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IMPROVED ITERATIVELY REWEIGHTED LEAST SQUARES FOR
UNCONSTRAINED SMOOTHED ¢, MINIMIZATION*

MING-JUN LAI', YANGYANG XU#, AND WOTAO YIN#

Abstract. In this paper, we first study ¢4 minimization and its associated iterative reweighted
algorithm for recovering sparse vectors. Unlike most existing work, we focus on unconstrained {4
minimization, for which we show a few advantages on noisy measurements and/or approximately
sparse vectors. Inspired by the results in [Daubechies et al., Comm. Pure Appl. Math., 63 (2010),
pp. 1-38] for constrained ¢4 minimization, we start with a preliminary yet novel analysis for uncon-
strained €4 minimization, which includes convergence, error bound, and local convergence behavior.
Then, the algorithm and analysis are extended to the recovery of low-rank matrices. The algorithms
for both vector and matrix recovery have been compared to some state-of-the-art algorithms and
show superior performance on recovering sparse vectors and low-rank matrices.
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1. Introduction. Recovering sparse vectors from linear measurements is one
of the central subjects in compressed sensing. Now the study has been extended to
recovering low-rank matrices X from their linear observations A(X), which arises
in many applications, for example, system identification [23], model reduction [12],
recovering shape and motion from image streams [27, 33], data mining and pattern
recognition [11], collaborative prediction [30], and low-dimensional embedding [22].
A particularly interesting case is the matrix completion problem, where A(X) is a
subset of the entries of X. It has been shown in [29, 4, 6] that under certain conditions,
an m-by-n matrix M with rank » < min{m,n} can be exactly recovered from a small
number of its entries in @ C [m] x [n] by solving the convex program

(1.1) rr}}n [IX|ls, subject to Po(X) = Pa(M),

where [m] := {1,2,...,m}, the nuclear norm || X]||« is the sum of the singular values
oi(X) of X, e, | X[« = X, 0i(X), and Po(X) = Po(M) is short for X;; =
M;j,(i,5) € Q. The work [29] studies the low-rank matrix recovery problem with
constraint A(X) = A(M) for general linear operator A : R"™*™ — RP.

Various types of algorithms have been proposed for solving problem (1.1), and
many of them are extensions or adaptations of their predecessors for sparse vec-
tor recovery. They include the singular value thresholding algorithm [3] based on
the linearized Bregman algorithm [36, 28], fixed-point continuation code FPCA [24]
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extending FPC [18], the code APGL [32] extending [2], and the code [35] based
on the alternating direction method [16]. Algorithms with no vector recovery pre-
decessors include OptSpace [20] and LMaFit [34], which are based on explicit fac-
torizations M = USV* and M = XY and nonlinear least-squares formulations
ming g v [|[Pa(USV* — M)| r and miny y ||Po(XY — M)| F, respectively.

Besides the above, the nonconvex ¢, quasi-norm |[[x[[I = >, [%;|?, 0 < ¢ < 1,
and its variants have been used to develop algorithms for recovering sparse vectors in
[7, 9, 10] and low-rank matrices in [26, 13]. First, compared to ¢; norm ||x||1, [[x[|Z
for 0 < ¢ < 1 makes a closer approximation to the “counting norm” ||x||p, which is
the number of nonzero entries of x. It is shown in [8] that assuming certain restricted
isometry properties (RIPs) of the sensing matrix A, a sparse vector x° € RY is the
¢, minimizer of Ax = b, where b := Ax° can have fewer observations than needed by
convex ¢, minimization. Works [15, 31] derive sufficient conditions in terms of RIP
of A for £, minimization to recover sparse vectors that are weaker than those known
for /1 minimization.

However, the ¢, quasi-norm is nonconvex for ¢ < 1, and ¢, minimization is gen-
erally NP-hard [17]. Instead of directly minimizing the ¢, quasi-norm, which most
likely ends up with one of its many local minimizers, algorithms [7, 9, 10] solve a
sequence of smoothed subproblems. Specifically, [7] solves reweighted ¢; subprob-
lems: given an existing iterate x(¥), the algorithm generates a new iterate x(*+1)
by minimizing ), w;|z;| with weights w; = (e + |x§k)|)q_1. To see how it re-
lates to ¢, quasi-norm, one can let xF) = x, € = 0, and 0/0 be 0 and then get
Yo wilzi| = 2 [zl = ||x[|g. On the other hand, [9, 10] solves reweighted £y (more
precisely, least-squares) subproblems: at each iteration, they approximate ||x[|¢ by
>, wilz;|* with weights w; := (€2 + |x§k)|2)q/271.

In the reweighted ¢;/¢5 iterations, a fixed € > 0 not only avoids division by zero,
but it also often causes the limit x¢ = limj_,~ x*) to contain very few entries larger
than O(|e|) in magnitude. In this sense, x° is often a good approximation of x° up to
O(le]). To recover a sparse vector x from b = Ax, these algorithms need to vary e,
starting at a large value and gradually reducing it. In particular, [10] sets € in terms
of the (s+ 1)th largest entry of the latest iterate, where s is the sparsity guesstimate.
Empirical results show that to recover vectors with entries in decaying magnitudes,
the reweighted ¢7 /¢ algorithms require significantly fewer measurements than convex
{1 minimization, and in compressed sensing this measurement reduction translates to
savings in sensing time and cost.

Like other types of algorithms, the above ¢, inspired algorithms have been ex-
tended to recovering low-rank matrices. In particular, algorithms [26, 13] extend
[9, 10] and apply reweighted ¢5 to approximate || X||.. Its subproblem will become
clear after some notation is introduced.

This paper introduces algorithms for sparse vector and low-rank matrix recoveries
based on unconstrained smoothed ¢, minimization and reweighted ¢; iterations, as well
as their convergence results. One of the advantages of an unconstrained model over
its constrained counterpart (e.g., [26]) is its suitability for noisy measurements and
approximately sparse vector or low-rank matrix recovery. More precisely, we study
the following unconstrained smoothed ¢, minimization with 0 < ¢ < 1:

. 1
(12) min ]2, + 5 4x = b3,
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where

N

Ix[l e = D (aF + )2,

j=1
This minimization is for sparse vector recovery. For low-rank matrix recovery, we
assume the singular values of X are ordered as o1(X) > 09(X) > -+ > 0,.(X) >
or41(X) = -+ = 0p(X) = 0 unless with more specification, where r = rank(X).
By writing X = UXVT in its standard singular value decomposition (SVD), we
can extend XX = VXXV T to the definition (X' X)® := V(2TX)*V T, where «
is a real scalar and (X7X)® is a diagonal matrix with diagonal entries (o;(X))3,
i=1,...,n. Then, one gets

tr (XTX0)72) = (VETD) V) =6 ((572)72) = 3 (o
i=1
which is known as the Schatten-g quasi-norm of matrix X. For ¢ = 1, 2, this identity
reduces to

n
X = tr ((XTX 1/2) Zal and [ X% =t (XTX) =} (0:(X))%,
i=1
respectively, which are the matrix analogues of the vector ¢;-norm and squared /(-
norm. We consider minimizing tr (X X)%/2) for 0 < ¢ < 1.
Our exposition on low-rank matrix recovery is based on unconstrained smoothed
¢, minimization

1
. T 271\q/2 2
(1.3) min tr ((X X +¢€1) ) + n lA(X) — b||2,

where [ is the n x n identity matrix, e > 0 is a smoothing parameter, and b is an
observation vector with or without noise. By the definition, we have (X T X +¢21)9/2 =
V(ETS + €272V and

((XTX e q/Q) Zn: 2)9/2,
i=1
Roughly speaking, smoothed ¢, minimization is applied to the singular values of X.
Given X ) at iteration k, our algorithm generates X (**1) as the unique solution of

0 4 k) xT 1 RN
(1.4) min 2tr(W X X)+2A IA(X) = b2,

where

W) . ((X(k))TX(k) Jre21)11/2—1

The objective function of (1.4) is quadratic in the entries of X. At X(®)| the gradient
of the objective function in (1.4) is the same as that of the objective function in (1.3).

Our algorithm is different from the ones studied in [26, 13]. The algorithm in [26]
is based on the constrained counterpart of (1.3) which minimizes tr((X " X +¢21)9/?)
for 0 < ¢ < 1 subject to A(X) = b, and it solves the constrained counterpart of (1.4)
at each iteration. In addition, the algorithm is analyzed only for ¢ = 0,1. In [13], the
constrained minimization is restricted to ¢ = 1, and a different updating rule of W)
is used. Under the strong rank null space property assumption, their algorithm can
be proved to give the unique minimizer.
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1.1. Contributions. The contributions of this paper include novel algorithms
and convergence results for unconstrained ¢, minimization in both the vector and
matrix settings, relative to the existing papers [21], [10], and [13]. One of the proposed
algorithms improves the vector algorithm in [21] by introducing iterative updates of
€x; see Algorithm 2.1. This paper also improves an elementary inequality in [21] and
thus gives better estimation of the difference between two consecutive iterates; see the
inequalities in Lemma 2.3 and (2.11). In addition, these inequalities are extended from
the vector setting to the matrix setting. The iterative update of € in the proposed
algorithms is the same as the one in [10]. The convergence study of the iteratively
weighted least-squares algorithms for constrained ¢, minimization in [10] guides our
study of unconstrained ¢, minimization. However, while the null space property plays
a central role in [10], it is no longer useful for analyzing unconstrained ¢, minimization
as x®) — x(©) does not lie in the null space of A any more. We find a property (cf.
Lemma 2.7) to overcome this difficulty for establishing convergence and deriving a
local error bound. This study is extended to the setting of low-rank matrix recovery
in section 3.

Furthermore, our algorithm for matrix recovery is carefully implemented to ex-
ploit problem structures. Starting with an initial rank overestimate K, our algorithm
can automatically decrease it to the true rank by a rank-decreasing strategy. Using the
best rank-K approximation of (X(k))TX(k) to update W*) we can efficiently solve
(1.4) for matrix completion problems by the Woodbury matriz identity. Our algo-
rithm is compared numerically with some state-of-the-art algorithms such as LMaFit
[34] and AGPL [32] on matrix completion problems and shows better performance on
matrix recovery from noiseless and noisy measurements.

1.2. Notation. We let lowercase letters p, q, ... denote scalars and bold lower-
case letters x, z, . .. denote vectors. x; denotes the ith component of vector x. Capital
letters X,Y, ... are used for matrices and caligraphic letters £, P, ... for operators or
functionals. Greek letters with subscripts such as d; are reserved for RIP constants.
Capital letters such as C, C, Cs are reserved for constants and I for the identity ma-
trix. Any vector x with no more than s nonzeros is called an s-sparse vector, and any
matrix X of rank not greater than r is called an r-rank matrix. The trace of a square
matrix X is denoted by tr(X) and the inner product (X,Y) :=tr(XY ") = tr(XY)
for any X,Y € R™*". Other notation is given as it appears.

1.3. Organization. The rest of this paper is presented as follows. Section 2
discusses problem (1.2) with 0 < ¢ < 1. An iterative reweighted /5 algorithm inspired
by [9, 10] is presented for this unconstrained problem with convergence analysis. The
algorithm and analysis are extended in section 3 to the low-rank matrix recovery
problem (1.3). In section 4, we compare the proposed algorithms for both sparse
vector and low-rank matrix recovery to some state-of-the-art algorithms.

2. Unconstrained £, minimization with 0 < g < 1. Our algorithm is
derived by solving a sequence of subproblems in the form of (1.2), which has the
objective

N
1

N =S )12 L | Ax — b|32.

(x, €, 2 x —|—6 —|—2)\|| X Ik

For any € > 0 and A > 0, the minimization problem (1.2) must have a solution because
L,(x,€,A) is continuous with respect to x. Thus it can achieve the minimum over a
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bounded set {x : ||x||z < A}, where A is a positive constant. In addition, L,(x,€, \)
blows up as [|x||2 — oo. For convenience, we let x4 denote a critical point of (1.2)
and it satisfies the first-order optimality condition

€,A,q
qx;

(2 + (x?)\v‘Z)Z)l—q/Q

(2.1) + %AT(Axe’/\’q —b)=0.

ngszv

Due to the nonlinearity, there is no straightforward method to solve the above system
of equations unless for specific instances, such as AT A is a diagonal matrix and
q = 1. We approximately solve the system with a sequence of €¢’s and the method is
summarized as Algorithm 2.1.

ALGORITHM 2.1 (iterative reweighted unconstrained ¢, for sparse vector recovery
(IRucLg-v)).

Input: vector b, matrix A and estimated sparsity level s;

Output: vector x € RY.

Choose appropriate parameters A > 0,q € (0, 1].

Initialize x(© such that Ax(®) =b and ey = 1.

For £=0,1,2,...

Solve the following linear system for x(k+1);

(k+1)
qx; 1
(2.2) 0 — + XAT(AX(’““) —b)=0
or equivalently
(2.3) AT A + Diag D j=1..N| |xtD = aTh

(¢ + (25)?)

Update ¢;,,1 = min{ey,, o - r(x*+1) 1} where a € (0,1) is a constant.
End For

In Algorithm 2.1, r(z) is the rearrangement of the absolute values of z € RY
in decreasing order. If €411 = 0, we choose x(k*+1) to be an approximation of the
sparse solution and stop the iteration. Otherwise, we stop the computation within a
reasonable time and return the last x(*+1). A similar algorithm is proposed in [21],
but it does not have this e-update. A large e will smooth out small local minimizers,
as been explained in [9], so adaptively updating € allows one to get close to the global
minimizer without getting trapped at a local minimizer.

It is easy to see that the linear system (2.3) is invertible for any x(**1) as long
as €, > 0. Once €xy1 = 0, the iteration is stopped. Thus, Algorithm 2.1 is well
defined. Tt is clear from Algorithm 2.1 that {e} is a nonincreasing sequence which is
convergent to some nonnegative number €,. Below we show that the sequence {x(’“)}
is bounded and thus has at least a convergent subsequence. We also show that the
limit x* of any convergent subsequence is a critical point of (1.2) when €, > 0. When
€. = 0, the limit is a sparse vector with sparsity ||x*||o < s, where ||x||o stands for the
number of nonzero entries of vector x.

DEFINITION 2.1 (RIP). For integer t = 1,2, ..., the restricted isometry constant
0¢ of matrixz A is the smallest number such that

(2.4) (1= an)lIxII3 < 1 Ax[[3 < (1+60)[1x[13
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holds for any t-sparse vector x. For simplicity, we say matriz A satisfies the RIP of
order t with constant ;.

According to the analysis in [14], the RIP constant satisfies
2.5 6 = max [|[AJAg—1T
(25) v= max [ALAs — I]
where S C [n], #(95) denotes the cardinality of S, Ag is a submatrix of A obtained by
taking all the columns indicated by S, and || X2 is the matrix 2-norm which equals
the largest singular value o1 (X).

Under the RIP assumption, we can ensure that the limit x* is a reasonable ap-
proximation of the sparse solution if x* has a very small tail in the sense

US(X*)IJ = inf |x* - YHP
llyllo<s

for p > 1, which is the error term of the best s-term approximation of x* in the
{p-norm.

2.1. Convergence of Algorithm 2.1. In the first part of this subsection, we
analyze the convergence of Algorithm 2.1 and give an error bound for its limit point
x%*, It is always assumed that the true signal x° satisfies Ax® = b. Namely, our
results are established on the noiseless scenario. However, all these results can be
easily extended to noisy ones. The following theorem summarizes our main result for
0 < g < 1. The second part of this subsection shows a stronger convergence result for
g = 1, in which case the problem (1.2) becomes a convex program.

THEOREM 2.2. Suppose that X° is an s-sparse vector satisfying Ax® = b. Assume
that A satisfies the RIP of order 2s with d25 < 1 and the smoothing parameter € — ¢,
as k — oo. Then the sequence {X(k)} generated by Algorithm 2.1 with 0 < g < 1 has
at least one convergent subsequence. When €, > 0, the limit x* of any convergent
subsequence is a critical point of problem (1.2) with € = €., and it satisfies

(2.6) [ = x°||, < CLVA+ Caog(x%)s.

When e, = 0, there must exist a subsequence from {x(k)} converging to an s-sparse
point x*N which satisfies

(2.7) [x0* —x°|, < CVA.

Here, Cy, C2, and C are positive constants dependent only on ds2s, |x°||4, and initial
point x(©).

Remark 2.1. From the results in Theorem 2.2 we can see that when €, = 0, the
limit x%* is away from the exact sparse solution by a factor of VA. If €, > 0, we
have to check how small the error o, (x%*)s is. If the error is very small and A is
very small, then x“ is close to the exact sparse solution. This result provides a
reasonable stopping criterion for Algorithm 2.1 when A is small. Specifically, if the
tail of the current iterate x(¥) is small after the sth largest term in magnitude, we
can terminate the algorithm. Equivalently, if €, is small, we can stop the iteration
according to the updating rule of e.

Remark 2.2. Under the assumption that L,(x,€*, A) has finitely many critical
points, we can show that the sequence {x(k)} is convergent when e, > 0. Indeed,
let y',i = 1,...,¢ be these critical points and ¢ = min,; ||y’ — y’||2 be the smallest
distance among them. For any 0 < d < ¢/3, there exists an integer K; > 0 such
that for any k > K1, x(¥) is inside the ball Ba(y") centered at some y’ with radius
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d. Otherwise, there would be another new critical point. In addition, (2.11) indicates
that there exists another integer Ky > 0 such that ||x(**1) — x(®)|, < d for any
k > K,. With these two observations, we claim that if x(5) € B,(y™), then all x(*)
for k > K = max{K;, K} are inside the same ball, and thus the sequence {x(*)}
converges to yio.

To prove Theorem 2.2, we begin with the following inequality.

LEMMA 2.3. Given 0 < q <1, if € > €41 > 0, then the inequality

dz—yy _ _ ax—y)?

2\a/2 _ 2\q/2 _
(2.8) (er, + ) (ert1+y7) (ex + 22)1—1/2 = 2(ep, + a2)1-4/2

holds for any x,y € R.
Proof. We first use the well-known arithmetic-geometric mean inequality (cf. [19
p. 16, (2.5.2)]) to have

29) ()" e + )72 < (1= 1) (e +2%) + L +92).

Then we compute the difference

q/2 _ q(m — y)y
(ek + x2)17q/2
(e +2%) — (ex +2%)"" "2 (en1 +y°)7° —gq(z —y)y
(e + 22)1-4/2

(e a?) = (1= 9) (e +2%) — §lersn +9°) —alz —y)y
= (Ek +x2)17q/2
qex —epr1 + (2 —y)? qa(z —y)
2 (e + 22)1-4/2 = 2ep + 22)1-4/2’
which is the desired inequality. |

Our next result shows the monotonicity of Lq(x(k),ek,)\) along the sequence.

Inequality (2.10) is similar to that derived in [21], while inequality (2.11) is new.
LEMMA 2.4. Let x**1 be the solution of (2.3) for k=0,1,2,.... Then

(e +2%) Y% — (epp1 +y°)

2

(2.10) [ Ax®) — AxFHD |2 < 2 (Lq(x(k), e A) — L(x*HD ey, )\)) .
Furthermore,
(211)  [x® = xB< 0 (L5, e, A) = Ly(xFD 1, 0)

for a positive constant C' which is dependent on ey and a bound for x*¥) k> 0.
Proof. We first compute

Lo(x™ e, N) — Ly (x5 e, )
N

k k+1
(€2 + [a§ )72 = 37 (R + [TV P2
1 j=1

(Jlax® =]l — lAx* — b 5)

M-

J
1
2\

1
(& + [ P)72 = (o + 2TV 4 o] Ax® — Ax D]

Mz

j=1

(2.12) + (Ax(k“) - b)T (Ax(k) - Ax<k+1>) .

> =



8 MING-JUN LAI, YANGYANG XU, AND WOTAO YIN

Using (2.2), we have

LFHD ($§k) B x(_k+1))

AxFD _p ! Ax®) — Ax(HD) = 4 J J
( ) ( )=-3

(2.13) -
(€ + |27 2)1-a/2

> =

j=1
Substituting (2.13) into (2.12) and using (2.8) yields

Lq(X(k), €k, )\) - Lq (X(k—i_l)7 €k+1, /\)

(k+1) /_(k) (k+1)
3 (@4 ) (@ ety - B )
pt J J (ei N |a:§k)\2)1_q/2

1 2
(k) _ A (k+1)
+ o Ax®) — axte)?

N
1 2 k) (k+1))2 q

> —[|Ax®) — AxHD |17 4 (x( - )
(2.14) = 2)\H 15 ; J J 2 + ‘mEk)|2)1_q/2

from which result (2.10) follows immediately.
For inequality (2.11), we see from (2.10) that L,(x*) e;, \) is monotonically
decreasing. It thus follows that
; a ; a
IS < B, < Ealx® e 3) < Lo(x @ 0,0) = [xO7

for all £ > 1. That is, there exists a positive number A such that ||x(k) ||oo < A for
all £ > 1. Note €, < €. Hence,

q > q
2 + [« )1z T 2(e + A1

Letting & = W, we have (2.11) from (2.14). O

With the above preparations, we are now ready to prove Theorem 2.2.

Proof of Theorem 2.2. If €, > 0, the boundedness of {x(*)} implies that there
exists a subsequence {x(¥i)} converging to some point x°*. Note that (2.11) indicates
|1 — x®)||, — 0. Thus the subsequence {x*s*1)} also converges to x*. Now,
replacing x®, x50 ¢ with x*), x(*+D ¢, in (2.2), respectively, and letting
7 — oo yields

1
+ XAT(AXEM —b)=0.
1<j<N

Namely, x“* is a critical point of (1.2) with € = ¢, > 0.

We use Lemma 2.4 to get

Ly(x™ e, ) < Lq(x(k"),ekj,)\) < Lq(x(o),eo,)\) < HX(O)HZ—FN(GO)q = HX(O)HZ-FN,

which implies | Ax“* = b, < v/2AL,(x 3 e, 4] < 4 2A([xO |7 4 N).
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Let S be the index set of nonzero entries of x° and let S* be the index set of s
largest entries in absolute value of x“*. Since [|x°||, < s, we have

[\

e =7, < 6 = x)sus-

9 T ||(X€*’A)(SUS*)C 5

[AG = x%) s+

5 T ||(X6*’)\>(SUS*)C 5

1
<
V1= 0o

1 . 1 €x,
<ot e =, + (e Al + 1) s

1
(Hx(o>|\Z+N)+< 5 Al +1

Ll 1)

2

1
P
< ==V
This completes the proof of (2.6).

If €, = 0, then ¢, = 0 for some k or ¢, = « - r(x(mk))s+1 holds for sufficiently
large k and some integer my < k. In the former case, x(*) is an s-sparse vector,
and we can let x%* = x(®). In the latter case, let x%* be a limit point of {x(™*)}
since {x(mk)} is bounded. Without loss of generality, we assume x%* = limy,_, oo x(™*).
Then 7(x%) 441 = limp 00 7(x™)) 11 = limp 00 € = 0. That is, x% is an s-sparse
vector. Therefore, in both cases, we have an s-sparse limit point x%*. Without loss
of generality, we assume x(*) — x0*. Using the RIP of A, we have

HXO’)‘ lim HAx(k) — bH2

1 0A _ 1
_XOHQ < m HA(X XO)HQ - mk—mo

<1y (2)\L((’“) A))l/2
S T 0y, oo (X €

1 1/2
< - (0)
ST (2)\Lq(x ,eo,)\))

< 1
T V1 =59

where we have used Lemma 2.4 in the third inequality. This completes the
proof. 0

2[5

Case of ¢ = 1. When ¢ = 1, we can prove a stronger result in the case of €, > 0
and estimate the error in the /; norm. The boundedness of {x(*)} from Algorithm 2.1
implies that {x(k)} has a convergent subsequence. Suppose x(#i) — X. We know that
X satisfies the first-order optimality condition of miny L;(x, €., A) when €, > 0. Since
Li(x, €4, ) is strictly convex when ¢, > 0, X is the unique minimizer. It follows that
{x(M} converges and the limit is the unique minimizer. As before let it be denoted
by xA.

THEOREM 2.5. Suppose X° is an s-sparse vector satisfying Ax° = b, and suppose
that the RIP constants das and 835 of A satisfy v = d3s/(1 — d25) < 1. If the limit of
{ex} is €. > 0, then the sequence {x®)} generated by Algorithm 2.1 with ¢ = 1 and
a< % converges to the unique minimizer x> of L1 (X, €., \), which satisfies

2 = x|, < Croe(x)1 + Cad

for an integer t < s small enough such that
two positive constants.

Remark 2.3. That is, when e, > 0, if the solution x° has sparsity ||x°[|, < t,
then 04(x°); = 0 and hence Algorithm 2.1 can recover the sparse solution x° within
an error proportional to A.

% < 1, where C; and Cy are
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To establish this result, we need a series of lemmas. Let

n= X€*7/\ o XO,
and let Sy contain the index set of the first s largest entries of x° in absolute value. In
addition, we let Sq, Sa,... be the subsets of the complement S§ of S in {1,2,...,n},
where 57 is the set of indices of the first s largest entries of 7g¢ in absolute value and
So is the set of indices of next s largest entries in absolute value and so on.

LEMMA 2.6. Suppose that A satisfies the RIP of order 2s with da5 < 1. Then

535 V2s
T j>2H’75jH2+177525A-

(2'15) ||775'0U51||2 =

Proof. Letting S = Sp U Sy, by (2.1) we have

HT}SHQ || ||2 <(X6*’)\—Xo)s,xé*’)‘—x">

= ((x* — x° S,(I AT 4)(x* = x°))

xik je S
) J
(€2 + (a5 H)2)1/2

since x¢** satisfies the first-order optimality condition. The first term of (2.16) is

(2.16) +A <(x€*’A -x%

<(I _ ATA)T(XE*,A _ XO)S7 (XE*’A _ Xo)>
< <(I _ ATA)T(XE*,A _ XO)S, (XE*’)\ _ XO)S>
+ Z< ATA e*, _ XO)S, (Xe*)\ _ XO)S]->
j>2
(217) <8 [N = x4+ da [l = xsl, | DD [l = x|

Jj=2

where we have used the property (2.5) of RIP constant to get (2.17). The second
term of (2.16) is

A <(x€*”\ — x")S,

i es
) J
(€2 + (x;*’)\)Q)l/Q

€45
<A(x = =x)s ], = :;E‘*VA)Q)UQ,;’ e s]
* J 2
(2.18) < AJ(x= A = x°)s ]|, V2s.
We summarize the above to have
(219) [ (x7 = x)s]l, < G |67 = %), + 800 3 [ = %) [, + AV

Jj=2

or equivalently

55 € o \/27
(2.20) [|(x* = x%)s| 2SN = x)s ||, + A O

2— _ —
1 — 695 s =3 1 — 025
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Furthermore, with the above inequality, we can show the following.
LEMMA 2.7. Suppose that A satisfies the RIP of order 2s with do5 < 1. Then

8\f
1-— 525

||7IS [+

5
(2.21) Insll < ==

Proof. We note that Hnsj H2 < ’|77ij1 H1 /+/s for all j > 2 and

(2.22) Z HUS]- Hz = Z ||775 H1 \[ HUS ||1

§>2 ]>1

Thus, we can use Lemma 2.6 and (2.22) to get

Imsolly < Vs lIns,ll < fllnsllz

0 Vs 2 03s1/5 1 5vV2
S ZH”S I, + A< 13_5 75 Imssly + =5
035 sV2
= O gl 22
Then the desired inequality (2.21) follows. O

In addition, we need the following lemma, which is a variant of Lemma 4.2 of
[10]. Although the idea for the proof is very similar, we include it for convenience.

LEMMA 2.8. Suppose that the RIP constants do5 and d3s of A satisfy v =
(535/(1 — 525) < 1. Let ﬁ = \/i/(l — (525). Then

1+ € o o 2
Il < T2 (U, = Il + 20 () + T
Proof. We use Lemma 2.7 to have
(2.23) Inlly = lInsolly + lnsg |, < 1+ [Insg |, + 8

Then

sl < |6
=[x~ A||1 I ”>o\1 x)ssll — 1)l
< 2 = Il + 1650l = 16 M)so |y + 2116
< el = el A 1 = x5 s |y 21 )l
< el = 1+ sy + 82+ 2[16)s -

where we have used Lemma 2.7 again in the last inequality. After rearranging the
terms, we get

1
(2.24) Insilly < 7= (I, = el + 582+ 2 [ (x)s ], ) -

Combining the inequalities in (2.23) and (2.24), we conclude the result in this
lemma. O
With the above three lemmas, we are ready to prove Theorem 2.5.
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Proof of Theorem 2.5. The convergence of {x(®)} to the unique minimizer x*

has been shown by the discussion before Theorem 2.5 or is implied by Remark 2.2
since L1 (X, €4, A) is strictly convex with respect to x when €, > 0.

x(k))
From Ax° =b and €, < 7“(75“ for all £ > 0, it follows that
=]y < LaGe= 0, ) < L2 en A) < 670y + New < ey + 6 Do,

Using Lemma 2.8 and noting that x° is s-sparse, we have

14~ 2s3
[ — x|, < 1—7 (=2l = Il + 205(x)1) + 1- 7/\

1

(2.25) < #T(XE*’)\)SJ,_l +CA
-
for C = i and v = 535 < 1. Furthermore, based on the rearrangement r(x*)
in decreasmg order, we can choose t < s such that
(2.26)
s+1
(s+1—-1) -r(x € Jsr1 < Z XA ) < o(x E*’)‘)l < Hx"—xe*’)‘Hl—i—at(xo)l.
j=t+1

Then, it follows from (2.25) and (2.26) that

|x° — xe*’AH1 < H%T(XE*’A)SH +CA

1—
1""}/ A
x% — x +04(x°%)1) + CA.

= (1_7)(8_’_1_]5) (H Hl t( )1)

Therefore, if v = u-«&(—kﬁ—t) < 1, then
v C

HXO 6*7/\H1 < Ut(xo)l + — V)\7

and letting C1 = 1% and Cy = 1=, completes the proof. 0

2.2. Local convergence behav10r of Algorithm 2.1. As discussed above,
when ¢}, — 0, the limit point of the sequence {x(®)} from Algorithm 2.1 with 0 < ¢ < 1
is close to the sparse solution within an error proportional to vA. When €, — €, > 0
and ¢ = 1, {x®)} converges to the unique minimizer of problem (1.2) with ¢ = ¢,. The
minimizer is close to a sparse solution within an error proportional to A. Only the case
corresponding to ¢ < 1 and €, > 0 needs to be studied further. This subsection gives
an analysis of the local convergence behavior of Algorithm 2.1 in this case. The main
result is the following theorem.

THEOREM 2.9. Suppose that x° is an s-sparse vector satisfying Ax® = b. Let
Sy be the index set of the nonzeros of x°. Assume that A satisfies the RIP of order
2s with 02, < 1/2 and v = (1i376523) < 1. Let {x™} be the sequence generated by

Algorithm 2.1 with 0 < ¢ < 1 and a < ﬁ and assume the smoothing parameter
er — €, > 0. Let n®) = x®) —x°_ If for some k, Ej, := ||77(k)||q < pmin;eg, |x9| with
p < 1, then there exists positive constants u and C' such that

(2.27) B, < u(ER)1 0 + OV,
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When Ex — 0, (2.27) holds for all k > ko for some integer ko > 1 if \=0. If A >0
is sufficiently small, (2.27) holds for kg < k < ko +m for some integers kg > 1 and
m >0 (to be explained in Remark 2.4).

The proof of Theorem 2.9 will be given after we establish two lemmas. Let us
first give some explanation of the results in this theorem.

Remark 2.4. For ¢ < 1 and A = 0, E} exhibits a superlinear convergence under
the assumption that E} for some k is sufficiently small such that (E{) <6 <1 for
some 1 € (0,1 —¢). In case u < 1, we also assume Ej, < 1. Then it follows from
(2.27) that E} , < p(EL)"(E])?*"7" < E} and hence Ejy; < Ej. Thus, we have
(Bl )" < (BT <0 <land By < By, < pminies, [27| < 1. Hence we can apply
(2.27) again. By induction, we see u(E}, )" < <1 and Egpp < pminges, 22| for

k+m
all m > 1. Therefore, by (2.27), we have

Eq

k+m — < 5(Eg+m71)2_q_7‘ < 53_q_r(Eg+m72)(2_q_r)2 IS 56(EZ)(2_q_r)m7

where { = Z;n:_ol (2—¢q—r). That is, E} converges superlinearly. Intuitively, when
A > 0 is sufficiently small, the errors Ej behave similarly. Indeed, under the same
assumption on Ej above, if A is small such that CvA4 < min{(l — 0Bl ;,J =
1,...,m} for another integer m, then the errors Ej; for 0 < j < m also behave in a
superlinear fashion.

Remark 2.5. Due to the error behavior in Theorem 2.9, if E} for k& > 1 are in
superlinear fashion, then

[ O < B, + B,
q

ie., the difference between two consecutive iterates behaves like that of E}. If the
difference above is in a superlinear fashion, the limit x“** would be close to a sparse
solution very likely. This can be a stopping criterion for Algorithm 2.1.

As explained in Theorems 2.2 and 2.5, the limit x®* of any convergent subse-
quence of {x(®)} is away from x° by an amount dependent on A and the residual
os(xM);. Thus, without loss of generality, we next assume that {x(®¥)} converges
and let n®) = x(*) — x° for k > 1. Recall that Sy contains the index set of nonzeros
of x° with cardinality #(So) = s. In addition, we let Sy, Sa,... be the subsets of S§

( +1) in absolute value

with S being the set of indices of the first s largest entries of 7g.
and S5 the set of indices of next s largest entries and so on.
LEMMA 2.10. Suppose that € — €, > 0 and suppose that A satisfies the RIP of

order 2s with dos < 1. Let S = SoUS1. Then

o2 i, = 7o 3o e

for a constant C > 0.
Proof. The proof directly follows that of Lemma 2.6 except for one step which
needs to be justified here. The inequality (2.18) is obtained from

€4y A
Ly
A
(2 + (z57)2)1/2

LR+
J y
Leim;“)z)w e S}

,JES

< V2s.
2

Now the term becomes . Since ¢, > e, > 0 and {x™} is

2

bounded, then
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(k+1)

H @+ e © S]

where A is a positive constant dependent on e, and the bound of {x(}. Fol-
lowmg other steps in the proof of Lemma 2.6 gives the desired result (2.28) with
C= 175% d

Furthermore, with the above inequality, we can show the next lemma.

LEMMA 2.11. Suppose that A satisfies the RIP of order 2s with d2s < 1 and
v =035/(1 — d25) < 1. Then for any q € (0,1],

(2.29) H (’““)H ‘ (k1) H + Cst/am1/2)
=15

k _ .
< [l Pl 25 € 8| < A,

2

for a constant C > 0.

Proof. The idea of the proof is similar to that of Lemma 2.7. We omit the
details. |

We are now ready to prove Theorem 2.9. The proof mainly follows the ideas in
[10]. We spell out details in the setting of unconstrained ¢, minimization.

Proof of Theorem 2.9. By (2.2), we have

N (k+1)y, (k+1)
Z (x +n; )7711 - L2 1 (n (k+1))TATA77 (k+1) _ (.
k
i=1 (Gk (())) ! qA
Rearranging the terms and noting that x° is supported on Sy, we have
(2.30)

N (k+1)y2 0,,(k+1)
YA 1 Lin,
( ) (n(k+1 )TATAn(k+1) _

+ .
(@4 @M)2) T a 5 (& + @)

€k
Using the assumption that \ngk)\ < By, < pminjes, |[25] with p < 1, we get

|7 7] gl !

(& + )2) 72 7 (g g2y T (A=)

(2

Letting C' = min{|z?|, 2% # 0} and C = (C)4~?, we have
|9 C
2 P2y a2 = (1= p)2a
(€ + (23)?) P

?

and hence,
_ Z Ionl(k-i-l) < Z é |7’](k+1)|
1—q/2 — _ 2— [
zESo ) ) “/ i€Sp (1 p) ! (1
Thus, by (2.30), we further have
N ( (k+1)\2 N (k+1)
Y ) ( ) Lo (k1) 4T g4 (k1
< Z + — D AT Ay(tD)
1—q/2 1—q/2
P (ei 3+ (xgk))z) q/ P ) % qA
(k+1) H < C ) (k+1)
o ] <

(231) < = (2 o) - o)
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for some positive constant C, where we have used Lemma 2.11, i.e., the A-null space
property (2.29).
On the other hand, the Cauchy—Schwarz inequality gives

q/2 1—-q/2
Z |77

(k+1)|2

ST+ [aV 2y

2
coe (en + ) 2)1-a/2 €S8
al DhanE " k)
< ( q
< <ZZ 2)1q/2> Z €+ |z;|

%
-1 (6% + \335 )| i€Sg
q/2 1—q/2
(k+1) k) [|? q
(=g (Tl +x)) (sl ver)

where we have used (2.31). Squaring both sides of the last inequality yields
)

< e (g 7 o) ()]

Finally, we have
Nef= (NVe) < (r(x®)g11)" = (r(x™)41)7 = (r(x°)s41)"

< (™)1 = r(x)sial” < [rx®) = rx) |

oo

H k:+1

1—q/2

H k+1

< x® —x°)lg = [ln™ |4

aq

¢t _92—¢
(1—p)a(z—a) 2

by using Lemma 4.1 in [10]. Hence, with & =

<o (o s

If n(kH) = 0, then we can use the A-null space property (2.29) to see that Hn(k“) Hq <
CX and hence Ep1 < CA < C\/)\q.
Otherwise, we let ¢ = HU(SIZ

3

(2.32) H (k+1)

k: —
4 ) 1@ g,

, which can be bounded

4= a2l | (k)Hq(2 q)

(1— 7)‘1 ’

independently of k and b = a(C\)? ||77(k ||Z(2 9. Then (2.32) becomes t? —at —b < 0.
It follows that

1 1
t< 5<a+ a2+4b) 5(2a+2\/5).
More precisely, we have
a 4 q(2—q)
. <a——— a
| LSO +CVA

for another positive constant C since Hn(k)Hq is bounded. By Lemma 2.11, letting
0= 7/(1 - ’7)7

Hn<k+1> ?
q

Lq( ) ‘ eV

(1-
with another constant C' in the last inequality which is dependent on s, where \ €
(0,1) and ¢ < 1. Letting p = “77U52) we finally obtain (2.27) and thus establish
the desired inequality. 0

< (1+09) [5G + ostmarzae <
q
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3. Unconstrained ¢; minimization for low-rank matrix recovery. In this
section, we extend the study in the previous section to the low-rank matrix recovery
problem (1.3), which has the objective

1
Lo(X,e) = tr (XTX +€0)72) + — | AX) = b3,
where b is an observation vector with or without noise and A is a linear operator
from R™*™ to RP. Without loss of generality, we assume m > n in this section. The
first-order optimality condition of problem (1.3) is Vx £L,(X,€,A\) =0, i.e.,
T apya/2-1 1
(3.1) gX (X' X +€1) +5A (A(X) —b) =0,
where A* is the adjoint operator of A. Similar to the vector case, we approximately

solve a sequence of the nonlinear system (3.1) corresponding to a sequence of €’s and
our algorithm is summarized as follows.

ALGORITHM 3.1 (iterative reweighted unconstrained ¢, for low-rank matrix recovery
(IRucLg-M)).

Input: vector b, linear operator A and estimated rank K ;

Output: matriz X € R™*",

Choose appropriate parameters X\ > 0,q € (0,1].

Initialize X such that A(X(©) =b and € = ¢ > 0.

For £=0,1,2,...

Let W) = (X)) Tx® 4 27)*

Solve the following system for X (k+1)

/2—1

(3.2) AgX W ® 4 A (AXF)) = A" (b);

Update €41 by €x41 = min {ek,a-oKH(X(k“‘l))}, where « € (0,1) is a
constant.
End For

In Algorithm 3.1, o4 1 (X 1Y) is the (K + 1)th largest singular value of X (v+1)
and W®*) is obtained by decomposing (X *)T X ®) = v *)(5(*)2(VENT in the SVD
format and letting W) = V() ((£(*))2 4 2I)q/2 1(V(k)) ~where ) is a diagonal
matri with the singular values-of X®) on its diagonal. If ¢, = 0, we return X *+1)

and terminate the algorithm. Otherwise, we stop the computation in a reaonable time
and return the last X *+1),

3.1. Convergence analysis of Algorithm 3.1. Since the sequence {e} is
nonincreasing and lower bounded by zero, it must converge to some €, > 0. In this
subsection, we show that the sequence {X )} is bounded and hence {X(®)} has at
least one convergent subsequence. In addition, when e, > 0, the limit of any con-
vergent subsequence is a critical point satisfying the first-order optimality condition
(3.1) with € = €, and when ¢, = 0, there exists a convergent subsequence whose limit
is a K-rank matrix. The following theorem summarizes the main convergence result.

THEOREM 3.1. Suppose that the sequence {X®)} is generated by Algorithm 3.1
with 0 < ¢ < 1 and €, — €. as k — oo. Then {X®)} has at least one convergent
subsequence. If €, > 0, the limit of any convergent subsequence of {X(k)} satisfies the
first-order optimality condition (3.1) with € = €.. If e, = 0, there exists at least one
subsequence of {X(k)} converging to a K -rank matriz X0,
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Remark 3.1. Remark 2.2 also applies here, i.e., the assumption of finite critical
points implies the convergence of Algorithm 3.1.

Before proving this theorem, let us recall the following reversed version of the von
Neumann trace inequality.

LEMMA 3.2. Suppose that A and B are n X n symmetric positive semidefinite
matrices. Let a1(A) > 02(A) > -+ > 0,(A) > 0 and 01(B) > 02(B) > -+ >
o (B) > 0 be singular values of A and B, respectively. Then

tr(AB) > Zoi(A)an_iH(B).

The proof of this lemma can be found on p. 249 of [25]. Lemma 3.2 will be used
a few times in this section. By Lemma 3.2, we can prove the following lemma, which
is an extension of Lemma 2.3 in the matrix setting. It is standard in matrix analysis
that for a symmetric positive semidefinite matrix A with eigen-decomposition UDU ",
we define A™ := UD"U ", where 7 € R.

LEMMA 3.3. Let 0<¢<1/2,¢>0, and 0 < q¢ < 2. The inequalities

tr ((d FXTX)E (T +Y V)R (X —Y)TY (el + XTX)%*)
(3.3) >tr (cq(X —V) (X = Y)(el + XTX)%—l)
(34) >0
hold for any matrices X, Y € R™*". Furthermore, we have
(1) if ¢ < 1/2, inequalities (3.3) and (3.4) hold with equality if and only if X =Y;
(i) if ¢ = 1/2, inequality (3.3) holds with equality if and only if X andY have the
same singular value sequence and right singular vectors.
Proof. For convenience, let [X]:= el + X "X and [Y] := el + Y Y. In addition,
let [z]; = €+ 02(X) and [y]; = € + 02(Y). Since tr (¢(X — V)T (X —Y)[X]i~1) >0,

if the result is proved for ¢ = 1/2, it holds for all ¢ < 1/2. Therefore, we let ¢ = 1/2
and derive

(3.5)
tr (IX)% = V]2 —a(X = V) TYIX]E ) — o (GO - 9)T(X = V) [x]E)

—tr ([X]% Y] - %XTX[X]%—1 + gYTY[X]%‘l

— 2 5
=3 (1~ ! = el = = Ee ) - )Rl ).

where the last inequality follows from

Lot ([X]E) = S0 (IX]3) = Silal, o (V]E) = 00 (Y1) = Sl
2 tr (XTX[X]H) = 2, 0u(X)2fal

3. g(YTY[X]%*l) >3 0i(VTY)on_i1 ([X]27Y) = 3, 00(Y)?[2)?
emma 3.2.
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Thus, the results in (3.3) and (3.4) now follow by using Lemma 2.3 in the previous
section for each term in the right-hand side of (3.5), specifically, with x = ¢;(X) and
y = 0;(Y) in (2.8). This inequality holds with equality if and only if Y TY and [X]
have the same set of eigenvectors. 0

Using Lemma 3.3, we can prove the next lemma.

LEMMA 3.4. Let the sequence {X(k)} be generated from Algorithm 3.1 with 0 <
q < 1. Then there exists a constant ¢ > 0 such that for k > 1,

1 HA(X(M) _X<k>)H2 L qux<k+1> _X(k>H2
2\ 2 F

(3.6) < Ly(XW e, \) — Ly(XEHD i1, 0).

Proof. The proof of this lemma is essentially the same as that of Lemma 2.4.
However, several steps need to be carefully modified for the matrix setting. Similar
to Lemma 2.4, we have

Lo(X® e, N) = Ly (XFEFD e 1, 0)

=tr (((X(k))TX(k) + 6§I)Q> —tr (((X(kﬂ))TX(kH) + 6%])7

|
N——

g (JAex) -]~ faceten -[)

= tr (((X(k))TX(’“) + 621) ) —tr (((X<k+1>)TX<k+1> + eif) )

1 2
~ Nlax® — x®+p H
+ 2 HA( ) 2

_gtr ((X<k> ~ X<k+1))T X040 (X0 TX0) 6@)“) 7

where we have used (3.2) in the last equality.
Now we can use Lemma 3.3 to get

Lo(X® e A) = Lo(XEHD 61N
2

1
> x (k) _ x(k+1) H
T2 HA( ) 2

[N

+ gtr ((X(k) - X<k+1>)T (X(k) - X<k+1>) ((X(k))TX(k) + eil>

)

1 2
> 2 lacx® — xk+n H
- 2 HA( ) 2
n T 11
830 (o0 - x| (x00 x o)) (x4 )
=1
1 2 n T
S (k) _ x (kt1) H , (k) _ x(k+1) (k) _ x (kt1)
> = HA(X X (kD)) 2+qc;m (309 — x®+0) 7 (x® x40
1

‘X(kJrl) 7X(k)H2 .
P

== HA(X(’“) - X(’““))HQ +qc
2
Here, the second inequality follows from Lemma 3.2, and it implies

L (XFED e N) < L(XP) e, N).
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Hence,

(3.7)
(Ui(X(k))2+€i)§ <tr (((X(k))TX(k) + 6%[)5) < LQ(X(k)aQw)\) <-- < ‘CQ(X(O)ae()v)\)

holds for any i = 1,...,n. Namely, o;(X(¥))? + €2 is upper bounded so (ai (X(*))2 4

e%)q/zfl is lower bounded by a positive constant ¢, from which the third inequality

follows. This completes the proof. 0

Now, we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. The inequalities in (3.7) imply that the sequence {X*)}
is bounded. Hence, there is a subsequence {X (k; )} converging to some point X.If
€, > 0, the weighting matrix W*3) is always well defined since €k; > €+. Note that
XK1 solves (3.2) with W = W) ie.,

(3.8) AgX Fst Dy k) g (A(X R +D)) = A*(b).

Then {X**1D} must converge to some X. Now it follows from (3.6) that HXUC) -
X(k“)HF — 0, and thus

|X - x| = tim | x%) - xC40] o,

j—o0 F
Therefore, X = X. Letting j — oo in (3.8) gives
AN XW + A*(A(X)) = A*(b)

with W = (XT X + €21)9/2-1 which implies that X satisfies (3.1) with € = e,.

If e, = 0, then from the updating rule of €, it must hold that ¢, = 0 for some
kore, =a- 0K+1(X(m’“)) for some integer my < k when k is sufficiently large. In
the first case, we have o1 (X)) = 0. Thus X is a K-rank matrix, and we let
X0 = X () In the second case, we let X9* be the limit of a convergent subsequence
of {X (™)}, Without causing confusion, we still denote the subsequence as {X (™)}
Then we have og 1 (X%) = limp_ 00 0541 (X ™)) = limy_, o0 ¢ = & — (). Thus, in
both cases, X% is a K-rank matrix, and this completes the proof. 0

3.2. Error analysis of Algorithm 3.1. Under the matrix-RIP assumption,
this subsection gives an error analysis of Algorithm 3.1.

DEFINITION 3.5 (matrix-RIP). For integer r = 1,2, ..., the matriz-RIP constant
0, of A is the smallest number such that
2 2 2
(3.9) (1 =06,) IX[[p < [AX)Ilz < (1 +60) [ X5

holds for all r-rank matrices X . For simplicity, we say that A satisfies the matriz-RIP
of order r with constant §,.

Let e.(X) be the error term of the best r-rank approximation of X in the
Frobenius norm, i.e.,

(3.10) er(X)= min || X-Z|.
rank(z)<r

Similarly, p,(X) is defined as the error term of the best r-rank approximation of X
in nuclear norm, i.e.,

(3.11) p(X)= min [X-Z],.
rank(z)<r
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In what follows, we assume that the underlying true matrix X satisfies A(X°) =
b. In general, the vector b can be contaminated by noise. Therefore, X° may not
satisfy A(X°) = b any more. Hence, our analysis always assumes that b contains
no noise. However, it is not difficult to extend our results to the noisy case. In
the remaining part of this section, we analyze the recoverability of Algorithm 3.1.
Theorem 3.6 considers the case of 0 < ¢ < 1 and Theorem 3.7 focuses on the case of
q=1.

THEOREM 3.6. Suppose that X° is a K-rank matriz satisfying A(X°) = b.
Assume that A satisfies the matriz-RIP of order 2K < min{m,n} with dox < 1.
Moreover, assume that e, is the limit of sequence {e}. If €. > 0, then any limit point
X* of the sequence {X(k)} generated by Algorithm 3.1 with 0 < q < 1 satisfies

(3.12) [X* = X°||p < C1VA+ Coex (X¥).

When e, = 0, there exists at least one subsequence converging to a K-rank matrizc X*
which satisfies

(3.13) [ X* — X p < 1V,

where C1,Cy are two positive constants and ex (X*) is defined in (3.10).

Proof. Recall that we have proved that any limit point X* of {X(®)} is a critical
point when e, > 0, and when e, = 0, there exists at least one subsequence {X (%)}
converging to a K-rank matrix X*. Hence, we only need to prove inequalities (3.12)
and (3.13) to complete the proof.

Let us consider the case of e, = 0 first. Note rank(X* — X°) < rank(X™*) +
rank(X?) < 2K. Since A satisfies the matrix-RIP of order 2K with dox < 1, we have

X" = X p < (X =X,

#HA
V1—0ok

= i Jim [ax )~

1
< ——— lim (2AL(XF) e N
= mjggo( q €k; ))

1 1/2
< (22 L(X D e, N)
—m( q( €0 ))

where we have used the monotonicity of the sequence {L£,(X®*) e, \)} in the last
inequality. Note that £,(X (%), €y, \) is independent of A since A(X(?)) = b. Therefore,
in the case of €, = 0, the limit X* is close to the low-rank solution X° within an error
proportional to v/\.

Next we consider the case of €, > 0. Again, by the monotonicity of Eq(X(k)7 €y A),
we have

1/2

Lo(X* e, N) = lm Lo(XHD e, \) < Lo(X @, €0, \),

j—o0

from which it follows that

(3.14) JAX*) = bll, < /20L,(X" er. ) < /2AL,(XO) 65, 0).

Write X* in full-SVD format: X* = UxSg Vi + UxXk Vi . Here Uk and Vi
consist of the K left and right singular vectors of X* corresponding to the first K
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largest singular values of X*, respectively, and U and Vi consist of another m — K
left singular vectors and another n — K right singular vectors of X*, respectively. In
addition, write X ° in economy-SVD format X° = UbEbeT. If necessary, we add more
orthogonal columns to make U, € R™*X and V4, € R"™ K. Since 2K < min{m,n},
we can always find a column orthogonal matrix U € R™*("=2K) guch that U Ux = 0
and UT Uy, = 0. Let Pogr = I—UU T be a projection and its complementary projection
PS,c = UU . Noting that rank(Pax (X)) < 2K for any X € R™*"  we have

X" = X < ||P2K( X' = XO) g+ [Pox(X* = X)) p

\/7 HA(PQK XO))HQJF [ P5 s (X *XO)HF

= e X = X°) = A(P5c (X" = X)) |, + [P5c(X =X

1 c o
gﬁnm ~ b, + ( \/17||A||+1) IPs (X" = XI5

() = bl + (Al +1) |07 G|,

1
- |4
V1—0ox | v1—

(X7) — b, + Al + 1) ex(X),

1
< - -
_\/1*521(”./4 (\/152K|
where we have used the fact that |AB| < ||A|,||B||z for any matrices A, B of
appropriate size in the last inequality, and ||.4] is the norm of operator. Applying
(3.14) to the last inequality completes the proof. d
Case of ¢ = 1. When ¢ = 1 and ¢, > 0, the function £;(X, €., ) is strictly
convex with respect to X. Hence, the critical point X* is the unique minimizer. In
this case, we are able to get a stronger result described as follows.
THEOREM 3.7. Suppose that X° is K-rank and A(X°) = b. Assume that {X*)}
is a sequence generated by Algorithm 3.1 with ¢ = 1 and o < 1/n, and assume
that the limit of {ex} is ex > 0. Suppose that A satisfies the matriz-RIP of order

3K < min{m,n} such that v = 1%{;{ <1l. Ifv= Mﬁ <1 for some integer

t < K, then {X™®)} converges to the unique minimizer X* of (1.3) with € = €., which
satisfies

(3.15) [ X° — X*||, < C1VEA+ Capi(X°),

where C1,Cy are two positive constants and p;(X°) is defined in (3.11).

Remark 3.2. According to (3.15), if rank(X°) < ¢ < K, then X* differs from the
low-rank solution X° by an amount proportional to A. In addition, if A = 0, which
corresponds to the constrained problem with constraint A(X) = b, then Algorithm
3.1 will successfully recover the low-rank matrix X°.

To prove the theorem, we first show some lemmas. Denote Y = X* — X°. Let
UbEbeT be the best rank-K approximation of X° with Uy, and V}, containing the left
and right K singular vectors of X° corresponding to the first K largest singular values,
respectively, and Xy, being a diagonal matrix with the first K largest singular values
on its diagonal. Define a projection Px = UpU, and its complementary projection
Ps =1—Pg. Split Y as Y = Pg(Y) + Pi(Y). Suppose the SVD of P& (Y) is
PL(Y) = USVT. We further split P (Y) =3 ,-,Y; with Y; = aiﬂz—r, where [71
consists of the K columns of_ U corresponding to the first K largest singular values,
Uy the next K columns of U corresponding to the next K largest singular values,
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and so on. 171, 172, ... anQ f)l, ig, ... are obtained accordingly. For convenience, let
P =Pk, P°=P%,and Y = P(Y) + Y1 in the following analysis.
LEMMA 3.8. Suppose that A satisfies the matriz-RIP of order 2K < min{m,n}

with do < 1. Let v = 1%’;}( and C = 17‘/51(. Then

(3.16) H?HF <7 |Yilly + C.

i>2
~ 12 ~
Proof. Note HYH = (Y,Y). Hence,
F

(2 ~ B
7], = (7, x = X2 —ax (o) "X+ )7 - ATA X - X))
(3.17) =(P, (- () =2 (T, X" (X)X + 1)),
where we have used the fact that X* is a critical point of £1(X, €, A) in the first

equality.
For the first term in (3.17), we have

<f/, (I - A*A)(Y)> — <(1 — AFA) (Y)Y + ZYi>

= {1227 @),7) + 3 (1~ A4 (7). V)

i>2

| 1%l

~112 ~
<[+ S|
i>2

where we have used an alternative definition of matrix-RIP of A. This definition is
similar to the vector case (2.5) and can be proved equivalent to (3.9) in essentially
the same way as in [14] by noting that the operator Z — A*A is self-adjoint. We leave
the details to the interested reader.

For the second term in (3.17), note that || X*((X*)TX* + eiI)*l/QHF < /n by
straightforward calculations. Hence,

Y <§7,X* (X)X + 631)‘1/2> < /A H?HF
Now, we can summarize the above discussions to have

~ 12 ~ 12 —~ ~
7 = o 7 e [ 25 e+ via [
F F Fi>2 F

Dividing both sides in the above inequality by H)A/H and rearranging the terms yield
F
(3.16). o

LEMMA 3.9. Under the same assumptions as in Lemma 3.8, we have

(3.18) P, <7 [P (Y), + VECA,

where v = 1%’;{ and C' = j/ﬁ .
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~ 12
Proof. Note [[P(YV)|? < K [P(V)[} < K||7| and [¥ill, < [Vioa]., /VE for

i > 2. Then from Lemma 3.8, we have
IPW)IL < VE||7| < VE VI Wil +O | <9321l + VRO,
i>1

which together with > .o, [|Y;||, = [|[P°(Y)]|, completes the proof. O
LEMMA 3.10. Suppose the assumptions in Lemma 3.8 hold and assume v =

* o 1+’y o o 2\/7
(3.19) X+ = X7, < (||X Il = X2l + 20 (X)) + 7@\
where C' = 17‘/51( and p(X°) is defined in (3.11).
Proof. From Lemma 3.9, it follows that
(3.20) Y1l < PO+ 1P, < 1+ ) IPEY)], + VECA.

Moreover, we have

[P, < P, + PO,
= X7 [, — [PX)]. +2[P°(X°)]. — IP*(X?)],
< XL, = X[, + [P, — [P, +2[P*(X°)],
< XL, = X0, + [PX° = X, +2[P(x)],
< XL = X, + 7 [P, +VECA+2[P*(X9)], ,

where we have used (3.18) in the last inequality. Rearranging the terms in the last
inequality yields

C 1 * o (& o

B2 PO < = (11 X7+ VRCA+ 2P
Substituting (3.21) into (3.20) and rearranging the terms, we get the desired
result. a

Now, we are ready to prove Theorem 3.7.

Proof of Theorem 3.7. Since L£1(X, €4, A) is strictly convex with respect to X,
Remark 3.1 implies that the whole sequence {X (k)} converges to the unique minimizer
X*.

Following the proof of Theorem 2.5 in the beginning, we have

(3:22) X7, < L2(X* €0 A) < £1(X°ers ) < X7, +new < X0, + a0 (X),
which together with Lemma 3.10 indicates

i 1479 2VK
IX* = X°ll, < 7= (HX I — HX"H*+2PK(X"))+7CA

1+7 WK
1_70K+1(X )+ 1fC'/\

(3.23)

IN
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where C' = % and we have used the fact that X° is K-rank. For ¢ < K, we have

K+1

(324) (K —t+ 1ok (X*) < D 0i(X*) < pu(X7) < | X = X°Y|, + pe(X°),
i=t+1
where we have used the following argument: letting X[‘;] = Ub,t2b7tVth with Up +

being the first ¢ singular vectors of Uy, Xy, is the diagonal matrix with the first ¢
singular values on its diagonal, and V4 ; the first ¢ singular vectors of V4, then

p(X7) < ||x7 - X,

X - X, +||xe - X,

* = ||X* - XO”* +pt(Xo)'

Substituting (3.24) into (3.23) yields

1+~ VK

2v K
X —-X°. < X" =X, +p:(X?)) + ——C\.
H I < T (! I+ () + 125
Letting v = (1_7)1(}7_“1), Ci = (1_72)%_,/) and Cy = %, we have

IX* = X°l, < CLVEX + Cape(X°),

which completes the proof. 0

In a similar way, we can extend the discussion of local convergence behavior at
the end of the previous section to the matrix recovery setting. We leave it to the
interested reader.

4. Computational results. In this section, we present several numerical ex-
periments to illustrate the effectiveness of Algorithms 2.1 and 3.1. For Algorithm
2.1, we compare it with several state-of-the-art solvers on recovering sparse vectors.
For Algorithm 3.1, we compare it with two matrix completion solvers, i.e., we take
A =Pq in (1.3). All our tests were performed on a Lenovo D20 Workstation with 40
GB of RAM and two Intel Xeon E5506 processors, each of them with four cores.

4.1. Sparse vector recovery. In Algorithm 2.1, for given ¢ and A, the step size
« and the sparsity estimate s are most important. Due to the nonconvexity of the
problem (for ¢ < 1), too small o may cause the algorithm to stagnate at local minima.
In our tests, we took a = 0.9, which worked well for the tested sparse vectors. We
did not assume prior information of the true sparsity level and simply took s = [ % |,
where m is the row number of matrix A. For all the tests, we used zero vectors as the
starting points as we determined that using a zero vector or a pseudoinverse solution
of Ax(") = b as an initial point for Algorithm 2.1 leads to a similar performance of
sparse vector recovery.

Choice of q. First, we tested Algorithm 2.1 on recovering sparse vectors with
g varying among {0.1,0.5, 0.7,1}. In this test, A was generated by MATLAB’s
command randn(64,256). The true vector x° had t nonzeros with each one en-
try generated according to the standard Gaussian distribution and ¢t varying among
{8,10,12,...,32}. The location of nonzeros was uniformly randomly generated. The
parameter A was set to 1076 for all ¢’s. Although the best A should be dependent
on ¢ in general, we considered the noiseless case, and A = 107° is small enough to
approximately enforce Ax = Ax°. We let the algorithm run to 1,000 iterations. The
recovery was regarded successful if % < 1073, where x" stands for a recovered
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vector. The left picture in Figure 4.1 shows the frequency of successful recovery using
Algorithm 2.1 over 100 independent trials for various ¢’s and t’s. From the figure,
we can see that Algorithm 2.1 with ¢ = 0.1,0.5 performed better than ¢ = 0.7 and
much better than ¢ = 1. In addition, ¢ = 0.5 gave slightly higher success frequency
than ¢ = 0.1. We emphasize that our results do not counter the intuition that a
smaller ¢ should recover more sparse vectors. This is because a smaller ¢ makes the
minimizing functional more nonconvex and thus more difficult to solve. We found
that if we decreased € more slowly, the performance of Algorithm 2.1 with ¢ = 0.1
could be further improved. However, the running time also became much longer.

Comparison with other solvers. Second, we compared Algorithm 2.1
(IRucLg-v) with three existing ¢; solvers, ¢; magic [5], reweighted ¢; [7], and the
homotopy method [1], and one ¢, solver (Lg-FL) [15]. ¢; magic and reweighted ¢,
solve the constrained ¢; minimization

min [|x||; subject to Ax = Ax°.
X
The homotopy method solves the unconstrained ¢; minimization
. 1 o112
(4.1) min [x]; + — [ Ax — Ax°[2.
x 2T
The ¢, method in [15] solves the constrained ¢, minimization

min [[x|7 subject to Ax = Ax°.
X

Note that the ¢, method in [15] uses the output of ¢; magic as the initial vector, and
a sequence of ¢’s are used during the iterations to produce the sparsest solution. In
this test, A had the size of 50 x 250, and each element was generated according to the
Gaussian distribution A/(0, &5). This kind of matrix was also tested in [10]. The true
vector x° was generated in the same way as in the previous test. For Algorithm 2.1, we
used A = 1079 and ¢ = 0.5, and for the homotopy method, we took 7 =107 in (4.1).
We let each algorithm run to the maximum number of iterations maxit = 1000, which
is sufficiently large for all of them. All other settings of the compared algorithms were

left to their default ones. If % < 1073, the recovery was regarded as successful.
2

The right picture in Figure 4.1 plots the success frequency of each method over 500

independent trials. From the figure, we can see that our method gives the highest

successful rate.

4.2. Matrix completion. This section reports some numerical results on solv-
ing matrix completion problems using Algorithm 3.1. For all the numerical tests, we
used X () = Pq (M) as the starting point.

Rank estimation. In Algorithm 3.1, K is one of the most important parameters.
Since the true rank r is generally unknown, we deliberately used the overestimate
K = |1.5r] throughout our tests, unless otherwise specified. During the iterations of
our algorithm, K was updated dynamically as did in [34]. Specifically, suppose that
X was the current iterate and Ak, ., > Ak, 41 > - > Ak+1 > 0 were the (Kpin)th
through (K + 1)th largest eigenvalues of X " X, where K., was the user-specified
minimum rank estimate. Let \; = Ai/ i1 for i = Kpin, ..., K, and suppose

K = argmin \,.
Knin<t<K
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Fia. 4.1. Comparison results of recoverability. Left: Algorithm 2.1 with different q’s. Right:
Algorithm 2.1 with ¢ = 0.5 compares with three {1 solvers and one {4 solver on recovering sparse
vectors.

If the condition

(K — Kuin + 1)Ag
Ei;ﬁf( Ai

was satisfied, which means there is a “big” jump between Az and Az, then we

> 10,

reduced K to K. We found from our numerical experiments that whenever this
adjustment was applied, K became equal to the true rank r, so there was no need to
repeat this adjustment on each problem.

Choice of gq. As in sparse vector recovery, we first numerically compared the
solutions of Algorithm 3.1 with different values of ¢ on 100 x 100 matrices to identify
a good value of ¢ for the remaining tests. In this test, each matrix was exactly
low-rank and had the form M = M Mg, where M; and Mg were generated by
MATLAB’s commands randn(m,r) and randn(r,n), respectively. The maximum
number of iterations was set to 1000, and the parameters A and o were set to 107°
and 0.9, respectively. A fixed sampling ratio SR = 0.5 was used in this test, where
SR = #(Q)/(mn). We compared four different values of ¢ = 0.1,0.5,0.7, 1 with initial
rank estimate K = |1.57] and minimum rank estimate K, = 5. We regarded the
recovery successful if % < 1073, where M" stands for a recovered solution.

The left picture in Figure 4.2 depicts the success frequency over 100 independent trials
for each ¢ and r. From the figure, we can see that Algorithm 3.1 with ¢ = 1 performed

1 1%
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g g
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Fia. 4.2. Comparison results of recoverability. Left: Algorithm 3.1 with different q’s. Right:
Algorithm 3.1 with ¢ = 0.5 compares with APGL and LMaF'it on recovering low-rank matrices.
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much worse than ¢ = 0.1,0.5,0.7. Again, ¢ = 0.5 gives the best performance. The
reason for the relatively lower success frequency of ¢ = 0.1 over ¢ = 0.5 is similar to
that for the vector case. Thus, in the remaining tests, we used ¢ = 0.5.

Comparison on synthetic data. Second, we compared Algorithm 3.1
(IRucLg-M) with two recent matrix completion solvers APGL [32] and LMaFit [34].
These two algorithms compare favorably with a number of other methods including
FPCA [24] and OptSpace [20] on many types of matrices. APGL solves

1 2
in || X — X-M

and LMakFit solves

1)1(11{/1 [Po(XY — M)||3 subject to X € R™*K 'y ¢ RE*"

where K is an estimated rank and can be fixed or dynamically updated. In this test,
each matrix was exactly low-rank and had the form M = MpMpg, where M} and
Mp were generated by MATLAB’s commands rand(m,r)-0.5 and rand(r,n)-0.5,
respectively. It is worth mentioning that matrices with uniformly random entries are
usually more difficult to recover than those with Gaussian random entries. We let
IRucLg-M and APGL run to a maximum number of iterations maxit = 1000 and
LMaFit to maxit = 5000 since LMaFit converges relatively slowly and takes less time
per iteration. For IRucLq-M, we set a = 0.9 and A = 1076, Initial rank estimate K =
|1.5r | was used and the minimum rank estimate was set to Ky, = 5. For LMaFit,
both increasing-rank (LMaFit-inc) and decreasing-rank strategies (LMaFit-dec) were
compared corresponding to its parameter est_rank set to 2 and 1, respectively. Initial
rank estimate K = 5 was used for LMaFit-inc and the value of maximum rank estimate
parameter rank_max set to [1.5r]. The increase step parameter rk_inc was set to
1. For LMaFit-dec, the initial rank estimate was set to K = |1.5r] and the value
of minimum rank estimate parameter rank_min set to 5. For APGL, we set its
parameters truncation = 1 and truncation_gap = 10. The initial value of p was
po = 1072 ||Pq(M)||,, where ||Po(M)||, equals the largest singular value of Pq(M).
It was dynamically updated by the continuation technique p = max(0.7ug—_1, fimin),
where fimin = 1076 ||Po(M)]|, was used. All other parameters related to LMaFit and

APGL were set to their default values. Similar to the previous test, if % <
F

1073, M" is regarded as a successful recovery. The right picture in Figure 4.2 plots
the success frequency of each algorithm for different ranks over 500 independent trials.
From the figure, we can see that IRucLg-M gave the best recoverability.

Algorithm acceleration. We notice that (3.2) with A = Pg is expensive to
solve with large-scale data since we need to solve m linear equations

(4.2) A X TWED 4 (P (X)) = (Po(M))™, i=1,...,m,

where X denotes the ith row of X. To tackle this difficulty, we follow [13] and keep
the best rank-K approximation of X " X, which is formed by the K largest eigenvalues
and their corresponding eigenvectors, while updating the weighting matrix W. Then,
we can exploit the Woodbury matriz identity to solve (4.2). More precisely, suppose
that X is the current iterate and X ' X = VX2V T is the eigen-decomposition of X " X.
We approximate X ' X by VE2VT where ¥, is a diagonal matrix with diagonal
entries (3;);; = 0;(X) if j < K and zero otherwise. Now suppose € and W are
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updated to ey = min{e,a - ox41(X)} and Wy = V(2 + €2 1)9/271V T, respectively.
Let Vx € R™X be the matrix consisting of the K columns of V corresponding
to the first K largest eigenvalues, and let Dg be the K x K diagonal matrix with
diagonal elements (Dg);; = (02 + €2)¥/271 — 4% for j = 1,..., K. Then, we can
write Wy = Vi DV + €421, Moreover, note that (Po(X))"” = X'~ E;, where
E; € R™*™ is the diagonal matrix with diagonal elements (E;);; = 1 if (4,7) € Q and
zero otherwise. Replacing W®*~1 in (4.2) by the updated weighting matrix W, we
need to solve

(4.3) XNV DV + M\l > I+ E) = M7 E;, i=1,...,m.

For convenience, letting D = A\qDg, E; = )\qeﬁfQI + E; and using the Woodbury
matriz identity, we find the explicit solutions of (4.3) as

X7 = M7TE(E ' — E;'WVi(D + VR Ej W) TIWVAEETY), i =1,...,m.

Since Df}l + VI—(r E; Vi is K x K, its inverse is less expensive to compute. This leads
to an accelerated algorithm which is called truncated-IRucLg-M, or t-IRucLqg-M.

Next, we compared TRucLg-M and t-IRucLg-M on recovering low-rank matri-
ces of size 200 x 200. Each matrix had the form of M = M;Mpg, where My and
Mp were generated by MATLAB’s commands randn(m,r) and randn(r,n), respec-
tively. We fixed K = r, i.e., we used the correct rank estimate, and r varied among
{41,44,47,50,53}. The parameters o and A\ were set to a = 0.9 and A = 107° for
both IRucLg-M and t-IRucLg-M. We terminated the algorithms if

ox4+1(X®) < tol for some k

WD ok (X®) — ora (XED))
max{l, o1 (X*-D)}

< tol for three consecutive k’s,

where tol = 107° was used in this test. In addition, we set mazit = 1000 for both
TRucLg-M and t-IRucLg-M. Figure 4.3 plots the success frequency and average run-
ning time over 100 independent trials. From the results, we can see that in general
t-IRucLg-M is faster than IRucLg-M with no quality loss. For this reason, only
t-IRucLg-M is used in the remaining experiments.

Comparison on a real image. Finally, we applied Algorithm 3.1 to grayscale
image recovery from partial observations. The original image (in Figure 4.4) has a

CE
240 , -
1 /
220 /
/’ — © - IRucLg-M
§ 0.8t 200 / —%—t-IRucLg-M
/
§ - © - IRucLg-M £ 180 !
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L o2t 100f _ -~

80
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42 44 46 48 50 52 42 44 46 48 50 52
Rank Rank

Fic. 4.3. Comparison of IRucLq-M and t-IRucLq-M. Left: success frequency. Right: average
running time.
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Fic. 4.4. Grayscale image of 512 X 512 pizels

resolution of 512x 512. In this test, the underlying matrix M was not exactly low-rank
and had the form of

1M p

M=M°+oc—"*"E,
IZ]

where M° is the matrix representation of the image (not contaminated), o varied
among {0.01,0.05,0.10}, and E was white noise generated by MATLAB command
randn(m,n).

For t-IRucLg-M, we used o = 0.9 and heuristically set A\ = 1072¢. The rank
estimate was fixed to K = 40. For LMaFit, both fixing-rank (LMaFit-fix) and
increasing-rank (LMaFit-inc) strategies were compared corresponding to the param-
eter est_rank set to 0 and 2, respectively. For LMaFit-fix, the rank estimate was
fixed to K = 40. For LMaFit-inc, the initial rank estimate was set to K = 5 and
the maximum rank estimate was set to rank_max=50. Actually, we also tested both
t-IRucLg-M and LMaFit with the decreasing-rank (LMaFit-dec) strategy. We observe
that t-TIRucLg-M would never decrease the initial rank estimate K. Hence, it was the
same as that with a rank fixing strategy. In addition, t-IRucLg-M made better recov-
ery for larger K. However, LMaFit-dec gave a worse solution than that by LMaFit-fix
or LMaFit-inc. For APGL, the continuation technique g = max(0.7uk—1, fbmin) Was
used with gy = 0.1 [|Po(M)], and fimin = 1073 [|Pq(M)]|,. The stopping tolerance
was set to 1072 for both t-IRucLg-M (see (4.4)) and APGL and 10~* for LMaFit since
we saw that 10~2 was too loose for LMaFit. The maximum number of iterations was
set to 2000 for all three algorithms. All other parameters for LMaFit and APGL were
set to the same values as in the previous test.

CPU time (sec), peak-signal noise ratio (PSNR), and mean square error (MSE)
were employed to measure the performance of the algorithms. Table 4.1 lists the
average results of 100 independent trials corresponding to different sampling ratios
SR = 0.3,0.4,0.5. From the table, we see that in most cases t-IRucLg-M obtains
better solutions than those by APGL with comparable speed. LMaFit is faster than
t-IRucLg-M, but it gives worse solutions with both fixing-rank and increasing-rank
strategies in all cases. We found that LMaFit could not improve the solution much,
even we let it run more iterations, say, to 5000.
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TABLE 4.1

Results of image recovery by t-IRucLq-M, APGL, and LMaFit. Best solutions are in boldface.

Problem

APGL

LMaFit-fix

LMaFit-inc

t-IRucLg-M

SR

g

pn Time PSNR MSE

Time PSNR MSE

Time PSNR MSE

Time PSNR MSE

0.3
0.3
0.3

0.01
0.05
0.10

8.06e-2 16.9 24.45 3.59e-3
8.06e-2 16.6 23.35 4.62e-3
8.06e-2 23.6 21.34 7.35e-3

6.84
5.32
5.60

17.26
16.98
16.19

1.90e-2
2.02e-2
2.42e-2

9.99
8.76
10.3

18.73
17.99
16.54

1.34e-2
1.59e-2
2.22e-2

24.7

24.64 3.44e-3

23.9 23.92 4.06e-3
23.6 22.33 5.85e-3

0.4
0.4
0.4

0.01
0.05
0.10

1.07e-1 11.7 26.41 2.29e-3
1.07e-1 17.9 24.84 3.28e-3
1.07e-1 24.9 22.12 6.13e-3

2.77
2.68
3.03

23.42
22.65
20.71

4.56e-3
5.44e-3
8.50e-3

9.36
9.51
9.91

22.77
21.76
19.89

5.31e-3
6.69e-3
1.03e-2

11.4 26.29 2.35e-3
12.9 25.50 2.82e-3
15.9 23.68 4.29e-3

0.5
0.5
0.5

0.01
0.05
0.10

1.34e-1 17.8 28.07 1.56e-3
1.34e-1 22.8 25.84 2.60e-3
1.34e-1 26.3 22.39 5.77e-3

1.20
1.41
1.37

25.52
24.92
23.26

2.80e-3
3.22e-3
4.72e-3

8.06
8.36
8.41

25.58
24.85
22.86

2.77e-3
3.28e-3
5.18e-3

9.06 27.47 1.79e-3
10.9 26.48 2.25e-3

10.3

24.33 3.69e-3
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