Error Bounds for Minimal Energy
Interpolatory Spherical Splines

Victoria Baramidze and Ming-Jun Lai

Abstract. The convergence of the minimal energy interpolatory
splines on the unit sphere is studied in this paper. An upper bound
on the difference between a sufficiently smooth function and its
interpolatory spherical spline in the infinity norm is given. The error
bound is expressed in terms of a second order spherical Sobolev-type
seminorm of the original function.

§1. Introduction

We study the minimal energy method for scattered data interpolation over
the unit sphere. Mainly, we are interested in the convergence rate of the
minimal energy method based on spherical spline functions. In the planar
setting, such convergence rate was recently determined in [5]. It is natural
to generalise the convergence result to the setting of spherical splines. This
is the purpose of the paper.

To be more precise about what we will study in this paper, let us
introduce some necessary notation and definition. Let S denote the unit
sphere in R3. Given two points u,v on S that are not antipodal, the
shortest curve connecting them is an arc uv of the great circle through
them. Given three points v1,v2 and vz on S such that vy, vs,v3 form a
basis for R3, a spherical triangle 7 is a domain bounded by the arcs 010z,
Uov3 and 307, which are called edges of the spherical triangle 7. The
points vy, v2 and vs are called vertices of 7.

Given a set V of points on S we can form a triangulation A: a collection
of spherical triangles. We will assume that the triangulation A is regular
in the sense that any two triangles do not intersect each other, or share
either a common vertex or a common edge and every edge of A is shared by
exactly two triangles. Under the regularity assumption of A, the number
of vertices V' = #(V) and the number of triangles T := # ({7 € A}) are
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related as T = 2(V — 2). The number F of edges of A is related to the
number of triangles as E = 37T'/2.
Let
Sq(A) ={s € C"(S),s|]- € Hq,T € A}

be the homogeneous spherical spline space of degree d and smoothness r
over a regular triangulation A whose vertices are the given scattered points
on S. Here Hy denotes the space of spherical homogeneous polynomials
of degree d (cf. [2]).

Suppose we are given values {f(v),v € V} of an unknown function f
on the set V. Let

Ur:={seS;A):s(v) = f(v),v eV}

be the set of all splines in S7(A) that interpolate f at the points of V.
Then a commonly used way to create an approximation of f is to choose
a spline Sy € S7(A) such that

£(Sy) = min £(s). 1)

where £ is an energy functional which will be defined later. We refer to
St as the minimal energy interpolating spline.

It is interesting to see if Sy converges to f as the points in V' become
dense on S. More precisely, we shall prove that for a spline space Sj(A)
defined on a [-quasi-uniform triangulation A with size |A| < 1 and d >
3r + 2, there exist constants Dg, Dg, D1¢ depending only on d and 3, such
that the minimal energy interpolant Sy, defined in (1), satisfies

A
1F = Slls < Dstan 1207 s s, @
if f € C?(8S) for odd integer d and
A A
1f = Sylloes < Doftan 2201l e s + Diofran 217 s, 3

for all f € C3(S) for even integer d.

The concept of quasi-uniform triangulations will be given in Section 2.
The spaces WP (S) and associated norms ||-||x,.s and semi-norms |- | ,.s
will be defined in Section 3. In order to prove the convergence of Sy,
we need several preliminary results concerning spherical triangulations in
Sections 2, the approximation properties of interpolatory polynomials in
Section 4, and the approximation properties of S7(A) which are mainly
based on the results in [8] in Section 5. Finally we prove the main result
in Section 6. Some numerical examples are considered in Section 7.
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§2. Natural Radial Projection

In order to obtain bounds on convergence of the minimal energy splines,
we need to constrain spherical triangulations. Let us introduce a concept
of a quasi-uniform triangulation on S similar to the planar case.

Define a diameter of a spherical cap C' as sup,, ,cc arccos(u-v). Given
a spherical triangle 7, let |7| denote the diameter of the smallest spherical
cap containing 7, and let p; denote the diameter of the largest spherical
cap contained in 7. Then

|A| = max{|r|, 7€ A} and pao = min{p,, T€ A}

are correspondingly the diameter of the largest triangle in A and the diam-
eter of the smallest spherical cap inscribed in A.

Definition 1. Let § be a positive real number. A triangulation A is said
to be [B-quasi-uniform provided that

141
PA

<p.

It is wellknown that in the planar case, the smallest angle of a quasi-
uniform triangulation is bounded below by 1/8 [7]. We make use of a
concept of a natural radial projection developed in [8] to relate properties
of planar quasi-uniform triangulations to the spherical ones.

Fix a spherical triangle 7 with |7| < 1. Define r, to be the center
of a spherical cap of smallest possible radius containing 7, and let T, be
the tangent plane touching S at r, (cf. Figure 1). We define the radial
projection from T into S by

|S\

w:= R;w:= eS,weT,.

Since R, is one-to-one, R; ! is well-defined. Let 7 be the image of 7 under
RZ1. Tt is not too difficult to check that

B

7] < |7l < Kalrl, and Ky 'p, < pr < Kap, (4)
for some positive constants K7 and K5. In this paper however we make

use of the following

Lemma 1. Let T be a spherical triangle with |t| < 1. Let T denote the
image of T under the map R;'. Then

2tan% = |7| (5)

and
2 tan % < pr. (6)
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Fig. 1. Spherical triangle and its planar projection.

Proof: By the definition of R;, the center of the smallest spherical cap

containing 7 is the center of the circle outscribing 7. Let © be one of the

vertices of 7. The center of the unit sphere O, v and r, form a right triangle

with the leg Or; of length 1, the leg vr, having length |i2|
|

Zv0r; having radian measurement %' Then (5) follows immediately.

and the angle

The largest spherical cap ¢ contained in 7 is mapped onto an ellipse
€ in the plane T, which is contained in 7. The largest circle & contained

in 7 has a radius % greater than or equal to r., the radius of the largest

circle contained in the ellipse. Let o be the center of ¢ and v be any point
on the boundary do of the cap. Let 6 and © be the images of 0 and v under
R;! correspondingly. Then 7. can defined by r. := min,eso{|0—7|}. Note
now that

|0 — o] > tan|o — v|, Vv € do.
Therefore

%zreztan%,

and we have (6). O

Note also that since great circles are mapped into straight lines under
the inverse of the radial projection R,, any cluster of spherical triangles
w with |w| <1 is mapped into a planar triangulation @.

Lemma 2. Let A be a -quasi-uniform triangulation of the unit sphere
with |A| < 1. Let Oa denote the smallest angle of A. There exists a
constant Ay such that

Op > —. (7)
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Proof: Fix a spherical triangle 7 € A, and construct the radial projection
R,. By Lemma 1 we have

- Il

T tan 1
! = tan P2-r < 2tan§ 6
=

2

Since T is a planar triangle, its every angle is bounded below by Al 3 with

Aj := 2tan 2 5. oSince the corresponding spherical angles are even greater,
(7) follows. We have thus established Lemma 2. O

We will need another lemma comparing areas A, of spherical triangles
to the size parameters |A| and pa characterising spherical triangulations.

Lemma 3. For every spherical triangle T € A with |A| <1

ﬂ-pA <A < 7T|A|2
5

(8)
Proof: The area A, of a spherical triangle is bounded above by the area
of the smallest spherical cap containing 7. The diameter of this cap is |7|.
Without loss of generality we assume that the center of this cap is located
at the north pole. Then

A2

27 plT|/2
A, < / / sinndndf = 2w (1 — cos(|7]/2)) <= :
o Jo

Here the last inequality holds since |7| < |A| < 1. Similarly, A, is bounded
below by the area of the largest spherical cap contained in 7, which by the
definition has a diameter p,. Therefore

2
A; > 27(1 — cos(p-/2)) > m%. O

Another result that we need concerning 8-quasi-uniform triangulations
is a bound on the number of triangles ny in the k-th disk around 7.
We denote star!(v) the union of all triangles in A that share the ver-
tex v, starf(v) := U{star’(w) : w is a vertex of star’~*(v)}, £ > 1, and
starf(7) := U{star’(w) : w is a vertex of 7}, £ > 1.

Lemma 4. Suppose A is a $-quasi-uniform triangulation such that |A| <
1. Then for any triangle T € A and any k > 0, the number ny, of triangles
in star®(7) is
62
ny < —(2k+ 1)% (9)

If, in addition, A is regular, then

ny, wﬂ“’ (2k +1)2. (10)
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Proof: Note that star®(7) is contained in a spherical cap of radius R =

(2k + 1)% with area denoted Ar. Also by Lemma 3 we have

A < 4
5 — 7
Then )
nk% < Ap = 27(1 — cos(R)) < 7R2.
Therefore

2 2
< 56%(2k + 1) .

- 4

If A is total, then star® (7) contains a spherical cap of radius r = (2k+1)28
with area denoted as A,. Then by Lemma 3

ng

Al?
2r? < 27(1 — cos(r)) = A, < nk%,

and therefore
N 2(2k + 1)?

n
B2

This completes the proof of Lemma 4. O

83. Spherical Sobolev Space Seminorms

In this section we start by following the construction in [8] to define
Sobolev-type norms and seminorms for functions on the unit sphere. This
construction uses a concept of a homogeneous extension.

Definition 2. Given any spherical function f and any integer n, the ho-
mogeneous extension of f of degree n to R3\{0} is a function f,, defined

by
u

fu(u) = IUI"f(a) (11)

We next recall that a trivariate function f(v) is homogeneous of degree n
if

flav) =a" f(v),Va € R. (12)

Fix 0 < p < 00, k nonnegative integer and let B denote an open set in

R2. Recall that the corresponding classical Sobolev space W*P(B) is the

space of functions on B whose derivatives up to order k belong to L,(B)
[1]. A norm on W*P(B) can be defined as

gllkp =D DI Dygllp,B, (13)
Y1+72<k
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Y1+
where D' D)? = 5oia2s
Let © be a subset of the unit sphere with 2] < 1. Suppose that
{(T;,¢;)} is an atlas for Q. Let {c;} be a partition of unity subordinate

to the atlas. We define spherical Sobolev spaces W*P(Q) as follows:
WEP(Q) = {f : (a;f) 0 651 € WHP(g;(Ty)), for all j}.  (14)

Let f € WhP(Q) and let fr_; denote the unique homogeneous extension
of f of degree k — 1 as in Definition 2. Then

flkpe =D 1D fieillpe (15)

lee|=k

is a Sobolev-type seminorm of f on W#?(Q). Here || D fx_1]|p.c is under-
stood as the L,-norm of the restriction of the trivariate function D f;_;
to €. For k = 0 the above seminorm reduces to the usual L,-norm.

84. Basic Inequalities

Let H4 denote the space of trivariate homogeneous polynomials of degree
d. Tt was shown in [2] that the set

d!

d B !
B'jk(v)_ W

¢ bi(v) b2 (v)ibs(v)E, i+ it+k=d (16)
of Bernstein-Bézier basis polynomials of degree d forms a basis for Hg.
Here b1(v), b2(v), bs(v) are trihedral barycentric coordinates of a point

v € R3 satisfying and uniquely defined by
v = by (v)vy + ba(v)va + bs(v)vs

in terms of a triple of linearly independent unit vectors vy, vs and vs. The
restrictions of the trihedral barycentric coordinates to a spherical triangle
with the vertices v1, vy and wvs are called spherical barycentric coordinates.
The restriction of a homogeneous Bernstein-Bézier polynomial of degree
d to the points on the unit sphere is called a spherical Bernstein-Bézier
(SBB-) polynomial of degree d. Any homogeneous polynomial P of degree
d and its restriction to a spherical triangle T have a Bernstein-Bézier (BB-)
representation with respect to 7

P)= > cipBhi(v). (17)
i+j+k=d

Given a homogeneous trivariate polynomial P in BB form (17), let ¢
be a vector of its coefficients. Let ||c||co,» and ||¢||p,- denote its o and £,
norms on a spherical triangle 7 respectively.
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Lemma 5. Any homogeneous polynomial P of degree d in Bernstein-
Bézier form (17) with respect to a spherical triangle T with || < 1 satisfies
the property

As |le]loo,r < [IPoo,r < Asllel[oo,r (18)

and
AL AYP [lcllpr < ||Pllpr < A5 AYP|lcl]p, - (19)

for any 1 < p < co. Here Ay, A3 and As are positive constants independent
of 7, P and p. A4 depends d, p and the smallest angle of T.

Proof: Proof of (18) can be found in [8]. For (19) fix 1 < p < co. By
Lemma 4.4 in [8], there exists a positive constant K3 depending on d, p
and the smallest angle ©, of 7 such that

A;l/p”PHp,T < ||P||<>o,‘r < KSA;l/p”PHp,T' (20)

Then using (18) we get

A}_/p d+2 —1/p A}_/;D A}_/p
A r < A o, r < P o7 < P T-
= a("5?)liellr < - aliller < 1Pl < 1P

Similarly, by (20)

1Pllp.r < AYP||Plloc,r < AsAYPllelloo,r < A3AYPlc]]p,r-
Therefore we obtain (19) with A4 := % (df)_l/p and As 1= Az. O
Next we need Markov-type inequalities.
Lemma 6. Let P be a trivariate homogeneous polynomial of degree d

defined on a spherical triangle T with |t| < 1. There exist constants Ag
depending on d and ©, only, and A7 depending on d, such that

Ag
[Pl o0, < WHPHM,T, (21)
and 4
7
|Pkpr < WHP”PJ (22)
2

for 1 < p < oco. Here p; is a the diameter of the largest spherical cap
contained in T.

Proof: For (22) we follow the proof of Proposition 4.3 in [8]. Modify the
proof by replacing (4) with (6). To prove (21), we apply (20) to both sides
of (22) to get
A7 Ky

7 |[Plloo,r

|Plk,cor < 757
T~ (tan &F)
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for some K4 depending on d—k and ©a. We obtain (21) with Ag = A7 K.
Od

Finally we express a bound on the values of a smooth spherical function
in terms of its 2nd Sobolev seminorm over a spherical triangle.

Lemma 7. Let T be a spherical triangle such that |r| < 1, and suppose
f € W?2P(r) vanishes at the vertices of T, that is f(v;) = 0,i = 1,2,3.
Then for all v € T,
<A Iy 23
|f(v)| < As(tan 5 )1 12,00, (23)
for some positive constant Ag independent of f and 7. Moreover, if f is a
homogeneous polynomial of degree d, then

P < Ao o 21, (21)

for some positive constant Ag dependent only on d, p and the smallest
angle in 7.

Proof: Let R, be the radial projection defined before. Let v;,7 = 1,2,3
denote the vertices of a planar triangle 7, which is the image of 7 under
the inverse of R, and v = R;'v for v € 7. Recall that |7| = 2tan @ by
Lemma 1.

Let f1(v) = |v|f(‘—z|) be the linear homogeneous extension of f to

R3\{0} and let fl denote its restriction to the planar triangle 7. By
Lemma 3.2 in [8], f1 belongs to WP (7). Note also that f1(v;) = || f(v;) =
0,4 =1,2,3. Therefore by Lemma 6.1 in [5], we have for every o € T

|1(0)] < 12177 | fil2,00.7- (25)

Since f(v) = 1) and |o| > 1 for all v € 7,

[9]
- T _
£ < 1A )] < 48(an 22 fla
by (25). By Proposition 3.4 in [8], there exists a positive constant K5 such
that we get
-
)] < 48K5tan 22 o

and therefore Ag = 48K.

If f is a homogeneous polynomial of degree d, then its second deriva-

tives are homogeneous polynomials of degree d — 2, then by (20) we have

|f|2,oon' < KGA;l/p|f|2,p,Ta
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for some K depending on d, p and the smallest angle in 7. Hence

T T
£ < 4855 (tan 22 o - < A0A7 2 (tan ELp2 g1,

This completes the proof with Ag = 48K5Kg. O

§5. Stable Local Basis and Existence of a Quasi-Interpolant

We now describe the stable local bases that the spline spaces possess. We
shall use the spline spaces that have a local basis to solve the interpolation
problem on the sphere. Let

D= Urea{€fi++k =d}, (26)

with §ij = W for 7 =< u, v, w > be the set of domain points asso-
ciated with A and d. It is well known that each spline in S9(A) is uniquely
determined by associating one Bézier coeflicient with each domain point.
A subset M C D is called a minimal determining set for S7(A) if the val-
ues of the coefficients of s € S}(A) associated with domain points in M
uniquely determine all of the coefficients of s.

Definition 3. A basis { B¢ }¢eam for a space S of splines on a triangulation
A is a stable local basis, if there exists an integer £ and constants 0 < Cy <
C5 < oo depending only on d and the smallest angle O in the triangulation
A such that

1) for each & € M, supp(Bg) C star’(ve) for some ve of A,
2) for all {c¢}eer;

C < B <C . 27
1$%<|C5|_||£§4c5 tlloo,s < 2gg}\§|05| (27)

A construction of a stable local basis using the Bernstein-Bézier repre-
sentation of splines in S;(A) when d > 3r + 2 is outlined in [8] with a
reference to [4]. Given a minimal determining set, we can construct a basis
{B¢}eem for S5(A) by requiring

pnBe = ¢, nEM, (28)

where i, is the linear functional which picks the coefficient associated
with the domain point 1. In particular, B¢ has the property that the
coefficient associated with £ is 1 while the coefficients associated with all
other points in M are zero. The remaining coefficients of B¢ are computed
using smoothness conditions.
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For any given spline space S7(A), there are many possible choices for
a minimal determining set M. A choice of M presented in [4] leads to a
basis with the following properties, where for each £, ¢ := supp(B¢) and
Te¢ is the triangle in which & lies.

Lemma 8. Let {B¢}ecm be the basis for S;(A) corresponding to the
minimal determining set M described in [4]. Then there exist constants
Cs,...,C9 depending only on d,p and the minimal angle in A such that
for each £ € M,

1) there exists a vertex ve € A such that Q¢ C star®(ve),

2) |1Belloos < Cs,

3) |pes| < Cul|s|loo,re, for all s € Sy(A),

4) Jues| < C5A;51/p||s||p,75, for all s € S(A), and for every T € A,

5) 1Bellpr < CoAY”,

6) #1, < Cr, where I, :== {£: 7 C Q¢},

7) |Belboo.r < Csps¥, for all0 < k < d

8) |Belupr < Cop=hAYP for all 0 < k < d.

The proof of the above lemma can be found in [8]. Furthermore the
analysis of the proof of 8) of the above lemma allows the following change
in 8). Using (22) instead of (4.3) in [8] one gets

[Belip.r < Coltan )~ AL/? (29)

with Og = A7Cﬁ.

It was shown in [8] that with the basis defined above one can construct
a quasi-interpolation operator @ : L,(S) — Sj(A) which achieves the
optimal approximation property. Indeed, extend the linear functionals ji¢
to all of L,(S) using Hahn-Banach theorem. Then for every f € L,(7¢),

e f| < CsAZM || fllpre, € €M (30)

This inequality implies that for each &, the carrier of the extended func-
tional pe is contained in 7¢, i.e., if f =0 on 7¢, then uef = 0. With (29)
in mind we modify the proof of Proposition 5.2 in [8] accordingly to get
the following

Lemma 9. For each f € L,(S), let

Qf =Y (nef)Be. (31)

£eM
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Then Qg = g for all g € Hq(S). Moreover, there exists a constant Cyg
depending only on d,p and the smallest angle in A such that for each
triangle T € A,

@7y < Croltan E) 71l (32)
where Q; := Uger, Q¢ and I = {£: 7 C Q¢}.

Theorem 1. Suppose 7 € A is a spherical triangle with |7| < 1. Let
f e WmtLr(r) for 0 < m < d such that (d — m)mod 2 = 0. There exists
a spherical homogeneous polynomial s of degree d such that for every
0<k<m

T _
£ = slipr < Cualtan ™11 (33)
Here C1; is a constant that depends on p, m and 6a. Moreover
A _
£ = slipa, < Onftan 216 1, o (31)

Proof: Fix m. By Theorem 4.2 in [8], there exists a spherical homoge-
neous polynomial s’ of degree m such that for every 0 < k <m

If = ' lkpr < Cualt ™ 7% Fling1 p,re (35)
If we slightly modify the proof of Theorem 4.2 [8], i.e. replace (4) by (5),
we can get

7|

|f — Sllk,pﬂ' < Cri(tan ?)m+l_k|f|m+l,prr' (36)

Since (d—m)mod 2 = 0, s = |v|2~™s’ is a homogeneous spherical polyno-
mial of degree d. Since on the unit sphere s’ = s, their k — 1-st extensions
are the same, and we have (33). To get (34), sum (33) over triangles in
Q.. This completes the proof. O

Theorem 2. Let A be a (3-quasi-uniform spherical triangulation with
Al < 1. Let 1 < p < oo,d >3r+2, and 0 < k < d. Then there
exists a constant C1o depending only on d,p and the smallest angle in A,
such that
A _
£ = Qlipr < Craftan Sy 150 (37)
for all f € W™LP(S) and all T € A. Moreover, there exists a constant
013 such that
A _
1 = Qflips < Cuatan S 174 (38)
for all f € W™+LP(S) and all 0 < k < d such that Qf € W"P(S). Here
m Is taken between 0 and d with (d —m) mod 2 = 0.
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Proof: Let 7 € A with || < 1. By Theorem 1 there exists a spherical
homogeneous polynomial s of degree d such that (33) holds. By the lin-
earity of @ and the fact that @) reproduces polynomials of degree d, we
can write

|f — Qf|k,p,7' <|f- 5|k,p,7 +1Q(f — 5)|k,p,7-

We now consider the last term in the above inequality. Since A is assumed
to be f-quasi-uniform, |p,| > Izl and therefore

By (32) and Theorem 1

QU = s < Cuoltan E)7HI7 = sl

_ Al
010011(‘53“1%) k(tan%) N f it 1,90,
A

C10C11(B)" (tan 7)m+1_k|f|m+l7;ﬂ7ﬂr'

il

A

IN

Therefore we get (37) with Cio = C11(1 + C106%).
To prove (38), we sum (37) over all triangles in A.

Al

f = Qfleps = DI = Qflpr < Craltan ™5 37 | flunsr e,
TEA TEA
[Nje
< Cualan )™ 0% 0 |k
TEAT CQr
A -
= Cuoltan Sy 1 S e € QY i
T'EA
A -
< 012K7(tan7) ek Z |f|m+1,pﬂ"-
T'EA

Here K7 := max{#{7: 7 C Q.},7" € A} which is bounded by Lemma 4.
Therefore (38) holds with C13 = C12K7. This completes the proof. O

8§6. Minimal Energy Interpolating Splines

Suppose we are given values {f(v),v € V} of an unknown function f at a
set V of scattered points on the unit sphere. To approximate f, we choose
a linear space & C S(A) of polynomial splines of degree d defined on a
triangulation A with vertices at the points of V. Recall that

Urp:={se8:s(v) = f(v),veV}
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is the set of all splines in S that interpolate f at the points of V. We
assume that S is big enough so that Uy is not empty. Recall a commonly
used way to create an approximation of f is to choose a spline S¢ such
that
E(Sy) = min &(s), (39)
SGUf

where for a spherical triangle 7 € A

E(s) = Z [D%s1|[3,. and E(s) := Z Er(s). (40)

|a|=2 TEA

Here s is the linear homogeneous extension of s to R3\{0}, a is a triple
index with entries running through z,y, z, e.g., DL = D,D,D,. That
is, S¢ is the minimal energy interpolating spline.
Let
X :={fe€B(S): fl, € C*(1),Vr € A},

where B(S) is the set of all bounded real-valued functions on the sphere.
For each triangle 7 € A, let

()= [ X DA Do

lee|=2

Then
<f5g> = <fvg>s = Z<fvg>7'

TEA

is a semidefinite inner product on X. Let || f||- and || f|| be the associated
seminorms. We refer to them as energy or A'-norms.
It is easy to see that < -,- > is an inner product on the linear space

W:={seS:sv)=0,veV} (41)

Indeed, if < w,w >= 0 for some w € W, then w is a linear homogeneous
polynomial on A and since w vanishes at all vertices, w = 0. Since W
is finite-dimensional, it follows that VW equipped with the inner product
< -,- > is a Hilbert space.

Given f, suppose s¢ is any spline in the set Uy defined above. Then it
is easy to see that the solution Sy to the minimal energy problem is equal
to sy — Psy, where P is the linear projector P : X — W defined by

E(f =Pf) = min &(f —w), (42)

for all f € X. Since W is a Hilbert space with respect to (-,-), Pf is
uniquely defined and is characterised by

(f =Pf,w)y =0, Yw € W. (43)
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Moreover
E(Pf) <E(f) (44)

for all f e X.
We now establish a lemma showing the equivalence of certain semi-
norms on the space A defined above.

Lemma 10. Let T be a spherical triangle with |7| < 1 and f € X. Let &;
be the functional defined in (40). There exists a constant Dy such that

D1|f|§7217 <& (f) < |f|§27- (45)

Proof: By the definition

3 2. = (D ID*fill2e)® 2 D ID* A - = & ().

lor]=2 lo|=2

Since the number of elements in the sum (40) is 8,

[B2r= (D ID*fillzr)® <8 > [IDfill5, <8 E(f)- O

|a|=2 |a|=2
Next we establish reproductive property of the energy functional &;.

Lemma 11. Let 7 be a spherical triangle with |7| < 1. Suppose f €
X. Then & (f) = 0 if and only if f is a trivariate homogeneous linear
polynomial on T.

Proof: Apply the definition of £,. O

In addition to Lemma 11 we need to establish the equivalence of energy
and Lo norms on the Hilbert space W.

Theorem 3. Suppose S C SJ(A) is a spline space defined on a 3-quasi-
uniform triangulation A with |A| <1, and let W be the associated Hilbert
space (41). Then there exist constants 0 < Dy < D3 < oo depending only
d and 3 such that

Do£(f) < (1an 2D =15 < Deg (). (46)

for all f € W, where || f||3 g := / K
s

Proof: By Lemmas 7 and 10 for every f € W,

il

2.

7]

J19P < A3ean 1178, < D1 At
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Summing over all 7 € A, we get

A
1715 = [ 167 < Dy e S5y ).

By Lemma 10 and Lemma 6,

&) < FBar < 1718+

4
(tan )4
Sum over 7 € A to get

AQ
5(f) < (tan PA)4||f||2 S

Since A is f-quasi-uniform, |pa| > %, and therefore
A 1 A
tan P2 > tan 14| > — tan | |.
2 26— B2

Then
2

g(f)g ( \A|) ||f||2S

Let D3 := D7 ' A3 and Dy := A;?378 to get the result. O

Next we want to show that under certain conditions on &, the X-norm
on the Hilbert space W is also equivalent to a certain coefficient norm.

Corollary 1. Suppose S C S7(A) is a spline space defined on a 3-quasi-
uniform triangulation A, and that {B¢}eem is a stable local basis for S
defined in Lemma 8. Then {Be¢}ecn is a Riesz basis (with respect to the
X-norm) for the linear space W defined in (41). Here N is the subset of
the minimal determining set M excluding the set of vertices V of A. In
particular, there exist constants D4, D5 depending on d, 3 such that

Al -
Dy ) |eel” < (tan ) 21Y " ceBellss < Ds Y leel®,  (47)

EeN EeEN EEN

for all {ce}een-

Proof: Let us note first that for any spline s € W, s = > 7.\ ceBe =
deN ce Be due to the zero interpolating conditions and (28). By Lemma 8,
4) there exists a positive constant Cs depending only on d and 64, such
that on each triangle 7 € A and for all domain point £ € N which are on

’ Yo el < (d+2> /T| > eeBel,

EEN;
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where N = {€ € N, B¢|, # 0}. Then summing over 7 € A
1
e kel < 13 el (49)
5 ceN EeN

Similarly, by Lemma 8, 5) there exists a positive constant Cg, depending
only on d and 6x, such that

d+2
IS s [ Sk ¥ ind < (17 )naciar 3 le?
T geN, T ¢eN, EeN- EEN
by using Lemma 8,1). Then
d+2
LI cnd < ("3 )cam T A Sl )
S ¢eN TEA  EEN,

By Lemmas 3 and 8, 6), we get

o
Wﬂi Z lee]* < Z ceBell3s

EeEN EEN

d+2\?
SDg( 9 >C 3tn O7Z|C§|2.

N
Therefore, we obtain (47) with

11
Di= g
(3%)cs &

and

d+2\?
D5—D3n§< —; ) 06207 O

Next, we estimate X'-norm of the projection operator P in (43) outside
of 7 - the support of an interpolant f € X. Here we follow a similar result
for bivariate splines that can be found in [6], making several adjustments
for the spherical splines. Before we proceed with the result we need the
following lemma, which can be found in [3].

Lemma 12. If the sequence {a;}5°, satisfies |am| > 7 Z la;| for all

j>m
(=)™
m > 0 and some v € (0,1), then |an,| < apg———.

Proof: See [3]. O

It is established in Section 5 of [8] that {Bg}eca is a local basis with
a local support size ¢ equal to 3. The following theorem, however, holds
in general for any fixed /.
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Theorem 4. There exist constants 0 < ¢ < 1 and Dg, depending only
on ¢, d, 3, such that for any triangle T € A and any function f € X with

supp(f) € T

E-(Pf) < Dea"&(f), (50)
whenever T € star?(F+2)1(T)\ star?F+HDAHY(T) with k > 1.
Proof: Let
MG = {£€ M:supp(Be)NT # 0},
ML = {€e€ M :supp(Be) Nstar®*(T) #£ 0},
NG = M,
Ng : = Mg\Mg—l'

Suppose Pf =3 ¢c g ceBe, and let

U = Z ceBe, wp=Pf—up, ap:= Z cg,

ceMT €ENT
for £ > 0. Since Pf € W, by Corollary 1

[Al\2Ds
n— ) o) E(wy).

Al
Z a; = Z C?S(t&HT) 2D4 1||wk||%,s§(ta 4

i>k+1 egMT

Note that wy € W as well, then using (43) we have < f — P f,w, >= 0.
Moreover, < f,wy >= 0, since supp(f) C T and supp(wy) lies outside T
In fact, supp(wg) N UgeM{flsUPp(BE) = for k > 1, it follows that

E(wr) = (Pf—uk,wi) = (f — up, wr) = —(ug, wi)
= (> ceBew) SE(Y ceBe)? E(wp)'?,
geNy seNT

and therefore by (46) and (47)

1 2 Ds [FAY R
E(wr) <&( Z ceBe) < m” Z ceBellas < D_g(taDT) Q-
€ENT 2(tan = €ENT

Hence

S 4 < DsDy

i < .
§>k+1 DaD:
L R DyDo>
et Y= m Then by Lemma 12

1— k
ar < ag T2 _ 902k,

v Y
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with o := /1 —~. It is easy to see that by our assumption on A and
definition of D4 and Ds, both v and ¢ are positive and bounded above by
1. Since (44) holds for f, by Corollary 1 we have

IA\) 2 (ta \A|)2

(tan '54)~ tan 51
a0 <Y 0= g < ——|IPflf}s < —5>DsE(f).
P20 feM 4 :

Let 7 € star?(FH26 1 (T)\star?FHDH1(T) for some k > 1. If ¢ € MF,
then supp(Bg) C star?*+D¢(T) and therefore 7 N supp(Be) = 0. Using
(47) again,

1
E(Pf) < ————IIPfx-lls = ——x—II D ceBell3s <
Dy(tan ‘—2|)4 Dy (tan %)4 cgMT
Ds Al s 2 _ Ds Al 2 DsDs 4
§EM], J>k+1
. . DsD
We obtained (50) with Ds = -75-7-.

As a consequence of the last result, we can now compare Sobolev semi-
norms of Pf and f. Analogous result for bivariate polynomials can be
found in [5], and a similar proof holds.

Theorem 5. There exists a constant D7 depending only on d, ¢ and (3,
such that for every f € X

[P fl2,00,8 < D7lfl2,00,5- (51)
Proof: Let 7 be a fixed triangle in A, and let
Qf = star**1(r), Qf = star2(k+2)é+l(T)\starQ(kH)“l(T).

Let nj, denote the number of triangles in €27, k£ > 0. For any homogeneous
polynomial P of degree with d we have, by Lemma 10 and (20)

DAt
Er(P) > D1|Pl3 o7 > T |P|3 0075
6

where T is a triangle in A. Similarly, for any function f € X', by Lemma
10, we have

Er(f) < Ar|f13 001 (52)
Write f =) oA fr with supp(fr) € T'. Since P is a linear operator,

K,
P flaser < Y P frl2mes < W > E(Pfr)2
TeA T TeA
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Then by (50) and (52)

|Pf|2,w,7 S 1 ) Z Z g PfT 1/2
k>0TeQ],
K D
< A ﬁm S e Y X e )
TeQ] k>1TeQ]
KgD
o S

k>1

Since 0 < 1, 3, <, 0¥ny < oo, and

max;ea A1/2 54| \[ﬁ
min,ea A7 1/2 4 PA 7
by Lemma 3, (51) follows by taking the supremum over all 7 € A. O

We are finally in a position to prove the main result of this paper.

Theorem 6. Suppose S C S(A) is a spline space defined on a 3-quasi-
uniform triangulation A with |A| < 1 and d > 3r + 2. For d odd there
exists a constant Dg depending only on d and 3, such that the minimal
energy interpolant Sy, defined in (1), satisfies

Al

[f = Sflloo,s < Ds(tan 7)2|f|2,oo,s, (53)

for all f € C?(S). For d even there exist constants Dy and Do depending
only on d and (3, such that the minimal energy interpolant Sy satisfies

A A
1F = Ssllos < Doltan 5121 fla s + Dioftan 2171 fls s, (5)

for all f € C3(S).

Proof: Given a function f € X, let sy € Uy be the quasi-interpolant
defined in Section 5. If d is odd, by Theorem 2 there exists a constant K7
depending on d and the smallest angle of A such that

Al

I1f = sflloo,s < K7(tan 7)2|f|2,oo,57 (55)

and
|f = 5fl2,00,8 < K7|fl2,00,8-

Then

[sfl2,008 < |f —8fl2,00,8 + | fl2,00,8
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< (K7 +D)[fl200,8- (56)
Since Psy = sy — Sy, by Theorem 5
sy = Srl2.008 = [Psfl2,008 < Drlsl2,00.8, (57)
and by (56)
sy = Stl2,00,8 < D7(K7 + 1) fl2,00,5-

Since both S; and sy interpolate f, their difference satisfies the hypothesis
of Lemma 7 and thus

Al

Ag(tan 7)2|Sf — Sf|2,oo,S

A
AsD7(K7 + 1)(tan %)2|f|2,oo,s-

IN

sy — Stlloc,s

IN

Then by (55)
IIf - Sf”oo,s

IN

||f_5f||£o,s+||5f_3f||oo,s R
K7(tan %)2|f|2,oo,s + A8D7(K7 + 1)(tan %)2|f|2,oo,s

IN

A
= Dytan 221 s

With Dg = K7 + AgD7(K7 4+ 1) we get (53). Similarly, if d is even, we
have to consider even m in Theorem 2 and hence, there exists a constant
Kg depending on d and the smallest angle of A such that

Al

If = 5¢lloc,s < Ks(tan 7)3|f|3,oo,57 (58)

and
|A|

Ilf — 5¢]2,00,8 < Kg(tan 7)|f|3,oo,s'

Then
|A|
[sf|2,00,8 < Kg(tan 7)|f|3,oo,s + | fl2,00,8: (59)
and by (57) and (59)
A
37 Sslaess < DrlKs(tan S0 fls s + 1o es).

Since both Sy and sy interpolate f, their difference satisfies the hypothesis
of Lemma 7 and thus

A A
s = Stllos < Asttan 2D2Dr(as(tan 2D fls s + Floes).

Then by (58)

A A
1 = Sslles < Doltan SD2ifla s + Dioftan 51111, .

We have thus established the result of our main theorem in this paper. O
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Fig. 2. Test functions f1, fa, f3.

87. Numerical Experiments

We have implemented spherical splines of arbitrary degree and arbitrary
smoothness over any given spherical triangulation in MATLAB. In partic-
ular, we have coded the minimal energy method for scattered data inter-
polation using spherical splines. In this section we provide a description
of three sets of experiments. 1) We numerically test the convergence rate
of the minimal energy method over a sequence of uniformly refined trian-
gulations. Our test confirms the second order convergence rate. 2) We do
the same test as in 1) for spherical splines of various degrees for a single
function to show that the convergence rate is the same no matter which
degree is used. 3) We demonstrate a spherical spline interpolation to a
given set of scattered data which represent the geopotential of the earth.

Let us describe our experiments in detail. The initial triangulation A
in the first two examples consists of 8 triangles with vertices being unit
coordinate vectors and their antipodes. Its first refinement As is obtained
by connecting the midpoints of all edges in A; such that each triangle is
split in four subtriangles. Similarly As and A4 are obtained from As and
As correspondingly. Note that with such a refinement the size |A;41] of a
refinement is not a half of |A;|,4 = 1,2, 3 as it happens in the planar case.

Instead tan 12 ,4 =1,2,3 is reduced in half as illustrated in Table 1.

2

i 1 2 3 1

N 1.91063 | 1.23095 | 0.67967 | 0.34994
(tan Z1)2 | 2 0.5 0.125 | 0.03125

Tab. 1. Triangulation parameters.

In the following example we shall test several functions:
fl(x7y’z) = $2 - (y3 + 27)

falz,y, 2) = 0.12% + 2’
f3(z,y,2) = In(2 + 2?) —sin(4z — y).
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These functions are displayed in Figure 2.

Example 1. We use spherical splines of degree 5 and smoothness 1 to
find the minimal energy interpolants over the triangulation Aj, As, Aj
and A4. Then we evaluate the splines at 5120 evenly spaced points w and
record the relative errors for these three test functions. The relative error
on A; is defined by e(A;) := st Swlle = o S5(A;). The errors are

1 (w)oo
listed in Table 2. In Table 3 we list ratios of the form e(E(Ai)l) i =1,2,3

for all three functions. The numerical convergence rates are close to the
convergence rate we derived in the previous section.

7\ 1 2 3 4
f1 | 1.0317e — 00 | 1.8164¢ — 01 | 2.8386¢ — 02 | 2.8290¢ — 03
f2 | 0.3834e¢— 00 | 0.6344e — 01 | 1.7466e — 02 | 2.5500¢ — 03
f5 | 1.0496¢ — 00 | 4.3803¢ — 01 | 0.5142¢ — 01 | 0.5150€ — 02

Tab. 2. Experimental errors for C'! quintic splines.

7\ 1 2 3
F1 [ 5.6799 | 6.3989 | 10.0339
f2 | 6.0435 | 3.6322 | 6.8494
f5 | 2.3962 | 8.5187 | 9.9845

Tab. 3. Convergence rates of the C'' quintic splines.

Example 2. In this example we work with one function only and vary
the degree d of the spline space. That is, we use S’Cll(Ai), d=3,4,5,6,7,
i = 1,2,3,4. Even though we cannot apply Theorem 6 in Si(A) and
S1(A), the experimental result are similar to the ones we obtain for higher
degrees. Errors are computed as in Example 1 and are recorded in Table
4. The corresponding convergence rates are displayed in Table 5. The
numerical rates show that increasing the degree of the spline space will
not result in a better rate.

d\i 1 2 3 1
5 | 3.8334¢ — 01 | 0.6344¢ — 01 | 1.7466¢ — 02 | 2.5500¢ — 03
6 | 3.8057¢ — 01 | 0.6315¢ — 01 | 1.8148¢ — 02 | 2.6871c — 03
7 | 3.8286¢ — 01 | 0.6254c — 01 | 1.8429¢ — 02 | 2.7489¢ — 03

Tab. 4. Splines of various degrees interpolating fa(z,y,2) = 0.12% + 2’
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Fig. 3. Geopotential data and minimal energy C' cubic interpolant.

d\i 1 2 3
5 | 6.0435 | 3.6322 | 6.8494
6 | 6.0265 | 3.4797 | 6.7538
7| 6.1225 | 3.3934 | 6.7045

Tab. 5. Convergence rates for splines of various degrees interpolating fs.

Example 3. We present an example of scattered data interpolation over
the earth. We are given a set of locations with geopotential values collected
by a satellite. The total amount of data values is 5760. The left graph
in Figure 3 shows the set of scattered data and the right graph shows the
minimal energy interpolatory spherical spline surface. Both the original
data and the spline solution are scaled in this figure for convenience. We
use C'! cubic spherical splines since the data set is very large. The spline
surface represents the given data quite well by visual inspection.
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