net near f is the collection of all coefficients ag
with 8, = [. We may refer to layer [ of the B-net near other facets of 7. The I** core
of the B-net of 7 is the collection of coefficients ag with 3, > 1+ 1,7 =1,2,3,4.

Next, let 5 = (y1,---,ye) be a prism with vertices y; € R*i = 1,---,6. Assume
that (y1,y2,ys) and (y4,ys,ye) are two triangles in R?® and let (y1,y.)|[(y2, y5)|
(y3,¥6) without loss of generality. For each x € T, it is clear that x may be uniquely

expressed as

(3.1.6) X = v1y1 + ay2 + v3ys + va(ya — y1)



o1

with vy + 19 +v3 = 1. Set v = (v1(X), 12(X), V3(x), v4(x)). We consider a polynomial

P,(x) of degree (n,n) in the form of

(3.1.7) Pu(x) =3 asd)" (v)
ﬁel_\n

where

oy n! n!
(818 ®5 ) = 555 Gan = )

and A, = {3 € %i : P14+ B2+ B3 =n,0 < By < n}. Clearly, @(ﬁn’")(y) is a polynomial

since vy, Vs, 3, vy are linear functions of x. Let 7, (7%) denote the space of all polyno-

) () () (1 = v

mials P, in the formulation (3.1.7) which is called the B-form of polynomial P, with
respect to Ty. Also, the set

N o -
> yit T ya = yi).as) Bk Bot fa=n.fa <

i=1 n

is called the B-net of P, on T, which may be shown as an array as in Figure 3.2.

Figure 3.2 The B-net of P,

d
e
e

In addition, for each vertex yi, say, layer [ of the B-net attached to y; is the

collection of coefficients ag with 8; = n — 14 (4,0 < B4 <. Similarly, we may refer
to layer [ of the B-net of other vertices of T5. For each edge e = (y1,y4), say, layer

[ of the B-net around e is the collection of coefficients ag with 8; = n — [. For edge
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e = (y1,y2), layer [ of B-net around the edge e is the collection of all coefficients
ag with B3 =1 — 4,84 = 0,---, . Similarly, we may refer to layer  of the B-net of
other edges of Ty. For a triangular facet f = (yi,y2,y3), say, layer [ of the B-net
near f is the collection of all coefficients ag with 5, = [. For a parallelogram facet
f=(y¥1,¥2,¥1,Y¥s), say, layer [ of the B-net near f is the collection of all coefficients

[th core of

ag with 85 = [. Similarly, we may refer to layer [ of other facets of T5. The
the B-net on 75 is the collection of all coefficients ag with 3; > [+ 1,4 =1,2,3 and

[+1<B<n—1—1.

Now, let T5 = (z;,---,2g) be a parallelepiped with vertices z; € R* i = 1,
.-+, 8. Without loss of generality, we may assume that (z,zs, 23, 24)||(2s5, Zs, Z7, Zs),
(21, 22,25, 2%6)|| (23,24,27,2s), and (21, Z3, 25, z7)|| (22, Z6, Zs, 2s) Where each of them is

a parallelogram. For any x € IR?, x may be uniquely expressed by

(3.1.9) X =21 + (29 — 21) + po(z3 — 21) + v3(25 — 21).

Clearly, if x € T3, then p; > 0,7 = 1,2,3. Set p1 = (p1(x), 2(x), p3(x)). Consider a

polynomial P,(z) in the form of

(3.1.10) f)n(x) — Z d[g(i)(ﬁn’n’") (M),
B<(n,n,n)
where
(3.1.11) (i)(n’n’n)(pj) — ﬁ nil(,ui)ﬁi(l . Hi)n_ﬂi'
g i=1 Bil(n — B;)!

The expression (3.1.10) is called the B-form of polynomial P, with respect to Ty. We

denote by m,(T3) the space of all such polynomials P,(x) in the form of (3.1.10). The

set

{(z1 + %(ZQ —71) + %(Zg —7) + %(25 —2y),ap) : B < (n,n,n)}

is called the B-net of P, on T3 which may be arranged as an array shown as Figure
3.3.
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Figure 3.3 The B-net of P;

In addition, for each vertex z;, say, layer [ of the B-net attached to z; is the
collection of all coefficients ag with 3 + 2 + B3 = [. Similarly, layer [ of the B-net
of other vertices of T3 may be specified. For each edge e = (z1,z2), say, layer [ of
the B-net around edge e is the collection of all coefficients ag with 8, + 83 = L.
Similarly, layer [ of the B-net around other edges of T3 may be specified. For each
facet f = (21, 22,23, 24), say, layer [ of the B-net near facet f is the collection of all
coefficients ag with B3 = [. Similarly, we may refer to layer [ of the B-net near other
facets of Ts. The [ core of B-net on Tj is the collection of all coefficients ag with
B >1+1,i=1,2,3.
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3.2. Polynomial Interpolation

By considering polynomial interpolation at the vertices at a tetrahedron, a prism, or
a parallelepiped, we will understand the relationship between interpolation conditions
and the B-nets of the interpolating polynomials. This will help us in constructing ver-
tex splines in the later sections. We need more notation and definitions for discussing

polynomial interpolation.
Let I, := {8 € Z3 : |8] < n} and A, := {8 € Z : |8] = n}. We say that the
subsets M; of I',,,7 = 1,2, 3,4, induce a partition of A,, if they satisfy

1° AP M; 0 A M; = 0, for i # j, and
2° U;lzlAani = Ap,
where A? is a map from Z3 to Z defined by
A= (P, -, Bici,n—|B), Bis- -+, Bs) € Zi

for B - (617&27&3) € Z?HZ = 17 27374‘
For a tetrahedron T} = (x1, X2, X3,X4), we denote

DY = Dy Dt D,
D5 = Dyl Dy D
DS = Dyl Dy Dy

and

Dy =D DZ .  DE .

Also, we define a map Cj : Zi — Zi by

C’LB = Ci(617627/837ﬂ4) = (617 e aﬁi—l)ﬁi-{-la e 754)

fort=1,2,3,4.

We are now ready to present the following propositions which are similar to those
in section 2.2.

PROPOSITION 3.1. Suppose that My, My, M3, and My are all lower sets of '),
that induce a partition of A,. Then for any given data {fis: 8 € M;,i = 1,2,3,4},

there exists a unique polynomial p,(x) € m,(T1) satisfying

(3.2.1) Dl pn(xi) = fig,i=1,2,3,4.
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Moreover, p,(x) may be expressed as follows:

S35 {Z ’ )Wf} Bay()

i=L1geM; \y<p \T/ T

Actually, we will use a more generalized version of this proposition later which
can be stated as follows.

PROPOSITION 3.2. Suppose that M; C T',,,i = 1,2, 3,4 induce a partition of A\,,.

Further, suppose that

(i) My is a lower set, and

(i) fori=2,3,4, the union of M; and some elements of C;(U;_y ATM;) is a lower

set.

Then for any given data {fiz: € M;,i = 1,2,3,4}, there ezists a p,(x) € m,(11)
that satisfies (3.2.1).

The proofs of these two propositions may be found in [39] and we omit its details
here.

Next, let T» = (y1,¥2, Y3, ¥4, ¥5,¥6) be a prism in R®. For 8 = (B4, B2, B5) € Z5,,
let

ne . B B B
Dl T Dyé y1Dy§ y1Dyi —-¥yi
N . B B B
Dl T Dyi yszi yszi -y2
N . B B B
Dl T Dy; y1Dy§ ysDyg y3

and
Df = (_1)63Df7D€ = (_1)53D5aD§ = (_1)63D2§

Let T, —{ﬁe%g : B = (B1,B2,03) < (n,n,n)} and A, —{ﬁe%i:ﬂ:
(B1, B2, Bs, Ba), 1 + B2+ B3 = n,0 < By < n}. Define a map A7 : I', — A, by

ArB = (n— B — B2, B, B Bs)

ALB = (Bi,n— Bi — Ba, B2, B5)

A3 = (b1, fa,n — Br — B, B3)

A}B = (n— P — B2, b1, a,n — Ps)

AL = (Br,n— B — B2, B2 — Ps)
(

Ap =

for any B = (/61752753) € f‘n
We say that the subsets M;,i = 1,---,6, of I',, induce a partition of A,, if

Bi, B2,n — B — Po,m — 53)
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30 AP M; 0 AP M; = () for i # j, and
4° U ATM; = A,,.
Further, difference operators Ag; and Ag; are defined by
Aly = oiei — Qoreisisj =1,2,3,a € ZY
and A; is defined as usual by
Ay = Qpyei — A, 0 € Zli, 1=1,2,3,4.

We have the following:
PROPOSITION 3.3. Suppose that M; C T, = 1,---,6, are lower sets that
induce a partition of A,,. Then for any given data {f;53: 3 € M;,i=1,---,6}, there

ezists a unique polynomial p,(x) € m,(Ty) that satisfies

Moreover, p,(x) may be expressed as

(3.2.4) ) =3 T {Z @) (n — %'— ) (n — 73)!fi’7} Baos)

i=1 peM; \yv<B

Proof. By the above assumption, we have a p, € m,(73) in the form of

Pa(x) = Z aa@&nm)(,/)
aEl,
: ( )
i=1 BeM;
For any 8 € M;,
n!

Dipn(y1) = ASAZ NP ag_p,—p20.00).

(n — B — 52) (n - /33)
Thus,

n!

_ _ ! _ | _
(_1)51+,32+53 (’TL Bl 62) (n 'ﬁ3) Dfpn(yl)
(_1)51+62+53A51 A52AB

a(” B81—02,0,0,0)

= Z( > a(" —Y1—72,71,72,73)
v<B
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By using the inversion formula, we obtain

Qs = 2. <5> = e _,73)![??%(3’1)

e\ n! n!

for 5 € M;. Similarly,

Qg = Z (5) (n—my—7)! (n _'73>!D;ypn(yi)

s\ n! n!

for p € M;,i = 2,---,6. By the interpolation condition (3.2.3) and the assumption
that M; are lower sets, we see that a arg, B; € M;,1=1,---,6, are uniquely determined
by the given data set {f;5: 8 € M;,i = 1,---,6} and a polynomial p, with these
coefficients @ .5 satisfies (3.2.3) since M;,i = 1,---,6, induce a partition of A,..

Actually, we may relax the requirement on M;,v = 1,---,6 slightly to make it
more applicable. Thus, we have

PROPOSITION 3.4. Suppose that M; C T,,,i = 1,---.6, induce a partition of A,,.
Further, suppose that

(i) My is a lower set, and

(ii) for each i =2,---,6, the union of M; and some elements of C;(Ui_} A?M;) is

a lower set.

Then for any given data {fiz: 5 € M;,i = 1,---,6}, there ezists a unique p,(x) €
mn(Ty) that satisfies (3.2.3).
Here, C; = C;,i =1,2,3 and C;,i = 4, 5,6 are maps defined by

045 = (52, B3, n — 54)
055 = (51, B3,m — 54)
665 = (51, B2, m — 54)

for B = (1, P2, 03, 04) € Zi. We omit its proof here since we can see the B-net
determined by using information {f1 3 : 8 € M;} can be used to determine other part
of the B-net and so on.

Now let T = (zy,-- -, zg) be a parallelepiped. For any /5 € Zi, we denote

DB .— DB pP2 s

zo—271"23—21" 25—21

and 0t = (1,1,1), n* = (-1,1,1), n* = (1,-1,1), n* =(-1,-1,1),7° = (1,1, 1),
n = (-1,1,-1), n” = (1,—1,—1) and n® = (=1, —1,—1). We define a map A? :



in i i i L—ni 1—mp 1—n
Aiﬁz(n161’n2625n3/ﬁ3)+< 2 1n’ 2 2n7 2 3n>

for any = (81, B, B3) € I, where ' = (i, mb,ms),i=1,---.8.
We say that the subsets M; of T',,,i = 1,---,8, induce a partition of T, if M;,i =
1,---,8, satisty

5° APM; M APM; = () for i # j, and
6° US_ A"M; = A,.

Then we have the following
PROPOSITION 3.5. Suppose that M;,i = 1,---,8, are lower subsets of I',, that
induce a partition of T,,. Then for any given data {f;5: 3 € M;,i=1,---,8}, there

exists a unique a polynomial p,(x) € m,(T3) that satisfies

Moreover, p,(x) may be expressed as

8
ﬁ (n_’)/l)'(n_’h)'(n_’%’;)' i z (n,n,n
320) me =3 X 3 (F) ROy 6 o
i=1 geM; |y<p \7
The proof of Proposition 3.5 may be found in [39].
We may also relax the requirement on M;, 2 = 1, - - -, 8, slightly so that the resulting
one is more applicable. That is, we have

PROPOSITION 3.6. Suppose M; C T,,i = 1,---,8 induce a partition of A,.
Further, suppose that

(i) My is a lower set, and

(ii) for each i =2,--- 8, the union of M; and some elements of @-(uj;llflyMj) is

a lower set.

Then for any given data {fip : f € M;,;i = 1,---,8}, there exists a unique
pn(x) € 7, (T3) that satisfies (3.2.5).
Here, C; = [11-_1 for i = 1,---,8. We omit its proof here and refer the reader to

[39] for more details.
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3.3. Smoothness Conditions and Their Applications

We are now going to study what conditions ensure that two polynomials P, and
Q,, defined on two adjacent geometric configurations (tetrahedron, prism, or paral-
lelepiped) are joined smoothly together. There are six possibilities of two adjacent
geometric configurations we need to study: two tetrahedrons, one tetrahedron and
one prism, two prisms sharing a common triangular boundary facet, two prisms shar-
ing a common parallelogram boundary facet, one prism and one parallelepiped, and
two parallelepipeds. We have to study all these cases separately.

1° Suppose that P, and @), are defined on two adjacent tetrahedrons T =
(x1,X2,X3,%4) and Ty = (x1,X2,X3,X5) which share a common facet 73 N1, =
(x1,X9,X3). See Figure 3.4 for the B-nets of P, and @),, when n = 4.

X1
Figure 3.4 The B-nets of Py and Q)4

More precisely, let

Po(x) = |Z agPs(A)  and  Qn(x) = lZ bs®s (1),
Bl=n Bl=n

4 4

4 3
where x = Z)\ixz- = Z,uixi + paxs with Z)‘i = Z“i =1.

1=1 =1 =1 =1



60

Let F' be a function defined by

P,(x) ifxeTy
Fx) = {Qn(x) if x € Ts.

Write x5 = ?:1 Nx; with Z?Zl A = 1. Then clearly,
DX5—X1 = )\gDXZ—Xl + )‘ngs—Xl + /\ZDX4—X1'
Hence, we know that F' € C"(1y UTy) if and only if

(Dxs—x1)" Qn

= ()‘gDX2—X1 + )‘gDX3—X1 + )‘ZDX4—X1)kPn

TiNT> TiNTs

for 0 < k£ < r. Then the smoothness conditions between P, and @), easily follow.
LEMMA 3.3.1. F € C"(T1 UTy) if and only if

(331) Ailbijko = (/\gAgl + )\gAgl + )\2A41)laijk0, 7 +] + k=n— l,

forO<k<ri,7=1,---,4 and B € Z‘i
The proof may be found in [39]. The supports of these smoothness conditions

(3.3.1) are shown in Figure 3.5a and Figure 3.5b.

Z\

Figure 3.5a  Some supports of the C' smoothness condition



61

Figure 3.5b  The supports of the C? smoothness condition

Also, we may use the inversion formula (cf. §2.2) to obtain the following
LEMMA 3.3.2. F € C"(T1 UTy) if and only if

(3.3.2) bijkl = Z a(ijk0)+5q)ﬂ(/\0), 0 S { S T,
181=t
where \° = (A2, X5, A9, \9).
This lemma was earlier proved in [11] and [71] by different methods.

Also, we may prove the following

LEMMA 3.3.3. F € C"(T1 UTy) if and only if
(3.3.3) (DXS*XI)i(Dx2*X1)j(Dx3*X1)an(Xl)

= (AgDXQﬂq + AgDXgﬂq + AgDer)i(Dmfm)j (DX3fX1)kPn(X1)

for0<j+k<n—i, 0<i<r.

The proof may be found in [39].

Further, we may apply the smoothness conditions (3.3.1) or (3.3.2) to ensure F’
is smooth across the intersection surface (xi,Xs,x3) of 77 and 75 when the partial

B-nets of F' are given. We have the following



62

LEMMA 3.3.4. Assume that (x1,%X3) ¢ (X1,X4,X5). (See Figure 3.6 for the
reference of orientation of the vertices Xi,---,Xs.) Suppose that the B-coefficients
{ag : 1 > 1} U{ag : pr = 0,08, > 1} and {bg : B1 > 1} U{ag : /1 = 0,52 > 1}
of P, and Q,,, respectively, are given and satisfy the smoothness conditions (3.5.1)
up to order n — 1. Furthermore, suppose that {ag : B1 = P = 0, and 2l + 2 <
B3 < n} and {bg : 1 = P = 0andn —1 < 3 < n} are given and satisfy the
smoothness conditions (3.3.1) up to order 1, where | < ”T_Q Then for any given
{ag,bg : 1 = Po = 0 and 0 < (3 < I}, there exists a unique set of coefficients
{ag,bg : b1 = P2 =0,1+1 < B3 <20+ 1} such that {ag : |f| =n} and {bs : |B| = n}

satisfy the smoothness conditions (3.5.1) of order n.

X2
4
X1

[ J

AN . b

o °
[ ]
° \ ° > X5
AN
AN
X4 X3
Figure 3.6  The orientation of vertices xq, -+, X5

The proof of this lemma is similar to that of its counterpart in §2.3. We may omit
it here.

LEMMA 3.3.5. Assume that (X1,X3) C (X1,X4,X5). (See Figure 3.7 for reference.)
Suppose that the B-coefficients {ag : /1 > 1} U{ag : p1 = 0,82 > 1} and {bs :
fr>1}UA{bs : f1 = 0,09 > 1} of P, and Q,, respectively, are given and satisfy the
smoothness conditions (3.3.1) up to order n—1. Furthermore, suppose that {ag : 51 =
Po=0andl+1<ps<n}and{bsg: 1 =PF2=0andl+1< P35 <n} are given and
satisfy the smoothness conditions (3.3.1) up to order n — 1 — 1, where | < n. Then
for any {ag : f1 = P2 =0, and 0 < B3 < 1}, there exists a unique set of coefficients
{bg : b1 = P2 =0,0 < B3 <1} such that {ag : || = n} and {bs : |B] = n} satisfy the
smoothness conditions (3.3.1) of order n.

The proof of this lemma is a simple consequence of Lemma 3.1 or 3.2.
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X3
Figure 3.7  The case that (x1,X2) C (X1, X4, X5)

2° Suppose that P, and Q,, are defined on a tetrahedron T} = (x;,Xs, X3, X4)
and a prism Ty = (X1, X2, X3,¥1,y2,Ys), respectively, which are adjacent and share a

common facet T3 N Ty = (X1, X2, X3). Write

Pux)= 3 ag®s(\)  and  Qu(x) = Y by®} (n)
|Bl=n BEAR

where x = S8 \ix; = 20 X + pa(yy — x1) with S5 A = 1and 32y = 1.
See Figure 3.8 for reference of the B-nets of P, and (),, when n = 3.
ys

Figure 3.8  The B-nets of Py and Q3

Let F' be a function defined by

F_{Pn<X) ifXGTl
1l Qn(x) ifxeTs.
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Write y; = A{x; + AIxs + A9x3 + Aixy with 7, A9 =1 and A% = (A2 A9, A9, \9).
Then, clearly F' € C"(T) UTy) if and only if

(DY1—X1)lQn = ()‘ng2—X1 + )‘ng3—X1 + AZDX4—X1>ZP7L

Ti1NTs T1NT,

for 0 <[ < r. It easily follows that

n! ~ (n,
= S AlbsdS ()

R e
B=(1,B2,83,0)

(DYS*XI )lQn

and

(A(Q)DXZ_xl + Ag‘DXB_xl + )\ngll_xl)an

[! ) )
- Z 7'()\3>71()\g)’m()\g)’ygD;ZQ*X1 DlgfxlDlifxl PTL

[y

I! .n! ) r
= D, ;(ASW(A%)”(AZ)” o] S ABRARAE a5 0Pk0(1)
[y ij+k=n—I

n!
- ¥ m( M)A+ AAs; 4+ MIA ) aijr0®sn0 (1)
itj+k=n—1 :

ThNTs

ThyNTo

n!
= > W(Agﬁm + AA31 + M A Rlag®s(p),
|B|=n ’
B=(B1,82,83,0)

where H= (Mh M2, 143, O) and

B
Rlaﬁ = Z aa(:).
ol (1)

Therefore, we have established the following
LEMMA 3.3.6. F € C"(T1 UTy) if and only if

(3.3.4) Albg = > (AAg + A3As + AJAL) a, <§>7

1
(1) oot

a<lp

for 8= (B4, B2, B3,0) with |5 =n and 0 <1 <.

The supports of the C' and C? smoothness conditions (3.3.4) are as shown as in
Figure 3.9a and Figure 3.9b.



65

X3
X2
X4 e
v
v
X1 *
Figure 3.9a A support of the C' smoothness condition
Figure 3.9b A support of the C? smoothness condition
Ezxample 3.1

c b(51,52,53,0)
= Q(81,82,83,0)> i+ B2+ Bs=n

Ch o by 8.850)
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1
= 0(B,82,83,0) T n Z ()\gAm + /\§A31 + /\2A41)% (g)

lal=n—1
a<(B1,82,83,0)

5
= (B p2.85.0) T ﬁ@\gﬁzl + A3As1 + AJAL) (8, -1,8,85.0)
B
n
[

n

+= (X301 + A3A31 + ANJAy1)as, g,-1,.,0)

+ (Agﬁm + A§A31 + >\2A41)&(51,52,53—1,0); B1+ B2+ B3 =mn,

etc..
Also, the following matching conditions are easy to verify
LEMMA 3.3.7. F € C"(T1 UTy) if and only if

(335) (Dy1—x1)i(DX2—X1)j(DX3—X1)an(Xl)

= (/\(Q)DXQ—Xl + )‘ngs—)ﬁ + )‘gDX4—X1)i<DX2—X1 )j (Dx3—xl)kpn(xl>

for0<j+k<n0<i<r.

The proof is similar to that of Lemma 2.8. We may omit its details here.

3°. Suppose that P, and Q,, are defined on two adjacent prisms 71 = (y1,y2, V3, Y4,
Vs, ¥e) and 1o = (y1,¥e,¥3, Z1, Z2, Z3), respectively, share a common facet Ty N1y =

(¥1,¥2,¥3). See Figure 3.10 for reference of the orientation of the vertices of 7} and
1.

Figure 3.10  The orientation of the vertices of T} and T5

More precisely, let
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and
x) = Y b®g " (v(x))
BEAR
where x = iy + poys + psys + pa(ys — y1) with gy + pe +p3 = 1 and x =
ny1 + 1y + vsys + va(zy —y1) with vy + 15 + 13 = 1.
Let F' be a function defined as follows:
p (X) if x € Tl
F =<0
(x) { Qn(x) ifx e T
Write z1 = ply1 + pdys + p3ys + 13 (ya — y1) with 4§ + 3 + pf = 1. Then it is clear
that F' € C"(T; UTy) if and only if

(Da1—y,) Qn(x)

T1NTs

= (”gDX2—X1 + Mngg—m + NZDX4—X1)lpn(X)

TiNT
for 0 <[ < r. It follows that
(Do V@), = o S A (v(x)
T (=D 65 0
Bl=n
where v(x) = (11(x), 12(x), v3(x),0) and
(M2DX2 —X1 + :u3Dx3 —X1 + M4Dx4 xl) Pn(x) T NT,

R gy ()

= >

|
v=(71, “/2 v3) v
lvl=

(Dyy—3)" (Dxy—x1) " (Dxey—x, )™ P, (x) AT

il " \ n! n!
= _ mz:m o 7,(#1) (1) (p3)™ (n— B — Bo)! (n— Bs)! X

[y]=l
S ARARAERasS T (u(x))

B=(B1,82,83,0)
[Bl=n—~1—72

= L 0vsi g, 0V, 0185 n! n!
ﬁ=(ﬂ§27ﬁ3) Bt (1) 1) o) (n— B — B2)! (n— Bs)! %
|8l=l

S ARARAPRI 250009 (1(x))

¥=(71,72,73,0)
[v|=n

where ji(x) = (p1(x), p12(x), p3(x), 0) = v(x) and

RP1 62 a, = Z (Z)

Qa7
i (5h)

asy
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Therefore we have the following
LEMMA 3.3.8. F € C"(T1 UTy) if and only if

/! nl(n —1)!
3. Ay, = —
(335) b= BB A= )

[B]=l

(15001)™ (13051) ™ (1§ AL) R 2,

X

for vy = (71,72,73,0) with |y[=n and 0 <1 <.
The following figures 3.11a and 3.11b indicate the supports of the C' and C?

smoothness conditions.

Figure 3.11a A support of the C'! smoothness condition over two adjacent prisms

Figure 3.11b A support of the C? smoothness condition over two adjacent prisms
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We also have the following matching conditions
LEMMA 3.3.9. F € C"(T1 UTy) if and only if

(3.3.6) (DZI_YI)k(DYZ_YI)l( y3— y1> Qn(Y1)

= (/\gDyz—m + )‘(S)Dy:s—yl + )‘gDy4—y1)k(Dyz—yl)I(Dy3—y1)mpn(y1)
for0<l4+m<n0<k<r.
Proof. Clearly, F' € C"(Ty UTy) implies (3.3.6). On the other hand, we have

(DZ1—y1)k(Dy2—y1)Z<Dy3—y1)an(Y1)
n! n! .
- (n _ k:)! (n 1 m)!AZ21A31A]Zb(n—j—k,O,O7O)

n! n! [\ (m e
N (TL — k?)' (n - — m)‘ ( Z (71> <’72> (_1)l+ b WQAib(”—%—wnqﬁm,U)

" (2)<(tm)

and

()‘gDyzfm + )‘gDyryl + )‘91Dy47y1>k<Dy27y1)l(Dy37y1)mPn(Y1)

" k! a
= (Dyoyt) (Dysy)™ 320 5 (A8Dys )" (ADyy 1) * (Ni Dy, ) * Pal(y1)

¥=(71,72,73)

=k
k! n! n!
= (Dy,—y,)'(Dyyy)" ] 8
y2—y y3—y1 w:MZm:» ! (n -y — 72)! (n — ")/3)!
[v|=k
S A A R R a8 ()|
ﬁ:(ﬁllﬁ,lﬁzzfsvo)
n! n! Kl (n—k)! nl

_ AL AT — x

(n—l—m)(n—k) 2 ‘“<vm¥m> (= =)t (n = )!

1vI=k

(A3A21)71 O‘gAiﬂ)w ()\ZAQ% R71+72a(n—l—m,0,0,0))

- n " LY () (_qyi+m—s1—62
(n—1—m)! (n—k)! 5 5;(l m) (51) (52>( Y .

kl' (n—k)! n!
- QA0 ) (A A )2 (MDA,
7(712"/27“/3) ,7! (n_fyl _72> (TL—’)/3) ( 21) ( ’ 31) ( ! 4) .
[v|=Fk
R’YH—%

QA (n—1-m,0,0,0)-

Hence, we may use the inversion formula to yield (3.3.5). By Lemma 3.3.8, we have

established this lemma.

4°. Suppose that P, and Q,, are defined on two adjacent prisms Ty = (y1,¥2,¥3, V4,

vs, ye) and To = (y1,y2,¥4,¥5, Z3, Zg), respectively, which share a common facet
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TiNTy = (y1,y2,¥4,ys). Write
Palx) = 32 as®™ (u(x))
BEAR
and
Qulx) = 3 b5 (v(x))
BeEAn
where pu(x) = (p1(x), pa(x), p3(x), pa(x)) is the barycentric coordinate of x with
respect to T, and v(x) = (v1(x), 12(x), v3(Xx), v4(x)) is the barycentric coordinate of
x with respect to T5. The following Figure 3.12 shows the orientation of the vertices
of T1 and T5.

yi1

Figure 3.12  The orientation of the vertices of two prisms

Let F' be a function defined by

| P(x) ifxeTy
Fx) = { Qn(x) ifx e

Write z3 = pfy1 +u5y2 +43ys g (ya —y1) with g + py + p5 = 1.
Then, clearly, F' € C"(1y UTy) if and only if

(Dzy—y,)'Qn

TNTo

| =
- (MgDm—yl + :ugDy3—y1 + /~L2Dy4—}'1) P, TNy

It is easy to verify that

n

kY ALb om0 o
TiNTy (n l)l kz:%)H»qu:@l 319(4,5,0,k) (4,7,0,k) (/‘L(X))

‘ n

(DZS*YI )lQn

ThNTo



and

(UgDyryl + ﬂgDysfm + UgDyrm)an
[!
= Z *,(N?Dyz—m)% (11(2)Dy3—y1)72 (MgDy4—y1)W3Pn

y=(v1,72:73)
[vI=t

TNTo

TNTs

{! n! n!

p— — . ° ><
B‘(ﬁ%%ﬁ%) B(n — pr— B2)! (n — f3)!
|B|=1
Z (MgAm)Bl (,U«gAm)BQ <MZA4)53aa@(n—ﬂl—ﬁzm—ﬂs) (V(X))
a=(ay,02,0,04)

ajtag=n—p1—-F2
ag<n—pB3

where v(x) = (v1,15,0,v3) with v; + 15 =1 and 0 < vy < 1.
By recalling the degree raising operator R from §2.3, we have the following
LEMMA 3.3.10. F € C"(T1 UTy3) if and only if

il nl(n —1)! ,
Al bi — _ OAS )P (O AL P2 (O A, ) P8
31 ( 7]707k) B:(ﬂlz’[;%ﬁg) /8] (n _ 51 _ /82)'(n _ 63)' (IU“Q 21) (Mg 31) (ILL4 4)
|B]=l
k k n—k
(3.3.7) x () (o 50) R0 5 0.m)

o ()

fori+7=n—-1010<k<n0<I<r.

71

The supports of the C!' and C? smoothness conditions (3.3.7) are shown as in

Figure 3.13a and Figure 3.13b.

Figure 3.13a A support of the C'!' smoothness condition over neighboring prisms
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Figure 3.13b A support of the C? smoothness condition over neighboring prisms

We have the following matching conditions.
LEMMA 3.3.11. F € C"(T1 U Ty) if and only if

(3.3.8) (1923—y1)k(l)yz—yi)l(l)y4—y1>n1é?n(Yi)

::(MgDyz—m"|",ugDy3—y1"|"M2Dy4—y1)k(Dy2—y1)Z<Dy4—y1)m n(yl)

for0<m<n0<I<n—kO0<k<r

The proof is similar to the counterpart of other cases. We omit it here.

5°. Suppose that the polynomials P, and @, are defined on a prism 7 =

<y1a Y2,Y¥3,¥4, Y5, YG> and a parallelepiped T2 = <Y17 Y2, ¥Y4,Y5,21,%25, 23, Z4>a respec-
tively, which share a common facet T} N Ty = (y1,¥2,y4,ys). Write

Pu(x) = Y2 a0l (u(x))
BEA,

Qu(x)= D ba®( (v(x))

a<(n,n,n)
where x = iy + poys + psys + pa(ys — y1) with g + pe +p3 = 1 and x =
yv1+v1(y2 —y1) +va(ys — y1) + v3(z21 — y1). The orientation of the vertices of T} and
T, is shown in Figure 3.14.



Yo Y2 Z9

ys3 N N

Y1 VA
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Figure 3.14  The orientation of the vertices of one prism and one parallelogram

Let F' be a function defined by

| P(x) ifxeTy
Fix) = { Qn(x) if x € Tb.

Write z; = pdy1 + pdys + 1dys + pd(ys — y1) with u9 + 9 + p = 1. Then it is

clear that F' € C"(Ty UTy) if and only if

= (MgDyrm + NgDyrm + NgDy47y1)lpn

I~
(DZ1*Y1> Qn’TlmTQ T1NT>

for 0 <[ < r. Therefore, we may easily conclude the following
LEMMA 3.3.12. F € C"(T1 UT3) if and only if

R
(3.3.9) Asbio,g) = 5(512,:2»3@ Bl (n— py — B2)!(n — Bs)

[8|=t

% i WR61+B2CL
m=0 (53)

for0<i1<n,0<;5<n0<I<r.

(4,n—1,0,m)

| (15 001) 7 (15 A31) ™ (19A4)”

3

The supports of the C!' and C? smoothness conditions (3.3.9) are shown as in

Figure 3.15a and 3.15b.
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Figure 3.15a A support of the C! smoothness condition over two patches

/

Figure 3.15b A support of the C? smoothness condition over two patches

Further, we have
LEMMA 3.3.13. F € C"(T1 UTy) if and only if

(D217y1 )k(Dyryl )l(Dy47y1 )" Qn(y1)

= (NgDyz—m + MgDya—n + NgDy4—y1)k(Dyz—y1)l<Dy3—y1)mpn(yl)

for0<m<n0<I<n0<k<r

We omit its proof again.
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6°. Suppose that the polynomials P, and Q,, are defined on two adjacent paral-
lelepipeds Tl = <Z17 79,23, 24, 75, Z¢, Z7, Z8>7 T2 = <Z17 Z9, 73,724, Y1, Y2, Y3, Y4> which

share a common facet T} N Ty = (21, Z9, Z3, Z4). Write

and

where x = 21 + p11(29 — 21) + 1223 — 21) + u3(zs — z1) with p(x) = (u1, pe, pg) and
X = 71+ v1(22—21) +12(23 — 21) + v3(y1 — 21) with v(x) = (v, 12, v3). The orientation
of the vertices of 77 and T3 are shown in Figure 3.16.

VA Z4

Y4

Zy

Z7 \
z3

M1

Zg

A

y3
2

A

VA 3 7z
1% Vs

Y1

Figure 3.16  The orientation of the vertices of two parallelograms

Let F' be a function defined by

Pn(X> if x € T1

F p—y ~

(x) { Qn(x) ifxeTs.

Write y1 = z1 + p8(22 — z1) + pu3(z3 — z1) + (25 — z1). Clearly, F € C"(Ty UTy) if
and only if

= (ﬂ’(l)DZQ—Zl + ﬂgDZ:s—m + MgDZ5—Z1)an

(Dy,—2,)'Qn

TiNTy Ti1NTo
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for 0 <[ < r. It follows that

n' % (n,n,0
= S Ao ® (v(x)

nOT (n =D

(Dy1*Z1 )lQn

ThNTo

and

(,U(l)DZfrm + U8D237Z1 + UgDzs—m)an

TNTo
{! n! n! n!

B ﬁ—(ﬁlzﬁ%ﬁs) E (n— B! (n— B2)! (n — B3)! 8
Bl=1

18]
F (n—pB1,n—pB2,0
> (M?Aﬁgl(N3A2)62(MgAs)ﬁga(i,j,o)@gi,j,g)l %0 (u(x))
(1,5,0)<(n—pB1,n—p2,0)

_ u(”)<”)<”) (W) (1800 (305
2 e\ o2, ) (e

B=(B1,82.63) 1,7,0)<(n,n,0)

5 5 % (n,n,0
X Rfl R§3a(i7]~,o) (I)Ei,j,o)) (n(x))

ThNTs

Therefore, we have the following
LEMMA 3.3.14. F € C"(T1 UTy) if and only if

Aéb(i,j,o) = Z —(51) <i2) <B3> (M?Al)ﬁl (ﬂgAﬂﬁQ (M3A3)53 R/131 Rgga(id,o)
62(%"221’53) (l)

for 0 <i,5 <n,0<1<r where Ri,Ry are degree raising operators acting on the

first and second indices of a;;, respectively.

3.4. Vertex Splines with Smoothness Order One and Degree Seven

In this section, the region R C IR? of interest is assumed to be a simplicial partition
(cf. [39]). Hence, the partition A of R consists only of tetrahedra. Let S3 := SHA)

be the space of all spline functions of smoothness order one and degree seven; i.e.,
SHA) ={s e C'(R) : s’t eP.te N}

where IP; denotes the space of all polynomials of total degree < 7, and ¢ denotes
a tetrahedron of A. In this section, we are going to construct a collection of vertex
splines in S? that spans a useful subspace of S1. In order to construct locally supported
splines in S2, the partition A of R has to satisfy an additional assumption which will
be given below. In that case, the full approximation order of S} can be realized by

using the subspace spanned by this collection of vertex splines.
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Let us begin our discussion by introducing more notations and lemmas besides
the auxiliary results from the previous sections.

Let V, &, F, and T be the collections of all vertices, edges, facets, and tetrahedra
of A, respectively. We label V = {vy,---, vy }. Then for each edge e € £ with vertices
v; and v;, we assign a direction to e, say e = (Vc 1, Ve 2), Where

Ve, 1 = Vmin{i,j} and Ve,2 = Vimaz{i,j}-

)

Similarly, for each facet f € JF with vertices v;,v;, vy, we rewrite it as f =

<Vf717 Vf727 vf73>7 Where
Vi1 = Vmin{i,jk} V3 = Vmaz{ijk}

and vy is the remaining one.
For a vertex v e V, let t,; € T,i = 1,---,1(v) be the tetrahedra in A that share

the common vertex v and denote them by
tyi = (VyXyi,YvirZvi), © = 1, -, (V).

For each edge e = (Ve 1,Veo), let t.; € T,i = 1,---,l(e), be the tetrahedra in A

which have e as their common edge. We rearrange t.; if necessary and denote

le; = (Ve,l, Ve, 2, Ve it2, Ve,z‘+3>7i =1, ,l(e).

When e is an interior edge, Ve 34i(e) := Ve 3.

For each facet f = (vy1,Vya,Vys), let tr1 = (f,uy) and tro = (f,wy) be two
tetrahedra in /A that share f as a common facet, if f is an interior facet and let
tr1 = (f,uy) be the tetrahedron in A containing f if f is a boundary facet.

An interior edge e is said to be singular if (v, 1,Vea, Ves) || (Ve1, Ve, Ves), and
(Ve1s Veas Vea) || (Vea, Vea, Ves) and l(e) = 4. And we say that an interior vertex
v a singular vertex if [(v) = 8 and only 6 edges emanate from v with three distinct
slopes.

Our construction of the vertex splines in S3(A) is based on an additional assump-

tion that each interior edge of A satisfies one of the following two conditions:
1° I(e) is odd, or

2° [(e) is 4 and e is singular.
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Ezxample 3.2. The following example (cf. Figure 3.17) gives a partition A of the

unit cube satisfying the above requirement.

Figure 3.17 A partition of the unit cube

Remark: Although the above assumption seems to be quite strong, it is necessary
to make such an assumption in order to construct locally supported spline functions
in S}(A). Otherwise, the support of some basic spline functions in SI(A) may no
longer be local in general. Indeed, let T" stand for a triangulation of a hyperplane
domain D C IR? and let v be a point in IR* which does not lie on D. Connecting v to
each vertex of T', we obtain a simplicial partition region A\y. Clearly, the fourth layer
of B-nets of a locally supported spline function in S1(/A) attached at vertex v is the
B-nets of a local supported spline in S}(7T). It is known that some of basis splines of
S;(T) are no longer of being local for arbitrary triangulation. (cf. [4, 36].)

Next, we consider piecewise polynomials of total degree 2 defined on Uﬁgtm

around edge e. Let F' be a piecewise polynomial function defined by

Fx)| =Y ai®.(\)

X€Ete,q
e, |CM‘:2

where \ = (/\1, /\2, )\37 )\4) and x = >\1Ve,1 + /\2V672 + >‘3V6,i+2 + >\4Ve,i+3 with )\1 + /\2 +

A3 + Ay = 1. In the following lemmas, we will always assume that



79

(i) a, with a; > 1 are given and satisfy the C' smoothness condition, i =
L,---,l(e), and
i+1

(ii) aéo,o,z,oy aéo,o,o,z) are given, 1 = 1,---,[(e) and aéo,o,o,z) = Q0900 = 1,7+, 1(e)
e)+3

with al(( 0.02) = a%0707270) if e is an interior edge.

LEMMA 3.4.1. Suppose e is a boundary edge of /A and both (i) and (ii) hold.
The for any given a%o,z,o,o)a a%o’o,m), a%o,l’l,o), and a%0,1,0,1)7 there exists a unique set of
{aéog,o,o)a aé0,0,1,1)7 aéo,l,l,o)? aéo,1,0,1) ti=2,---,1(e)} such that F(x) € C*.

Proof. Since afy 4.0y @{o.11.0)» 40.1.01)> a0d a(y 1) determine all the first partial
derivatives of F'(x) at v, on t. 1, these first partial derivatives can be used to deter-
mine all the other afy ¢ ), @{(0.1.1.0> (1.1,0,0)» A1 {1 100): 8 = 2, -, 1(e) by the method
in proof of Proposition 3.1 and all these coefficients satisfy the C'! smoothness con-
ditions by Lemma 3.3.3. By using lemma 3.3.1 and arbitrarily fixing a%0,0,1,1)a we can
determine the other afg, ),7 = 1,---,l(e). Therefore, F'(x) € C" which completes
the proof.

LEMMA 3.4.2. Suppose that e is an interior edge and both (i) and (ii) hold.
Further, suppose l(e) is an odd integer. Then for any given a%0727070), a(10717071), a(10717170),
there exists a unique set of {ajg2.0.0)> 01,01y Uo110) ¢ = 255 1(e)} U{ajooryy :
i=1,---,1(e)} such that F(x) € C*.

Proof. Clearly, afg40) @{o.101)> %0100 @04 a(y 1 o) determine all the three first

derivative values of F at v.o. By using these derivatives and the function value

of F' at v, o, we may de;érmine all other a%0727070), a’t0717071), and a207171’0),i =1,---,l(e)
by the method in proof of Proposition 3.1 and ensure that F' € C'(v.5) by Lemma
3.3.3.

In order to have F' € C', we know that a2070’171),i = 1,---,l(e) must satisfy the

following conditions, by using C'' smoothness condition (3.3.1),

i VOl(te’i_H) i .
CL((JJT%LLU -+ ma(op’Ll = cee l(e)

Here al(gezflll) = a%o,0,1,1)7 tei(e)t1 = tea, and vol(t.;), vol(te+1) denote the volumes of
teitei+1, respectively, ¢;, 1 = 1,---,l(e) are certain constants involved only the known
al’s.

We can easily verify that the determinant of the coefficient matrix of the system
of linear equations above is 2. Therefore, we have a unique solution set {al('o 01,1) 1=

1,--+,l(e)}. Hence, we have established the above lemma.
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LEMMA 3.4.3. Suppose that e is singular and both (i) and (ii) hold. Then for
any given afy s 0.0),(o.10.1y> Yo.1.10)» @A afgo 1y, there exists a unique set of {afy .0,

a20’17071), aéo71,1,0):a2070,1,1) ci=1,---,4} such that F(x) € C1.

Proof. First, a(g 50y @{o,1,01), a0d afg ;o) may be determined by using {a(y ),
alo101y, and afoy 1)@ = 2,3,4} as before. Then, we can determine afy g, ,),i =
2,3,4, by using the smoothness conditions and a%07071,1). To verify that aéo707171),z‘ =
1,2, 3,4 satisfy the C'! smoothness conditions (3.3.1), we may assume that aéo,2,0,0) =
0, a{o101 = 0, and afg, 19 = 0, @ = 1,2,3,4. Thus, we only need to verify the
following equations that relate @éo,o,1,1)ai =1,2,3,4 (cf. Fig. 3.18)

1 1
a%o,o,m) = Biag 1,00 T 0160011
2 2
a?0,0,1,1) = 3201 1,0,0) T 020{0,0,1.1)
4 i 3 Ly
a = ——a + —a
(0,0,1,1) g, {(11.00) T g H00,11)
1 Ba 4 1 4
a = ——a + —a
(0,0,1,1) g, {11.00) T g 40.0,1,1)

are consistent, where 3;,7 = 1,2 and 6;,7 = 1,2 are certain constants which may be
dependent on the geometry of these four tetrahedra (cf. the smoothness conditions

(3.3.1)). Since the following two equations

1 4

a(0,0,1,1) = Braz,000) + 01a
3
(

1717070)

(
_ 1
(1,1,0,0) = Paa(2,0,0,0) + 62@(1,1,0,0)

also hold, we can easily verify the consistence of the above four equations. Thus, we

have established this lemma.
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4
e

Figure 3.18 Some B-nets of F' on Uletw with singular edge e

LEMMA 3.4.4. Suppose that e is a nonsingular interior edge with l(e) = 4. And
suppose that (i) and (i) are satisfied. For any given afy 40 @o1.1.0) %0011y there
eists unique set {a{y 400y Ao.101)0 o110 Uoor @0 = 2,3,4F Uag o} such

that F(x) € C.

Proof. Since F is required to be in C(U!_t.;), we may use ay, - - -, ag to represent
the B-coefficients of F' to be determined and by, by, b3,¢1,: -+, ¢4,dy,---,dg are the

given B-coefficients of F' as shown in Figure 3.19.

By using the smoothness conditions (3.3.1), we obtain the following relations

among the a’s, b’s, ¢’s, and d’s.

ar = aas+ Prba + b1 + 61ds
ay = «gbs + Pacy + Yy2a1 + 01dy
az = by + Paar + y2b1 + bhd;
ay = azaz+ P3c3 + y3a3 + Ozds
as = aza; + Pzaz +y3b1 + O3d;
ag = apas+ Poca + Yoas + bods
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Figure 3.19  The B-nets of F' on U}_,t.; with nonsingular edge e

by = aoaz+ Poas + yob1 + bods
by = aiag+ Picy + 71ba + 01dy
di = oidz+ prds +nds + 01dg
dy = «aody+ Pady + yads + O2dg
d3 = azdy + PB3dy + y3ds + O3ds
dy = agdy + Bods + Yods + Oods

where the a’s, (s, v’s, and #’s are defined in the following

u = oyw+ [Fox + Oy
v = ax+ fiu+ by
W = ayu+ Bov+ 0y
X = a3V + O3w + 03y.

Actually, the a’s, 3’s, v’s, and #’s satisfy the following:
Ba Bs

apoiapog = 1; By = — , Bi=— ;
Qi3 ol
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as + faas o = Q0 + foas a1 + Son a. = 22 + frag

Qp = s G41 , Qg = - 3
ol Qa3 (e85 100
_ Bays — V203 N B370 — 1300 _ Boyt — Yo - By — n1aa
,}/O - ) 1 - b 72 - b ,}/3 - 77
[6D1e%] Qoai3 o0y Q109
and
9 5293 — Osa3 9 5390 — O30 9 @091 — By 9 5192 — b1y
(e , V1 = , Vg — , Us — .
o0l (6718 %] (671851 Q109

We know that the last four equations hold because the assumption (i). We can
easily prove that the first eight linear equations that involve the unknowns aq, - - -, ag
have a unique solution by using the relations among the a’s, 8’s, v’s, and 8’s. Hence,
the proof is complete.

As before, for each edge e = (v.1,Ve2), we denote the directional derivatives
relative to e by

D¢ := D D¢’ Dg? o€ L

Ve, 2—Ve, 1" Ve 3—Vel  Ved—Vel)

where the derivatives are taken from inside the tetrahedron.

For each facet f = (vy1,Vy2,Vy3), we denote the directional derivatives relative
to f by

8 . B B

Df,l T DV;,zf"f,lDV?s*Vf,l
8 . B B

Df,2 T DV;J*Vf,zDV?s*Vm

D}y = D} _, D¢

VF1TVE3 T VE2TVES

for any g € Zi? where the derivatives are taken from inside the facet and

D?,O — Dal DOl2 DOéS

VE2TVELTT VE3TVELTT UF TV

for any a € Zi, where the derivatives are taken inside the tetrahedron. For each
tetrahedron t = (vy, Vo, v3, v4), we denote the directional derivatives relative to t at
v; by

Dy, =Dg! . Dy D3* .

Vji—V; Vi —V;
for any o € Zi, i=1,2,3,4, where {i, 7, k,l} is a permutation of {1,2,3,4} and the
derivatives are taken inside t.
Also, denote

{(3,1,0),(3,0,1)} if e is an interior edge,

if e is a boundary edge, or
{(3a ]-7 0)7 (37 O’ 1)7 (27 17 1)7 (3’ ]-7 1)} e iS a Singular edge_

I, =
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and I ={(2,2)} and Iy ={(2,2,1)}.

We are now ready to outline the construction procedure of three types of vertex
splines in S3(A) of interest. They satisfy the following specifications of interpolatory
parameters and smoothness conditions.

(I) For each vertex v of V and v € Z> with |y| < 3, let V) be a piecewise

polynomial function of degree 7 on A satisfying the following:

(L.1) D*V](u) = 0p 0y u, o] < 3,u€V;

(1.2) D?VJ‘te,l(Ve71> =0,a€l,e€&;

(1.3) Dﬁivy]f(vf,i) —=0,i=1,2,3, 8, f€F;

(L.4) D%OVij(vm) =0,a €l f €T

(L.5) V) satisfies the C' smoothness condition across each facet f of F.

Here and throughout, as usual, the symbol d, is the Kronecker delta.
(IT) For each edge e and v € I, let V) be a piecewise polynomial function of

degree 7 on A that satisfies the following:

(IL.1) DV (u) =0, |a| <3,ueV;

(I1.2) Dgvy td,l(vd’l) = 0ar0ea, ¢ € I.,d € E;

(I1.3) D}.vy f(vf,l-) =0,i=1,2,3, €I, feF;

(I1.4) DV tf,l("f’l) =0,a € I;g, f € F;

(IL.5) V' satisfies the C! smoothness condition across each facet f of F.

(III) For each f € F and i =0,1,2,3, let V}, be a piecewise polynomial function
of degree 7 on A that satisfies the following:

(I1L.1) D°Vi(u) =0, |a] <3, ueV;
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(I11.2) D¢V te,l("ﬂ) =0,a€l,e€é;

(I11.3) Dy;Vi| (Voi) = 055015 =1,2,3, B € Ira,9 € F;

(I11.4) D;OV;Lgyl(vg,l) =0, ;00,0 € Irg, g€F;

(IIL.5) Vfi satisfies the C'' smoothness condition across each facet f of F.

The outline of constructing vertex spline V) is as follows. Let t = (y1,¥2,¥3,¥4)
be a tetrahedron of A.

Figure 3.20  Tllustration of constructing vertex spline in S3(A)

The B-coefficients of V| on layer [ attached to y; can be determined by the
requirements in (I.1), 0 <1 < 3 and i = 1,2, 3,4. Indeed, we first convert the partial
derivatives D at y; to the directional derivatives relative to ¢ at y; and then use
the resulting Df;’s at y; to find the B-coefficients of V'|; on layer [ attached to y;,
0 <! < 3. By using the requirements in (I.2) and (I.3) and Lemmas 3.4.1-3.4.4,

whichever applies, we can choose the B-coefficients of V) on layer [, [ = 0,1,2,
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around e to satisfy the C'' smoothness conditions. Let us use the following example
to illustrate what we mean. Consider e = (yi,ys).(cf. Figure 3.20.) By using the
requirements in (1.2), we obtain a(s31,0) and agz0,1) of V¢ if ¢ = £, 1. Otherwise,
they can be obtained in terms of the B-coefficients a( 31,0y, a(3301), @u3,00 and
a(3,4,0,0) of VJJ|i., by using the C'' smoothness condition. By using the requirements in
(I.3), a(3,2,2,0); 4(3,.2,0,2), A(2,3,2,0) and a(230,2) are obtained and we may apply Lemmas
3.4.1-3.4.4, whichever applies, to determine az2,1,1) and a@31,1) if e is an interior
edge or if e is a boundary edge but ¢ # t.; or if e is a singular edge but t # t.;.
If e is a boundary edge or a singular edge and ¢ = t., then a21,1) and ag31,1) of
V¥ are obtained by using the requirements in (I.2). Similarly, we can determine the
remaining coefficients of V) on layer [ around other edges of ¢, 0 < I < 2. Finally,
we may use the requirements in (I.4) and (I.5) to find a(2221), @(2,2,1,2), @(2,1,2,2) and
aqa 2,22 of V). Indeed, suppose that f = (y1,y2,y3). If t = ts1, then ap 221y can
be obtained directly by using the requirements in (L4). If ¢ # t51, a(222,1) of V) is
determined by using the C! smoothness conditions and the corresponding coefficients
of V.J|i, where t' is the tetrahedron of A which has a common facet f with ¢. The
other a(z2,1,2), (2,1,2,2) and a1 2,22) can be determined in a similar manner.

All these steps assume that V) € C*(R) and V) € C? at each vertex of A since it
interpolates the data 0y 0o, || < 3. Therefore, V) € SH(A) for any v with |y| < 3.

From the above construction steps, we conclude that the support S, of V) is the
union of the tetrahedra of A with v as the only common vertex.

Similarly, we can see as above that the requirements in (II.1)-(I1.6) uniquely de-
termine a piecewise polynomial function V' € S}(A) whose support is the union of
all tetrahedra of A sharing e.

To prove that the requirements in (III.1)—(II1.6) uniquely determine V;; follows
along the lines as the proof for V). Hence, the support of V;; is the union of all
tetrahedra of A sharing f.

We now consider the space

SHA) =span{ VI :|y| <3, veVIU{V) :yel ec&}
U{Vyi1i=0,1,2,3,f € F}.
Clearly, S}(A) is a subspace of SH(A).

For each sufficiently smooth function g, we define

Lo(x) =Y 3 Dlg)VI(x) + 3.3 Diglve )V (x) + 3. 3 DV g(vy ) Via(x),

veV |y|<3 ec€ yele feF i=0
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where a(0) € I7o and a(i) € Ir1,i=1,2,3.

We are now ready to derive some properties of the super spline space 5%(&)

LEMMA 3.4.5. Lp = p for any polynomial p of total degree < 7.

Proof. We use mathematical induction on the number of tetrahedra in A to prove
this lemma. For n = 1, L is an interpolatory operator based on ¢ which is the only
tetrahedron of A. Since the sets of interpolation conditions associated with each ver-
tex of t are lower sets and induce a partition of A7, we see that Lp = p for all p of total
degree 7 by Proposition 3.1. Suppose now that the result holds for m = #{t : t € A}.
Let #{t : t € A} = m+1and set A = {t; : i =1,---,m+ 1}. By relabeling if
necessary, assume that t,,.1 = (X1,Xs,X3,X4) has at least one boundary facet, and
for the time being, assume that it has only one interior facet (x;,x2,x3), say. Let

={t;:i=1,---,m} = A\{tms1}. Observing the uniqueness in Lemma 3.4.1
and applying Theorem 4.1.3 in [39], we can see that the smoothness of Lp across
(x1,X2,X3) may be rewritten as appropriate interpolation conditions (directional

derivatives related to the edges and related to the facet) such that LAp‘A/: Lp and

Lap = Ly, .,p, where La, Las, Ly, ., are linear operators L based on A, A’ t,,44,

t’m+1
respectively. By the induction hypothesis, we have LAp‘ = p and LAp’ = p.

m+1
Hence, Lp = p on A. The proof is similar if ,, 1 contains two or three interior facets.
This completes the proof.

If Lg is interpreted as

> 5 D00+ X Y Dlal, (v V2
vey |'y|<3 ec& yele
+ZZ%\ (V1) V3a),

fEF i=0

then, by the same argument as above, we can prove the following lemma.

LEMMA 3.4.6. Lg = g for any g € S}(A).

Let S = {s € S} : s € C3at each vertex of A}. Then S is called a super spline
space because each spline in S has extra smoothness at each vertex of A. We have
the following consequence of Lemma 3.4.6.

THEOREM 3.4.1. The collection

B:={V):veV |y <3tU{V):vel,ecE}U{V;;,i=0,1,2,3 f € F}

is a basis of S. Therefore S = S}(A).
Let G C sup{t:t € A} and for g € C*(G), denote

ID"gll = max [ D%gllec)
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and
dist(f, 5) = inf [|f — s|[.

For the given A, let |A| denote the maximum of the diameter of all t € A. Our

main result in this section is the following:
THEOREM 3.4.2. For any g € C¥(G),

ILg — gl < K[| D%|||A°
where K is a constant independent of g and |A|. Consequently,
dist(g, 53) < K[| D%|[| Al°.
Proof. Fix a point x € G and consider a linear functional

F(g) = Lg(x) — g(x).

It is easy to see that F satisfies the following:

(i) [Fl9)l < K1y (D7 gll|AF

J=0

(ii) F(p) =0 for all p € IP5.

By a result of Bramble and Hilbert [24], there exists a constant K independent of
g, X, and |A| such that

Lg(x) — g(x)| < K[| D°g|l|AP.

Therefore, we have established the theorem.
As we know that S} is a proper subspace of S%, the exact dimension of S} is given
in the following which is a consequence of Theorem 3.4.1.
THEOREM 3.4.3. Suppose that /\ satisfies the additional assumption mentioned
before. Then
dim S! = 15N, + 2N, + 2N, + 2N, + 4N

where N, Ne, Ny, Ng, Ny denote the numbers of vertices, edges, boundary edges, sin-

gular edges, and facets of /\, respectively.
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3.5. Vertex Splines with Smoothness Order r and Degree d > 6r + 3

In this section, the partition A of the region R C IR? of interest is again assumed
to be a simplicial partition (cf. [39] for the definition of a simplicial partition). From
the previous section, we have some feeling that fundamental locally supported spline
functions in S}(A) do not exit on an arbitrarily simplicial partition. In general, we
conjecture that we cannot construct nontrivial locally supported splines functions in
Shis(D) = {s € C": s‘t € Py43,t € A} which serve as fundamental functions
that the give the full approximation order of (4r 4+ 3) 4+ 1. On the other hand, it
was conjectured in [119] and proved in [88-90] that piecewise polynomial functions of
smoothness r could be constructed when the degree of polynomials is > 8-+ 1. In the
following, we will outline the construction procedure of fundamental vertex splines
of smoothness order r and degree d > 6r + 3 which have local supports and span a

super spline subspace of
SHA)={s:s€ C"(R) and s|; € Py, t € A}.

Moreover, we will construct an approximation formula based on these fundamental
vertex splines to realize the full approximation order of d+1 from Sj(A),d > 6r + 3.

We will only consider the special and most important case where d = 6r + 3 and
r > 1. The discussion for d > 6r + 3 is similar.

For a given arbitrarily simplicial partition A, we denote the collections of all
vertices, edges, facets, and tetrahedra of A by V, &, F, and T, respectively. Let V =
{vi,---,vn}. As §3.4, for each edge e € &, we rewrite e = (v, 1, Ve2) and let . ;,i =
1,---,l(e) be all tetrahedra in 7 which share e. Denote t.1 = (Ve1,Ve2, Ves, Vea)-
For a facet f € F, we also rewrite f = (vy1,Vy2,Vys) and let tp;,0 = 1,---,1(f)
be all the tetrahedra in 7 which share f, where {(f) = 1 or 2 according to whether
f is a boundary facet or an interior facet. And we write t;; = (f,u) and t;o =
(f,w). Rewrite t;1 = (vy1,Vy2,Vys,Vypa). For each t € T, we again rewrite ¢ =
(Vi1 -+, Via) as §3.4.

An interior edge e is said to be singular at v, 1 if (Ve 1, Veo, Ves)|| (Ve1, Ve, Ves),
(Vea, Ve, Vea)|| (Ver,Vea, Ves) and I(e) = 4. And we say that an interior vertex v
is a singular vertex if /(v) = 8 and only 6 edge emanating from v with three distinct
slopes. An interior facet f = (vy1, Va2, Vy3) is said to be singular at (vyy, vyo) if
(Vias viz Wl (vyr, Vi, w).

For each edge e € &, the derivatives relative to the edge e are defined by

o %31 g a3z
De - (Dve,Q_Ve,l) (DVE,S_VeJ) (Dve,él_ve,l)
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for a = (a1, a,a3) € Zli, where the derivatives are taken from inside the tetrahedron
le.
For each facet f € F, the derivatives relative to f are defined by

D?,l - (va,z—vf,1)a1 (l)vf,s—vf,l)a2 (Z)Vf,4—Vf,1)a3
D}y = (Dy;,—v;,) (D )% (D )%
D;,3 = (va,1*Vf,3)'Yl(DVf,Q*Vf,s)w(DVf,4*Vf,3>53

Vf3TVE2 VfAa—VE2

for a, 8,7 € Zi, where the derivatives are taken from inside the tetrahedron ¢ ;.

For each tetrahedron t € T, the derivatives relative to t are defined by

Dta = (‘th,l—vt,4>al (DVt,Z—Vt,zl)az(DVt,3_Vt,4)a3

for a € Zi and

D?jijg(vti) = (th,j —Vt,i)al (th,k_vt,i)a2 (DVz,l—Vt,i)agg(vt,i)

for € Z% and {I,k} € {1,2,3,4}\ {4, j}, where the derivatives are taken from inside
t.

Let us divide the underlying index set {8 € Z% : |3| = 6r + 3} of the B-net on
t into six parts as follows. The subdivision is based on the idea of “disentangling of
the rings” in the trivariate setting.

For simplicity, let ¢ be rewritten as (y1,---,y4). Let 4,7, k, [ denote distinct ele-
ments of the set {1,2,3,4}.

Part I is the union of the collections By (i) = AY*3.J, | i =1,2,3,4, where J, =
{(lm,n) : l+m+n < 3r+ 1}. That is, part I is the portion of the B-net that are
labled on layer [ attached to each vertex of ¢, 0 <1 < 3r + 1.

Part II is the union of the collections Bs(i,j) = {a @ ap +ap < r+ [(r +
1)/2]3\(B1(i) U B1(4)),4,7 = 1,2,3,4 and i < j. Each By(i,j) is a portion of the
B-net on layer [ around edge (y;,y;),0 <1 < r+ [(r+1)/2]. Associated with this
portion, let J, = {Cia: o € By(1,2)}, recalling that C; is defined in §3.2.

Part III is the union of the collections Bs(i,j) = {a : ap < ryoq < rjoy + oy >
r+ 1+ [(r+1)/2]}\(B1(7) U B1(j)),i,7 = 1,2,3,4 and i < j. Associated with this
part, let J3 = {Cia: o € Bs(1,2)}.

Part IV is the union of collections By(i,j) = By1(i,7) U Baa(i,7) = {a:2r+2 <
o <3Ir+loy=r—-2mao=r+m+1m=0,--,[r/2}U{a:2r+2<q; <
Ir+l,ap =r—2ma,=r+m+1m=0,---,[r/2]},i,j = 1,2,3,4 and i < j.
Associated with this part of B-net, we let J, = {Cha: o € Byy(1,2)}.
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Part V consists of some portion of the B-net on layer [ near each facet of t,
0 <! < rj;ie., it is the union of the collections Bs(i, j, k) = {a : oy <71} \ (B1(i) U
B1(j) U By (k) UBs(1,5) U Ba(i, k) U Ba(j, k) UB3(i,5) U Bs(i, k) U B3(j, k) UB4(i,7) U
By(j, k) U By(i k)i < j < k and 4,5,k = 1,2, 3,4. Associated with this part, we let
Js1 ={Cia:a € B5(1,2,3) and oy > 2r+2}, J50 = {Char: v € B5(1,2,3) and oy <
2r+1,00 > 2r+2}, and J53 = {Csa: o € B5(1,2,3) and oy <2r+1, 05 < 2r +1}.

The last part, part VI, is the collection Bg(t) = {a : oy > r+ 1,i = 1,2,3,4}.
Associated with the last part, let Js = {Cya: v € Bg(t)}.

Let us use the following two examples to illustrate how to divide these six parts
of the B-net on t.

FExample 3.3. Let r = 1. Consider the underlying index set of the B-net of
polynomial of total degree < 9. The six parts are described as follows. Part I
is the union of collection By(i) = {f : ;i > 5}, i = 1,2,3,4, and let J; = {
(l,m,n) : I +m+n < 4}. Part II is the union of collections By(i,7) = { 5 : G
+6; < 2} \(Bi(i) U B1(y)),4,5 = 1,2,3,4 and ¢ < j and let Jo = {(4,1,0),
(4,0,1), (3,2,0), (3,1,1), (3,0,2), (4,2,0), (4,1,1), (4,0,2)}. In this case Part III
and IV are empty. Part V is the union of collections Bs(i,7,k) = {8 : 5 < 1}
\(B1(i) U B1(j) U Bi(k) U By(ij) UBs(ik) U By(jk)),i < j < k and J51 = J52 =
{(2,2,1)}, 055 = J51 U{(3,3,0),(3,2,1),(2,3,1),(3,3,1)}. The last part is the re-
maining portion of the B-net, namely: Bg = {f : 5 > 2,i = 1,2,3,4} and
Jo = {(2,2,2),(3,2,2),(2,3,2),(2,2,3)}. The cardinalities of these parts are listed

below:
#part I =4x35

#part [ =6x8
#part V. =4 x 7
#part VI =4
Total = 220
which is the dimension of Py.
FExample 3.4. Let r = 2. Consider the underlying index set of the B-net of
a polynomial of total degree < 15. The six parts are described as follows. Part
[ is the union of the collections Bi(i) = {a : «; > 8}, i = 1,2,3,4 and let
Ji={(l,m,n) : l+m+n <7} Part Il is the union of the collections Bs(i,j) = {a :
ait oy < 3} \(Bi(i) UB1(j)), 4,5 = 1,2,3,4 and i < j. Let Jo = {(7,1,0),(7,0,1),
(7,2,0),(7,0,2), (7,1,1),(7,3,0),(7,2,1), (7,1,2), (7,0, 3), ((6,2,0), (6,1,1), (6,0, 2),
(6,3,0),(6,2,1), (6,1,2), (6,0,3), (5,3,0), (5,2,1),(5,1,2), (5,0,3)}. Part III is the
union of the collections B3(i,j) = {a : ax, = 2, ¢ = 2}\(Ba(i,j) U B1(i) U B1(7))
and let J3 = {(4,2,2),(5,2,2)}. Part IV is the union of collections By(7,j) = {«

Y
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a = T,a; = 4o = 3,0 = 1}U{a, : a5 =6, o = 5,040 = 3, oy = 1}
Uaa : s =4, a; =7, a4, = 3,0y = 1} U{a, : oy = 5,05 = 6,04 = 3,y = 1}.
Part V is the union of collections Bs(i,, k) = {a : oy < 2} \(B1(7) U B1(j) U By (k)
UBs(i, j)UBs (i, k)UBs (7, k)UBs (i, j)UBs(i, k)UBs(j, k)UBy(i, 1 )UB4(i, k)UBy(4, k)).
Associated the fifth part, J;1 = J52 = {(4,4,0),(5,4,0),(4,5,0), (4,4,1), (4,3,2),
(3,3,2), (3,4,2)} and Js 3 = J51U{(5,5,0), (5,4,1), (4,5,1), (5,5, 1), (5,3, 2), (5,4, 2),
(4,4,2), (4,5,2), (3,5,2),(5,5,2)}. Part VI is the collection B = {a : «; >
3,1 =1,2,3,4} and Js = {(3,3,3),(3,4,3), (3,3,4), (4,3,3),(3,5,3), (3,4,4),(3,3,5),
(4,3,4), (4,4,3),(5,3,3), (3,6,3), (3,5,4), (3,4,5), (3,3.6),(4,5,3), (4,4,4), (4,3,5)
(5,4,3),(5,3,4),(6,3,3)}. The cardinalities of these six parts are as follows:

?

#Part [ = 4 x 120
#Part I = 6 x 20
# Part I & IV = 6x12
# Part V = 4 x 31
#Part VI = 20

The sum of these cardinalities is 816 which is equal to the dimension of IPy5.

Again for ¢, let e = <Vt,ith7j>7 = <Vt,i7vt,javt,k>7 and fy = (Vt,i,Vt,j7Vt,z> of t,
1 < 7. Then we denote
J3 if e is a nonsingular interior edge or if e is a boundary

~ edge such that f; and f; are interior facets;
JsU Jy U Jy if e is a singular edge and t =T, ;

J3 U Jy if e is a boundary edge and one of f;, f5 is a boundary
Jii(t) = facet and the other is interior facet, or if f; or f5 is a
singular facet at e and ¢ = T} ;;
Jy U Jy if e is a singular edge and ¢t =T, 3;
0 if e is a singular edge and t = T, 5 or T4 , or if f; or

f2 is a singular facet and ¢ = T} .

In the following, we outline the procedure for constructing the fundamental vertex
splines in g, 5(A). In general, we will consider five types of vertex splines of interest.
They are required to satisfy the following specifications of interpolatory parameters
and smoothness conditions.

(I) For each vertex v.€ V of A and v € Jj, let V) be a piecewise polynomial
function of degree 6r + 3 satisfying:

(L.1) DV] (1) = 0g 0y u, a€ J,ueV,

(1.2) V2 is O3 at each vertex v € V;
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(1.3) Dsw‘te,l("e’” =0, a€cde€f;

(L4) VY is O™H+D/2] around each edge e € &;

(.5) D V| (V) =0, @€ ()i < i j=1,2,3,4,t€T;
(L6) D;’{ZVJ’Tf’l(vf,l) =0, acJy,l=123 fcF

(L.7) V) satisfies the C" smoothness conditions;

(L8) ngyﬂt(vm) =0, aclgteT.

As usual, the symbol d,, or dyy is the Kronecker delta.
(IT) For each edge e € € and v € Jy, let V. be a piecewise polynomial function of
degree 61 + 3 satisfying:

(IL.1) D*V)(u) =0, a € J,uey;
(11.2) V2is C3+1 at each vertex v € V;
(11.3) DEVY|, (Vax) = barbea, @€ Dyd€E,
(I1.4) V2 is C"H+D/2 around each edge d € &;
(IL.5) Df VY t(vm) =0, aeJi(t),teT,;

(116) D?,l‘/ev tf1(vf’l) = 0, S J5,l,l = 1, 2, 3, f € .F;
(IL.7) V7 satisfies the C" smoothness conditions;
(IL.8) DYV t(vt’4) =0, a€ JgteT.

(III) For each edge e = (v, vy;) of t € T and v € Jy(t), let V;);; be a piecewise
polynomial function of degree 6r + 3 defined on A and satisfying the following:

(I11.1) DV (w) =0, acJ,ueV;
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(IT1.2) Viij is C*+1 at each vertex v € V;
(I11.3) D3V, War) =0, a€hdeé;
(I11.4) V), is O D/2) around each edge d € &;
(IT1.5) D¢ Vil S(Vs’i) = 000, a€ Jg(s),seT;

(1116) D?,l‘/t?;j Tf1(Vf’l) = 0, (NS J57lyl = 1, 2, 3, f S f,
(IIL.7) V,};; satisfies C" smoothness conditions;
(II1.8) DV t(Vt’4) =0, ac JgteT.

(IV) For each facet f € F any for each index v € J5;,1 = 1,2,3, let V{, be a

piecewise polynomial function of degree 6r + 3 satisfying the following:

(IV.1) DV, (a) =0, a€ J,ueV;

(IV.2) Vil is C**1 at each vertex v € V;

(IV.3) 1ﬁwmwwwyza a € JydeE;

(IV.4) V7, is CrHD2l around each edge d € €;

(IV.5) DV (Vi) =0, a € i) teT;

(IV.6) D%J%LMWMJ:&M&W Q€ Jymm=1,2,3,f € F;
(IV.7) V| satisfies the C" smoothness conditions;

(IV.8) DYV (via) =0, aeoteT.
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(V) For each tetrahedron ¢t € T and v € Jg, let V;' be a piecewise polynomial
function of degree 6r + 3 satisfying the following:

(V.1) D*V,"(u) =0, a € J,uey;

(V.2) V' is C3 1 at each vertex v € V;

(V.3) DIV, (Vi) =0, a€ldeE

(V.4) V) is CmH+D/2 around each edge d € &;

(V.5) DI V| (vei) =0, aediy(s),s€T;

(V.6) D?ﬂm‘/f‘Tf’m(vf,m) =0, a€Jsm,m=1,23 f€eF,
(V.7) V;' satisfies the C" smoothness conditions;

(V.8) DIV)| (Voa) = Oandis, @ €Jss€T.

The outline for constructing these vertex splines can be described in following five
steps. Let V' stand for one of the above vertex splines and t = (y1,¥y2,y3,ys) be a
tetrahedron in A.

Step 1. Determination of B-nets with indices in part I.

The B-coefficients of V|5 indexed in A% *3J; are simply zero when V is required
to satisfy D*V (y;) = 0. When V is required to satisfy the interpolation conditions
D*V(yi) = 0q,, we first convert the partial derivatives D at y; into derivatives
relative to ¢ at y;, and then use the values of Df V+(y:) to determine the B-coefficients
of V|, with underlying indices in A% *3.J.

Step 2. Determination of B-nets with indices in part I1.

Let e C t be an edge. The B-coefficients of V|, with indices on layer [ around
e located in part II can be directly obtained from the requirements in one of (1.3)-
(V.3)ift =t.1, 0 <1 <r+[(r+1)/2]. Otherwise, they can be determined by using
Lemma 3.3.3 and the corresponding portions of the B-coefficients of V|, ,. In the

other words, first compute DV, from V and then use the resulting directional

tﬁ,l

derivatives to determine the remaining portion of B-coefficients of V|, on layer [
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around e, 0 < I < r+[(r+1)/2]. Alternatively, we can apply the smoothness conditions

on two adjacent simplices sharing a common edge in [39] to find the portion of the

B-coefficients of V|, from the corresponding B-coefficients of V|, ..

Step 3. Determination of B-nets with indices in part II1.

Case 1: Suppose that both (y;,y;,yx) and (y;,y;,¥:;) are not singular facets at
e = (y;,¥y;) or suppose that e is a singular edge and ¢t = ¢ ;. Then we directly apply
one of (I.5)—(V.5) to obtain the portion of the B-coefficients of V|; indexed in Bs(i, 7).

Case 2: Suppose that e = [y;,y;] is a singular edge and t # t.; or suppose that
f = (yi,¥;,¥yk) is a singular facet at e and ¢ # Ty;. We will obtain the portion of
the B-coefficients of V|, with indices in Bs(i,7) by using the smoothness conditions
in Lemma 3.1 or Lemma 3.5 from the corresponding part of the B-coefficients of V|,
where t’ is the neighboring tetrahedron in 7 sharing a common facet f with t.

Step 4. Determination of B-nets with indices in Part IV € V.

Case 1: Suppose that f = (y;,y;,yx) is a bound ary facet or suppose that f is
a singular facet at (y;,y;) and ¢t = Ty;. Then the B-coefficients of V|, with indices
in the one-fourth portion of parts IV and V closest to (y;,y;,¥&) are obtained by
applying the requirement in one of (1.6)—(V.6).

Case 2: Suppose that a facet f = (y;,y;, yx) is singular at an edge (y;,y;) and
t = Ty. Then the B-coefficients of V|, with indices in By(i,j) will be obtained by
using Lemma 3.5 and the corresponding part of the B-coefficients of Vr, .

Case 3: This is the remaining case. To determine the remaining B-coefficients
of V|, with indices in parts IV and V, we need to use all of (I1.6) and (1.7), etc.
and apply Lemma 3.3.4, 3.3.5, or 3.3.6 accordingly. Let ¢ be a tetrahedron sharing
f = (¥:,¥;,¥x) with t. Consider the B-coefficients of V|, on layer 3r + 2 attached
to y;. To find the undetermined B-coefficients on this layer located in parts IV and
V, we may use the same technique as mentioned in Step 4 in §3.4. The undetermined
B-coefficients of V], on the other layer | where 3r +3 < | < 4r + 1 attached to
y; located in parts IV and V can be obtained in a similar manner. Similarly, the
undetermined B-coefficients of V|, on layer [ attached at other vertices y; and yy
located in parts IV and V can be found too.

Step 5. Determination of B-nets in part VI.

After the all B-coefficients of V|, in parts [-V are determined, we can determine
the B-coefficients of V|; with indices in part VI by using the requirements in one of
(1.8)—(V.8).

In the construction, we know that the support of the vertex splines V) is the union

of all tetrahedra in 7 with v as their common vertex; the support of V' is the union
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of all tetrahedra of A with e as their common edge; the support of Vﬂw is some part
of the union of all tetrahedra sharing edge (v;;, v ;); the support of Vﬁl is the union
of all the tetrahedra in A with f as their common facet and the support of V;” is the
tetrahedron ¢.

Consider the space

§gr+3(A) =span {VJ),ye€ Ji,veV}IU{V] ~ve Jyeecl}
U{Vﬂi,v € J5’7;,i = 1, 2,3, f < .F}
UV oy € Jy(t),t € T}
WV iy e Js,t €T}

~

Clearly, S§,,5(A) is a subspace of S, ,3(A). For each sufficiently smooth function g,

we define

(3.5.1) Lg(x)= > > D'g(v)Vy(x)

veY yeJy

+2_ 2. DIg(ven)VI ()

ec€ ’YEJz

>0 > Dlyave)Vi(x)

teT 1<i<j<d yed;;(t)
3
+33 S DlLavi)Vi)
feF i=1~€EJs,

+> > Dig(via) Vi (x).

teT ~veJs

We are now ready to derive some properties of the super spline space ggr L3(A).

LEMMA 3.5.1 Lp = p for any polynomial p of total degree 6r + 3.

Proof. We use mathematical induction on the number of tetrahedra in A to prove
this lemma. For n = 1, L is an interpolatory operator based on t, the only tetrahedron
of A. Since the sets of interpolation conditions associated with each vertex of ¢ are
lower sets and induce a partition of Ag, 3, we see that Lp = p for all p of total degree
6r+3 by Proposition 3.1. Suppose now that the result holds for m = #{t : t € A}. Let
#{t:te At =m+1landset A ={t;:i=1,---,m+ 1}. By relabeling if necessary,
assume that t,,.1 = (X1, Xa, X3, x4) has at least one boundary facet, and for the time
being, assume that it has only one interior facet (xi,Xs,x3), say. Let A" = {¢; :
i=1,---,m} = A\{tmy1}. Observing the uniqueness in Lemma 3.3.5 and applying
Theorem 4.1.3 in [39], we can see that the smoothness of Lp across (x, X2, X3) may be

rewritten as appropriate interpolation conditions (directional derivatives relative to
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the edges and relative to the facet) such that LAp‘A/: Lap and Lap = Ly, . .p,
where linear operators La, Las, Ly, ., are restrictions of L on A, A’ £,,, 11, respectively.
By the induction hypothesis, we have LAp’A,: p and LAp’th: p. Hence, Lp = p on
A. The proof is similar if ¢,,,;1 contains two or three interior facets. This completes
the proof.

If Lg is interpreted as

=>_ 2 Dy(v)V(x)

vey ’YEJl

+ZZD’Y

ecE yeJ2

DY Z D?zjgl (vea) Vil (x

teT 1<i<j<d yeJ;;(t)

LYY YD

|, (V1) Vi)
fEFi=1~€JTs,

+ZZD1&9‘ Vt4‘/;€ 7

teT vE€Je

ve) VI (x)

we can improve the above lemma as follows.
LEMMA 3.5.2 Lg = g for any g € Sj, . 4(1\).
Let S denote a spline space defined by

S={se Sk .5: s C”at each vertex of A

and s € C"HTD2laround each edge.

Any function s in S is called a super spline since s satisfies extra smoothness conditions
at each vertex and around each edge of /. Actually, this spline space S is spanned
by the fundamental vertex splines constructed above. This result is the consequence
of Lemma 3.5.2.

THEOREM 3.5.1 The collection

{VJ3:veVye hJTU{V) v € Jrecl}
U{Vf’YiZi:1,2,3,7€<]5’i,f€f}

{tl] ’}/GJzJ(t),tET,Z<],Z,]:1,2,3,4}
U{Vi Z’YEJG,tET}

is a basis of S. Therefore S = §QT+3(A).
Let G Csup{t:t € A} and for g € C*(G), denote

ID"gll = max [ D%gllec)



99

and
dist(f, 5) = inf [|f — s|[.

For the given A, let |A| denote the maximum of the diameter of all ¢ € A. Clearly,
vertex splines in S}, d > 6r + 3, can be constructed by using the same idea as above
and similar results may be obtained. Therefore, we can state a more general theorem.

THEOREM 3.5.2. Let d > 6r + 3. There exists a linear operator L with range §g
such that

ILg = gll < CIID™ ]| A

for all sufficiently smooth functions g, where C' is a constant independent of g and
|A| but is dependent on the geometry of A. In particular, for d = 6r + 3, L can be
chosen to be (3.5.1). Consequently

dist (g, ;) < C||[Dg|| A1+

Proof. For d > 8r + 1, this result was proved in [88] and [39]. Here, we only prove
the special and most important case where d = 67+ 3, since a similar argument yields
the desired result for 6r +3 < d < 8 + 1,r > 1. Fix a point x € G and consider the

linear functional
F(g) = Lg(x) — g(x).
It is easy to see that F satisfies the following:

6r+3 ] )
(i) [F(g)l < K1) [ID7gll|AF

j=0

(ii) F(p) =0 for all p € Pg,3,

where the constant K; may be dependent on the geometry of A.

Indeed, (ii) follows from Lemma 3.5.1. Since each vertex spline is a bounded func-
tion whose bound may depends on the geometry of A, (i) holds if |A] = 1. If |[A| < 1,
by letting g(y) = g(|Aly), we see that
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[F(9)] = [F(9)]

6r+3

<K 1Dl
7=0
6r+3

=K1 ) [[IDgl|AF.

=0
By a result in Bramble and Hilbert [24], there exist a constant K independent of
g, X, and |A| such that
[Lg(x) — g(x)| < K[| D g|l| A"

Therefore, we have established the theorem.
As we know §gr 43 is a proper subspace of S, ;. In fact, as a consequence of
Theorem 3.5.1, the exact dimensions of S5 and S% can be written down as follows.
THEOREM 3.5.3.

dim Si = 35N, + 8N, + 4N, + TNy,

and
dim S% = 120N, 4 20N, + 40N, + 20N, + 20N, + 31N,

where N,, Ny, Ne, Ng, N¢, Ny denote the number of vertices, boundary edges, edges,

singular edges, facets, and tetrahedra of /\, respectively.
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3.6. Vertex Splines on Mixed Partition Regions

We are now going to study how vertex splines on a region R C IR? of interest
are constructed. In particular, we consider that R has been partitioned into patches
(tetrahedra, prisms, and parallelepipeds). This kind of partitioned region is called
mixed partition region. The precise definition will be given soon. For a given mixed
partition consisting of all these three types of geometric configurations and for » > 0,
the degree d of polynomials which will be used in the construction will be assumed
to satisfy d > 8r + 1, where r denotes as usual the order of smoothness.

Let us begin with two definitions.

DEFINITION 3.1. A region R C IR? which is the union of a finite number of tetra-
hedra, prisms and parallelepipeds denoted by %4, -- -, ty is called a mixed partitioned

region if it satisfies:
(1) int(ts) Nint(t;) = 0,7 # j:

(2) either t; Nt; =0 or ¢; Nt; is a common vertex, or common edge, or a common
facet of t; and t;.

We denote by A ={t; :i=1,---, N} a mixed partition of R.
For integers r,d € Z with 0 <r < d, let

Sa(L8) ={g € C"(R): g

Emlt).i=1,,N}

be the multivariate splines space of degree d and smoothness r on D, where 7(¢;) is
the polynomial spaces of “degree” < d as defined in §3.1, Vi.

Splines which will be considered and constructed in this section are piecewise
polynomial functions in a subspace of Sj(A) as defined below:

DEFINITION 3.2. Let

SHA)={f e SyA): feC" at each vertex of A
f € C*" around each edge of A}.

As before, 55 will be called a super spline space and any spline f € 35 is called a
super spline.

For convenience, we only consider the special and most important case where
d = 8r + 1. The other cases where d > 8 + 1 can be treated essentially the same
as the special case. In the following, we will subdivide the indices of the B-net of

a polynomial on a tetrahedron (or prism or parallelepiped) into several parts. The
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B-net of a spline on a patch (tetrahedron, or prism, or parallelepiped) with indices in
different parts will be determined by different methods.

First, consider a tetrahedron T} = (X1, X2, X3, X4). Denote by 14, j, k, [ distinct ele-
ments of {1,2,3,4}. We divide the underlying indices of the B-net {a, : |o| = 8r+1}
of a polynomial on 7 with B-coefficients a/s into four parts.

Part 1 is the union of collections By(i) = A¥ ™I, i = 1,---,4, where I, =
{,m,n) : l+m+n<4r}.

Part II is the union of the collections Bs(i,7) = {a : ap + oy < 2r}\(By(i) U
By(j)),i < j and i,j = 1,2,3,4. Associated with this part, let I, = {Cia : « €
By(12)} where C is a map as defined in §3.2.

Part IIT is the union of collections Bs(i,7,k) = {a : oy < r} \(B1(i) U B1(j) U
By(k) U Ba(i,7) U Ba(i, k) U Ba(j, k), @ < j < k, and 4,7,k = 1,2,3,4. Associated
with this part, let I3 = {Ca : « € B3(123)}.

Part IV is the collection of the remaining indices By = {a : oy > 7+ 1,0 =
1,2,3,4}. Associated with the last part, let I, = {Cha : « € By}.

Next let Ty = (y1,---,¥6) be a prism. We divide the underlying indices of the
B-net {ag : 51 + f2+ B3 =n,0 < By < n} of a polynomial on T3 into four parts.

Part 1 is the union of collections By (i) = {A¥ "'}, i = 1,---,6, where I, =
{,m,n) : l+m+n<4r}.

Part I is the union of collections By(i,i+3) = {8 : 8; < 2r} \(B1(i) U By (i + 3)),
i = 1,2,3, Ba(i,j) = {8 : Br+ Ba < 2r} \Bi(4) U By1(5)), i,j € {1,2,3} and
By(i,j) ={B: Br+8r+1— B4 <2r\B1(i) U B1(j)), i,7 € {4,5,6}. Associated with
this part, let Iy = {C18: B € By(1,2)} and Lo = {C18: B € By(1,4)}.

Part III is the union of collections Bs(1,2,3) = {8 : B4 > 6r + 1}\By(1) U
B1(2) U B1(3) U By(1,2) U By(1,3) U By(2,3)), B3(4,5,6) = {3 : 81 < 2r}\Bi(4) U
B1(5) U B1(6) U By(4,5) U By(4,6) U By(5,6)), Bs(i,5,i+3,5+3)={8: B < 2r}\
(B1())UB(j)UBy(i+3)UB;(j+3)UBsy(ij) UBy(i+3,7+3)UBy(i,i+3)UBy(j, j +
3)),4,7 € {1,2,3}. Associated with this part, let I3; = {C18 : 8 € Bs3(1,2,3)} and
Lo = {C18: B € By(1,2,4,5)}.

Part IV is the collection of the remaining indices By = {8 : 8 > r + 1,i =
1,2,3;7 +1 < B4 < 7r}. Associated with the last part, let I, = {C13: B € By}.

Finally, let T3 = (z,-- -, 2zs) be a parallelepiped. We again divide the underlying
indices of the B-net {ag : § < (8 + 1,87 + 1,8 + 1)} of a polynomial on 73 with
B-coefficients a’s into four parts.

Part I is the union of collections By (i) = A1, where I, = {(I,m,n) : l[+m+n <
Ar},i=1,---,8.
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Part 11 is the union of the collections By(i,i + 4) = {A¥* 1y n = (i,7,k),i+j <
2\ (By(1)UBy (i+4)), By(i,i+1) = {AS Ly = (4,4, k), j+k < 2r}\(B1())UB, (i+
1),i=1,2,3,5,6,7, By(4,1) = {AS 'y g = (4,5, k), + k < 2r}\(B1(4) U By(1)),
and By(8,4) = {AS 1y . = (i,5,k),j + k < 2r}\(B1(8) U By(1)). Associated with
this part, let I~271 = By(1,4), and INQ,Q = Bg(l, 2).

Part IIT is the union of the collections Bs(1,2,3,4) = {8 : B < r}\(UL,By(i) U
By(1,2)UB5(2,3)UBy(3,4)UBy(4,1)), Bs(5,6,7,8) = {B: s > Tr+1}\(US_, By (i) U
By(5,6) U B3(6,7) U By(7,8) U By(8,1)) and etc.. Associated with this part, let I3 =
Bs(1,2,3,4).

Part IV is the collection of the remaining indices By = {B:r+1< 5, <7r}and
I~4:{B:ﬁ€B4}.

In the following, we give an example to illustrate the partition of the underlying
indices of B-net on a patch (tetrahedron or prism or parallelepiped).

Example 3.5. Consider a tetrahedron. Let »r = 1 and d = 9. Then part I is the
union of indices in layer [,0 < [ < 4, attached to each vertex of the tetrahedron.
Part II is the union of the remaining indices in layer [,0 < [ < 2, around each edge.
Part III is the union of the remaining indices in layer {,0 < [ < 1, near each facet
of the tetrahedron. Part IV is the indices in the I'* core, r + 1 < [. (Every part of
indices of B-net on a prism or a parallelepiped is similar to the corresponding part
on the tetrahedron as considered above. We omit the details here.) Next the index
set associated with each part of the underlying indices of the B-net on a tetrahedron
(or prism or parallelepiped) is listed below.

L ={(,m,n):l+m+n<4}; I, ={(4,1,0),(4,0,1),(3,2,0),(3,1,1),(3,0,2),
(4,2,0), (4,1,1), (4,0,2)}; I3 = {(2,2,1),(3,3,0), (3,2,1),(2,3,1),(3,3,1)}; and I, =
{(2,2,2), (3,2,2), (2,2,3), (2,3,2)}.

1‘21 = {(1,4,0),(2,4,0), (2,3,0), (0,4,1), (0,5,1), (1,5,1), (1,4,1), (1,3,1),
(0,3,2), (0,4,2), (0,5,2), (0,6,2)}; Lo = {(1,0,5), (1,0,4), (0,1,4), (0,1,5), (1,1,6),
(1,1,5), (1,1,4), (1,1,3), (2,0,6), (2,0,5), (2,0,4), (2,0,3), (0,2,6), (0,2,5), (0,2,4),
(0,2,3)}: Is1 = {(3,3,0), (2,2,1), (3,2,1), (2,3,1), (3,3,1), (2,4,1), (4,2,1), (2,5,1),
(3,4,1), (4,3,1), (5,2, 1)}; Iso = {(1,4,5) : 2 <i,j < 6} U{(0,i,5) : 3 <i,j <6}

and Iy = {(i,7,k) : 2<k<7,i,j>2/i+j<T}

Io =TIy Is = {(i,7,0) : 3 <i,j <6} U{(i,5,1): 2 <i,5 <7} and Iy = {(i,5, k) :
2<4,j,k <T}.

For the partition A, we denote all its vertices by {vy,---,vp}. Let V, &, F, Fa,
T1, T2, T3 denote collections of all vertices, edges, triangular facets, parallelepiped

facets, tetrahedra, prisms, and parallelepipeds, respectively. For each e € & with
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two endpoints v; and v;, where i < j, we rewrite it as e = (v.1,Ve2), where
Ve1 = v; and veo = v;. For each triangular facet f € F; with vertices v;, v;, and
Vi, where i < j < k, we rewrite it as f = (vy1,Vy2, Vy3) Where vy = v, Vi = V;
and vy3 = vy. For each parallelepiped facet f € Fy with four vertices v;, v;, vy, v;
where i < j < k < I, we rewrite it as (vy1,Vy2,Vys, Vya), etc.. For a tetrahedron
t € T, with vertices v;,v;, vg, v; where i < j < k < [, we similarly rewrite it as
t = (Vi1, V2, Vi3, Via). For a prism t € Ty, we write it as t = (v, -+, Vi) and for
a parallelepiped t € T3, t = (Vi 1, -+, Vig).

For each edge e € €, let t.;,i =1,---,l(e) be the elements in 73 U T, UT;3 sharing e
as their common edge. If at least one of them is a tetrahedron, we may assume without
loss of generality that ¢, ; is a tetrahedron and call e a t-edge. We will also rewrite it as
te1 = (Ve1,Ve2,Ves, Vea). If {te;:i=1,---,1(e)} does not contain a tetrahedron but
contain at least one prism, we will call e an m-edge and we will assume that ¢.; is a
prism;i.e., te1 = (Veq, -+, Veg) and assume that (veo, ve1), (Ves, Ver), and (Ve s, Veq)
are three of its edges. If {t.; : i = 1,---,l(e)} is a set of parallelepipeds, we call e a
p-edge and t.; is a parallelepiped denoted by t.1 = (Ve1,: -+, Ves) With (Vea, Ver),
(Ves, Ven), and (Ve 4, Ve 1) as three of its edges. We may define the derivatives relative
to the edge e as same as that in the previous section. We let

Iy ift.; is a tetrahedron
I. = 1:2,1 if ¢.1 is prism
I if .1 is a parallelepiped
be the index set associated with e.

For each triangular facet f,let t;; and ty9 be two elements in 7; U775 U T3 sharing
f, it f is an interior facet. If one of t;; and t;, is a tetrahedron, we may assume
that t¢; is this one and call f a t-facet. Otherwise, t¢; is a prism and f is called
an m-facet. If f is a boundary facet, let t;; be the element containing f. We may
write it as tp1 = (Vy1,Vyo, Vys, Vya) if o1 is a tetrahedron, we call it a t-facet, or
tra = (v, -+, vyg) if tyq is a prism, we will call it an m-facet.

For each parallelepiped facet f, let ¢, and t;5 be two elements in 73 U Ty U T3
sharing f, if f is an interior facet. If one of t;; and ¢y is a prism, we may assume that
t41 is this one and call it a m-facet. Otherwise, ¢ is a parallelepiped, and we call f a
p-facet. If f is a boundary facet, let ¢;; be the element containing f. We may write it
astpy = (Vg1 -+, Vye) if teq is a prism, and call f a m-facet, or tyy = (Vy1,--+, Vys)
if t;, is a parallelepiped, and we call f a p-facet. In the later case, we denote it by
tr1and (Veo, Ver), (Ves, Ver) and (Ves, veq) are assumed to be three of its edges. We

will use the notation Df := D%, for the derivatives relative to f as defined in the
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previous section. We also let

I if t7; is a tetrahedron
Iy = I~371 if t71 is a prism
Is it ty; is a parallelepiped
be the index set associated with each facet f.

Let t be an element of 73 U 7o U T5. If t = (vyq,---,Vi4), we rewrite it as
(Ve1, -+ Yea) with viy = ypq; if ¢t = (viq, -+, Vi), we rewrite it as (yi1,- -+, Yie)
with vig = yr1 and (yi2,¥e1) , (Y3, Y1) and (yea,ye1) are three of the edges of ¢;
and ift = (vyy, -+, Vvig), werewrite it as (yi1,- -+, yes) with y;1 = vig and (yi2,¥11),
(¥t3,¥e1) and (yi4, ye1) are three of the edges of t. As before, the derivatives relative
to t are denoted by

Dta = (DYt,zfyLl )al (DYt,S*Yt,l )aQ (DYtA*Yt,l )043

where a = (ay, g, a3) € Z> and we let

{4 if ¢ is a tetrahedron
I, =< I if ¢ is a prism
1y if ¢ is a parallelepiped

be the index set associated with each t.

We are now in a position to construct vertex splines on this mixed partitioned
region R. In general, we will consider four types of vertex splines of interest. They
are required to satisfy the following specifications of interpolatory parameters and
smoothness conditions.

(I) For each vertex v € V and v € I3, let V) be a piecewise polynomial function

of “degree” < 8r + 1 satisfying the following:

(L.1) DoV])(u) = 0y wlya, € 1,u €V
(1.2) V) € C* at each vertex of A;
(L3) ngj‘te,l(vevl) =0,a€l,c€cé&;
(L.4) V) € C*" around each edge of A;
(L5) SV, ) =0y €l f e FIUFy

fi1
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(1.6) V) € C" across each facet of A;

(L7) DVY| (via) =0, € Lt e TUTUT,

where 0y y, 04,4, as usual, denote the Kronecker delta.
(IT) For each edge e € £ and 7y € I, let V' be a piecewise polynomial function of
“degree” < 8r + 1 satisfying the following:

(I1.1) DeVY(v) =0,a € I,v € V;

(I1.2) V2 € C* at each vertex of A\;
(I1.3) Dsvy td,1<vd’1) = 0¢,d0y,0, ¢ € Ig,d € &;
(I1.4) V7 € C*" around each edge of A;
(IL.5) D3V} tf,l(yf’l) =0,a€ly, feFiUF;
(I1.6) V) € C" across each facet of A;
(IL.7) DV | (vi)) =00 € It € TUTRUT.

(IIT) For each facet f € F1 U F, and v € Iy, let V be a piecewise polynomial
function of “degree” < 8r + 1 satisfying the following:

(IT1.1) DIV{(v) =0, € I;,v €V;
(I11.2) V] € C' at each vertex of A;
(111.3) ngfw‘m,l(vd’l) = 0,0 €1y, dEE;
(I11.4) V} € C*" around each edge of A;

(I1L.5) vy |, (¥g1) = Opg0ya 0 € Iy, 9 € Fr U Foy
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(I11.6) V' e C" across each facet of A;

(111.7) Dtanv‘t(ym) —0,a€l,tcTTUTLUT:.

(IV) For each element t € T UT,U T3 and v € I, let V" be a piecewise polynomial
function of “degree” < 8r + 1 satisfying the following:

(IV.1) DV (v)=0,a € I,v eV,

(IV.2) V) € C* at each vertex of A\;

(IV.3) ngy\td’l(vd,l) =0,a€lydeE;

(IV.4) V' € C*" around each edge of A;

(IV.5) ngg]tf’l(yf,l) =0,y €I, f€FUFy;
(IV.6) V;' € C" across each facet of A;

(IV.7) DIV | (ys1) = Sy € I,s € TUT U T,

The outline for constructing these vertex splines can be described as follows. Let us
first consider the construction procedure of V). Suppose t is an element in 7; U7,UT;.
The requirements (I.1) and (I.2) specify the portion of the B-net of V) with indices
on layer [ at each vertex of ¢, 0 <[ < 4r. Around each edge e of ¢, the requirement
(I.3) determines the B-net of VJ 1 with indices in layer [ around e, 0 < [ < 2r if

t = t.1. Otherwise, we apply Lemmas 3.3.5 and Lemma 3.3.1 to determine

Dy,

from V) and use the resulting directional derivatives to determine the portion of

te,l

the B-net of VJL in layer [ around e located in part II, 0 < [ < 2r. Suppose that a

facet f C tis an each interior facet. If ¢ = ¢4, then we may directly obtain the portion
of the B-net of V) with indices on layer [ near f located in part III, 0 <[ < r, by
using the requirements in (1.5). Otherwise, after requiring that V|;., satisfies (1.5),

we use Lemmas 3.3.6-3.3.12 whichever applies, to determine the portion of the B-net

|tf,1



108

of V7|, on the layer | near f located in part III, 0 < [ < r. Finally, we directly
apply the requirement in (I.7) to determine the rest of the B-net of V7|;. From the
construction procedure, we know that the support of V) is the union of all elements
t € Ty UT, U Ty sharing v as their common vertex.

Next, the outline for the construction procedures for other vertex splines are the
same as that of V. We omit their details.

From the construction procedures, we know that the support of V. is the union
of all elements t € T; U T, U T3 sharing edge e, the support of va is the union of all
elements ¢t € T; U Ty U T3 sharing facet f; the support of V;” is the element ¢ only.

Consider the space

Spa (L) =span {VJ:ye,veVIU{V) iy € L,ec&}
WV ively, fe RURIU{V, iyvel,t e TUTUTs}

~

Clearly, Sg,.1(A) is a subspace of S§,.,,(A). For each sufficiently smooth function g,

we define
(36.1) Lg(x) = Y > DlgwVJx)+>. Y Dlg(ve1)V, (x)
veV |y|<4r ec€ el
Y X D)V > 3 Dlgye)V ().
feF1UF2 vely teTHUT2UTs yel;

We are now ready to derive some properties of the super spline space §§T (D).

LEMMA 3.6.1. Lp = p for any polynomial p of total degree 8r + 1.

Proof. We use mathematical induction on the number of tetrahedra in A to es-
tablish this lemma. For n = 1, L is an interpolatory operator based on t, the only
tetrahedron of A. Since the sets of interpolation conditions associated with each ver-
tex of ¢t are lower sets and induce a partition of Ag..1, we see that Lp = p for all
p of total degree 8 + 1 by Proposition 3.1. Suppose now that the result holds for
m=#{t:teA}. Let #{t:t€ A} =m+1landset A={t;:i=1,---,m+1}. By
relabeling if necessary, assume that ¢,,,1 = (X1, X2, X3, X4) has at least one boundary
facet, and for the time being, assume that it has only one interior facet (xi, X2, X3),
say. Let A= {t; ;i =1,---,m} = A\{t;m11}. Observing the uniqueness in Lemma
3.3.5 and applying Theorem 4.1.3 in [39], we can see that the smoothness of Lp across
(x1,X2,X3) may be expressed in terms of certain appropriate interpolation conditions

(i.e., derivatives relative to the edges and related to the facet) such that LAp‘A,: L

and LAp‘t LS Ly, ..p, where La, Lar, Ly, ., are restrictions of L on A, A’ t,, 14, re-

m—+1

spectively. By the induction hypothesis, we have LAp‘A/: p and LAp‘t = p. Hence,

m—+1
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Lp = p on A. The proof is similar if ¢,,,; contains two or three interior facets. This
completes the proof.

If Lg is interpreted as

=> > Dy (x)

veV |y|<4r

+ZZD7

ec& vel,

+ Z Zng‘ yflvf X)

feEF1IUF2 ’YEIf

+ Z Z Dgg‘t(}’m)‘/;ﬂ(x),

teThUT2UTs yEIx

Vel VV( )

then the following result is also derived from the above argument.
LEMMA 3.6.2. Lg = g for any g € S5, ., (D).
We have the following consequence of Lemma 3.5.2.
THEOREM 3.6.1. The collection

WV veV [y <4 u{V)iyel,ecEFU{V) iy ey, f e FLUFR}
WV, ivel,te TUT,UT3}

is a basis of S and consequently S = Sg, | (A).
Let G C sup{t:t € A} and for g € C*(G), denote

|D*gll = max [ D%gllcqe)

and

dist(/.8) = inf | = .

Clearly, the vertex splines in S),d > 8r + 1, can also be constructed by using
same idea as above and similar results may be derived. Therefore, we can state the
following more general theorem.

THEOREM 3.6.2. Let d > 8r + 1. There exists a linear operator L with range §§
such that

ILg — gl < K[| D™ g|[| A"

for all sufficiently smooth function g, where K is a constant independent of g and /\.

In particular, for d = 8r + 1, L can be chosen to be (3.6.1). Consequently,

dist(g, 5) < K| D™ g||| A,
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Proof. Here, we only prove the case that d = 8r+1, since a similar argument yields

the desired result for d > 8r + 1. Fix a point x € G and consider a linear functional

F(g) = Lg(x) — g(x).

It is easy to see that F satisfies the following:

8r+1

(i) [F(g)l < Ku > [ID7gl[|AF

j=0

(ii) F(p) =0 for all p € Pg, 41,

By an argument similar to that in Bramble and Hilbert [24], there exists a constant
K independent of g, x, and |A| such that

[Lg(x) — g(x)| < K[|D¥*g]|| A,

Therefore, we have established the theorem.
Note that S%. 41 1s a proper subspace of Sg._ ;. In fact, the exact dimension of Sy
is given in the following

COROLLARY 3.6.3.

dim S; = 35N, +8N.; + 12N, + 16N, ,, + TNy,
+11Ny, + 46Ny, + 4N, ; + 60N, , + 216N,

where Ny, Net, Ne s, Nep, Nft, Nfms Ntp, Nety Nem, Nip denote the numbers of ver-
tices, t-edges, m-edges, p-edge, t-facets, m-facets, p-facets, tetrahedra, prisms, par-

allelepipeds of /\, respectively.
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4. FINAL CONCLUSIONS AND REMARKS

In sections 2.1-2.6 and 3.1-3.5 we mainly dealt with the construction of vertex
splines in various spline spaces Sj(A) in the bivariate and trivariate settings and
proved that approximation formulas based on the vertex splines may be used to realize
the full approximation order. Our results show that these vertex splines in S} (A) span
a super spline subspace and the full approximation order can be achieved by using its
subspace. We should comment on the application aspects of these vertex splines. Due
to the facts that they have local supports and that they can be easily constructed
on an arbitrary grid partition, vertex splines should find important applications in
engineering and other applied areas. The following are three of these applications.

(1) Assume that we are given some partial information of a unknown function
f on scattered data set of an interested region R and we are looking for a surface
( such as a piecewise polynomial function ) with certain preassigned smoothness to
approximate the unknown function f. The mathematical model can be described as
follows. Let V = {vy,---, vy} be the set of scattered data and r be the preassigned
smoothness requirement. Assume that the region R of interest has been partitioned
into a simplicial region A (or in general, a mixed partition ) with v;,i =1,---, N, as
its vertices. For convenience, we assume that ? C IR*. Denote [ := {a € Z> : |a| <
r+ [(r+1)/2]} and denote I. C V x I the index set of interpolatory constraints. In
other words, D*f(v;), (v,«) € I. are the known information. In addition, we know
the certain moments of f on R. Then the problem is

Find a spline Sy € S5(A) such that

If = Selle =inf{|[f —sl2: s€SHA)
D%s(v) = Df(v),(v,a) € 1.}

Here, \lglls = (Jp |91%)"/? and d = 3r +2.

Note that when I, = ), the problem is reduced to the usual L? approximation
problem.

By using vertex splines in §(§(A), this problem can be easily solved. The resulting
surface has the full approximation order to the unknown function f if f is assumed
to be sufficiently smooth. We may solve the discrete version of the above problem as
well. The reader is referred to [28] and [39] for reference.

(2) Assume that we are given the same problem as (1) except that we do not have

the information on the certain moment of f mentioned above. Then we may consider
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the following:
Find a spline sy € Sy(A) such that

|D?s¢]l, = inf{||D%s||y: s € S5(A), and
D%s(v) = D*f(v), (v,«) € 1.}.

4

Here, | D?g|| := Yjo=2 |D%gll2- That is, the spline we look for is of minimum “en-
erqy”.

By using fundamental vertex splines of §§(A), this problem is turned into one that
requires solving a linear system. Thus, we can easily solve this problem and obtain a
desired surface. (cf. [27, 28].)

(3)Another application of vertex splines is to solve partial differential equations
(PDE’s). We may use them as trial functions instead of finite elements. Let us consider

a wave equation of optical waveguide:

(V2 + (52)2)u =0

B
%u =0 on the magnetic wall
u =0 on the electrical wall.

where ( is the cutoff wavelength to be determined and u represents the axial field
components of E, or H, for the electromagnetic field.
Now let u = Z{;l f:Vi, where V;’s are the fundamental vertex splines in §5(A).

Multiplying from the left by u and integrating over the region R, we then apply Green

//RVu-Vu—(];))Q//Ruzz()

identities to obtain

or L
f'Sf — (EO)?ftTf =
where f := (f1,---, f1)" and S and T are resulting matrices. After variational calculus,

we will obtain an eigenvalue problem with (ko/3)? as its eigenvalue. Then solving for
the eigenvalues and corresponding eigenfunctions, we obtain the desired results on
the electromagnetic field of a waveguide.

The advantages of using vertex splines instead of finite elements are the following:
in the bivariate setting, the degree of the polynomial pieces is 3r + 2 instead of 4r + 1
for » > 1; in the trivariate setting, the degree of the polynomial pieces is 6r + 3
instead of 8 4 1 for » > 1; no normal derivatives inside of an edge of each triangle
(or tetrahedron) are needed; no mapping to the standard triangle or rectangle is

necessary; finding inner products of vertex splines is easier (their B-nets and exact
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formulas are used) instead of numerical integration. We may use this technique to
solve other PDE’s. See [27, 28] for other applications.

Besides the above remarks, we also comment on the other aspects of vertex splines
as well as the theory of MSA.

It should be noted that the construction of vertex splines is based on the assump-
tion that a partition of the region R of interest is given beforehand. Many methods
for generating simplicial partitions can be found in the literature (cf. [6, 110] for
references) and some study based on mixed partitions can be found in [79, 104].

In addition to the study on simplicial B-splines, box splines, and vertex splines,
the discussion on dimensions of various bivariate spline spaces and thin-plate splines
which are of global support has been carried out simultaneously. Readers are referred
to [1-3, 5, 33, 43-48, 74, 75, 78, 108, 109, 111, 115, 116] for the information on the
dimensions of bivariate spline and super spline spaces and to [113, 114] and etc. for
the discussion on thin-plate splines. Also, see [67-69, 80, 93, 96] for the study of using
radial functions in multivariate interpolation and [29-31, 34, 73, 91, 93, 95, 97, 100,
102] for multivariate spline interpolation and surface fitting.

In [19], the authors conjectured that in the trivariate setting, the full approxima-
tion order of S} is obtained as soon as d > 4r 4 3. The conjecture is still an open

problem.
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APPENDIX
Examples of Vertex Splines on A Mixed Partition

In this appendix, explicit formulation of the vertex splines V), and V.’ in the
super spline space 5’; are given in terms of their B-coefficents on each triangle of their
supports as shown in Figure A.1-A.7 as well as their graphs as shown in Figure A.8—
A.14 and Figure A.16-A.22 with supports as shown in Figure A.15 and A.23. In Figure
A.1-A.7, we only consider formulation of each vertex spline V) on a triangle inside
its support which consists of triangles only for simplicity. However, we present graphs
of those vertex splines whose support contain both parallelograms and triangles in
Figure A.8-A.14 with support as shown in A.15.

Let x; = (x;,v;) be a vertex in A and (x;, Xk, X;k+1), K = 1,---,1(x;), be the
triangles in A that share x; as their common vertex. Let e = [X 1, X, 2] be an interior
edge of A and (X, 1,Xc 2, Xe3) and (Xe 1, Xe 2, Xe4) be the two triangles of A that share
e as their common edge. For simplicity, we may assume that e is not a singular edge.
Also, we have assumed that all vertices of A have been enumerated and all edges
have been assigned a direction which is denoted by [xc 1, X 2]

Denote < x,y >= {x+t(y —x) : 0 < ¢ < 1}. As usual, we denote x = (z,y) and

denote by
1 1 X1 U1
5<X1,X2,X3> = 2 Iz o
1 x3 w3
the signed area of the triangle (xi,xs,x3) . In Figure A.1-A.6 we need the following
notation.
. 5<Xi,kflaxi,kaxi,k+1> . 5<Xz‘,kaxi,k+1>xi>
ap = Br = —
5<Xi,ka Xi, Xi,k71> 5<Xi,ka Xi, Xi,k71>
(X Xkt 1, Xi ket 2)
Ve =
5<Xi,k+1; X k+25 Xi)
and
1 1 1
by = 5(%1@ - xz’), Cr = 5(,%1@ - yz'), dp = %(%k - xz‘)2;
Lm0 fi= (g — 20 )
ex = — Wik — Vi), = -~ Tik — Ti))\ T4 - X;),
k 20 Yik — Y k 20 k k41
1 1
hie = — Wik — Yi) Wikr1 — i), = —(Tik — Ti)Yik — Yi),
k 2O(y,k Yi) Yikr1 — Yi), Gk 10(x,k ) (Yik — i)
. 1
e = o= (@ikrr — 7)) Wik — ¥i) + Wipsr — vi) (Tig — 7))

20



Xik—1

X k42

Xik X k+1

I <Xk, Xi >, <X, rq1,X; > are interior edges

{ak + B if < xi5,% >= X5, X
ak1 =
0 otherwise
{ 1 if < Xip1, X >= [Xip41, X4
Q2 =
Vi otherwise

II. <xk,%X; >, <X;,41,X; > are boundary edges

{ 1 if < Xk, Xj >= [X@k,Xi]
ag1 =
0 otherwise
{ 1 if < Xp41, X >= [Xipy1, X
Qg2 =
Vi otherwise

Fig. A.1  Vertex spline V%%
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Xik—1

X k42

([ ] bk bk+1 y

[ ]
24 b + s 2bp41

0 bi1 bro 0

Xik X k+1

I <Xk, Xi >, <X;rt1,X; > are interior edges

; {2bkak + (bp—1 + 2by) i if < x4k, % >= [Xip, X
1 =

0 otherwise
; b + 2bj41 if < Xip1, X >= [Xi 41, X4
k2 =
205411V otherwise

II. <xk,X; >, <X;p41,X; > are boundary edges

) { 20, + by if < Xik,X; >= [Xi,k7 Xi]
k1l —
0 otherwise
b { bk + 2bk+1 if < Xikt1, X4 >= I:Xi’kJrl, Xi]
k2 —

0 otherwise

Fig. A.2 Vertex spline V)S’O)
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Xik—1

X k42

Xik

I <Xk, Xi >, <X;rt1,X; > are interior edges

{2%% + (Ch—1 + 2¢) B 1 < X, X5 >= [Xi 4, X4
Ck1 =

0 otherwise

Cr + 2¢k41 if < Xp41, X >= [Xi g1, X5
Cr2 = )

2Ck 117k otherwise

II. <xk,%X; >, <X;p41,X; > are boundary edges
2c, + oy if < Xik,X; >= [X@k, Xi]
Crk1 = .
0 otherwise

{ cr + 2Ck+1 if < Xikt1, X4 >= I:Xi’kJrl, Xi]
Cr2 =

0 otherwise

Fig. A.3  Vertex spline V%
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Xik—1

X k42

Xik X k+1

I <Xk, Xi >, <X;rt1,X; > are interior edges

p {dkak + (de + 2fe—1) Bk I < Xip, X >= X, X4
Kl =

0 otherwise
p di+1 + 2fk if <X g1, %X >= [Xi g1, X5
k2 =
1Yk otherwise

II. <xk,%X; >, <X;p41,X; > are boundary edges

dy + 2 f% if < Xik,X; >= [Xi,k7 Xi]
dip1 = '
0 otherwise

y { diy1 +2fe i < Xipp1, X >= Xy, X
k2 =

0 otherwise

Fig. A4 Vertex spline V%%
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Xik—1

X k42

Xik X k+1

I <Xk, Xi >, <X;rt1,X; > are interior edges

{gkak + (g + 205-1)Be I < Xip, X >= [Xip, X
k1 =

0 otherwise

Gi+1 + 205 if < Xjpt1, X >= [Xiht1, X5
Jk2 = .

Jkt17Vk otherwise

II. <xk,%X; >, <X;k41,X; > are boundary edges
9k + 20k if < xp,%x >= [Xik, X
9k1 = .
0 otherwise

{ Gey1 + 20, i < Xpy1, X >= [Xipr1, X
gk2 =

0 otherwise

Fig. A.5 Vertex spline V)S’l)
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Xik—1

X k42

Xik X k+1

I <Xk, Xi >, <X;rt1,X; > are interior edges

{ek&k + (e + 2hi—1) B if < X410, % >= [X; 1, X4
€Ll =

0 otherwise

er+1 + 2hy if < Xip1, X >= [Xi 41, X4
€k2 = )

€k+17Vk otherwise

II. <xk,%X; >, <X;p41,X; > are boundary edges

er + 2hy if < Xk, Xj >= [X@k, Xi]
€k1 = .
0 otherwise
{ epy1 + 20y i <X 00, X >= X1, X
€k2 =

0 otherwise

Fig. A.6  Vertex spline V%%
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In addition, let

a2
Xi3 (/ 0 aq

. <x;1,X%;2 > is an interior edge

{ le if <x1,%X2 >= [Xi,l,Xi,Q]
a; =
—l. otherwise
{ le if < x;1,Xi0 >= [Xi1,%; 2]
a9 = _
-l otherwise

II. <x;1,%;2 > is a boundary edge. Assume < X;1,X;2,X;3 >
is the only triangle of A containing < x; 1,X;2 >.

alzle

Fig. A.7 Vertex spline V,
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